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PART  III. 


MAGNETISM. 


CHAPTER    I. 

ELBMBNTAEY   THEORY  OP  MAGNETISM. 

371.]  Certain  bodies,  as,  for  instance,  the  iron  ore  called  load- 
stone, the  earth  itself,  and  pieces  of  steel  which  have  been 
fubjected  to  certain  treatment,  are  found  to  possess  the  following 
properties,  and  are  called  Magnets. 

If,  near  any  part  of  the  earth's  surface  except  the  Magnetic 
Poles,  a  magnet  be  suspended  so  as  to  turn  freely  about  a 
vertical  axis,  it  will  in  general  tend  to  set  itself  in  a  certain 
azimuth,  and  if  disturbed  from  this  position  it  will  oscillate 
about  it.  An  unmagnetized  body  has  no  such  tendency,  but  is 
in  equilibrium  in  all  azimuths  alike. 

372.]  It  is  found  that  the  force  which  acts  on  the  body  tends 
to  cause  a  certain  line  in  the  body,  called  the  Axis  of  the 
Magnet,  to  become  paraUel  to  a  certain  line  in  space,  called  the 
Direction  of  the  Magnetic  Force. 

Let  us  suppose  the  magnet  suspended  so  as  to  be  free  to 
tarn  in  all  directions  about  a  fixed  point.  To  eliminate  the  action 
of  its  weight  we  may  suppose  this  point  to  be  its  centre  of 
gravity.  Let  it  come  to  a  position  of  equilibrium.  Mark  two 
points  on  the  magnet,  and  note  their  positions  in  space.  Then 
let  the  magnet  be  placed  in  a  new  position  of  equilibrium, 
lad  note  the  positions  in  space  of  the  two  marked  points  on 
the  magnet. 

Since  the  axis  of  the  magnet  coincides  with  the  direction 
of  magnetic  force  in  both  positions,  we  have  to  find  that  line 

VOL.  II.  B 


A  TREATISE 


ON 


ELECTRICITY  AND  MAGNETISM 


MAXWELL 


VOL.   II. 


2  ELEHBltTABT   TUEOBT   OP   HAGNRTISM.  [37.V 

in  the  mtgaH  wbieb  oeeapies  the  wme  poaitton  in  spftee  befor« 
and  after  the  motion.  It  appears,  from  the  theory  of  tb« 
motion  of  bodies  of  invariable  form,  that  soch  «  line  always 
esistfl,  and  that  a  motion  equivalent  to  the  actual  motion  might 
have  taken  place  by  simple  rotation  round  this  line. 

To  find  (he  line,  join  the  first  and  last  positions  of  each  of 
the  marked  point«,  and  draw  planes  bisecting  theae  linea  at 
right  angles.  The  intersection  of  these  planes  will  be  the  Una 
rvquireil,  which  indicates  the  direction  of  the  axis  of  the  magnet 
and  the  direction  of  the  magnetic  force  in  space. 

The  method  just  described  is  not  convenient  for  the  practical 
•  determination  of  these  directions.  We  shall  return  to  this  subject 
when  we  treat  of  Magnetic  Measurementa. 

The  direction  of  the  magnetic  force  is  found  to  be  different 
at  different  parta  of  the  eaxth'a  surface.  If  the  end  of  the  axis 
of  the  magnet  which  pointa  in  a  northerly  direction  be  marked, 
it  baa  been  found  that  the  direction  in  which  it  acta  itself  in 
general  deviates  from  the  true  meridian  to  a  eonaiderabla  extent* 
and  that  the  marked  end  points  on  the  whole  downwards  • 
in  the  northern  hemisphere  and  upwards  in  the  southern. 

The  azimuth  of  the  direction  of  the  magnetic  force,  measored 
from  the  tnie  north  in  a  westerly  direction,  is  called  tb« 
Variation,  or  the  Magnetic  Declination.  The  angle  between  the 
direction  of  the  magnetic  force  and  the  boriiontal  plane  is  called 
the  Magnetic  Dip.  These  two  angles  determine  the  direction 
of  the  IIll^,'n<!tie  force,  and,  when  the  magnetic  intensity  is 
also  known,  the  magnetic  force  is  oompletrly  determined.  The 
determination  of  the  valaes  of  theae  three  elements  at  different 
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il  18  found  that  the  greatest  manifestation  of  force  oecurs  when 
tlie  end  of  one  magnet  is  held  near  the  end  of  the  other,  and 
that  the  phenomena  can  be  accounted  for  by  supposing  that 
like  ends  of  the  magnets  repel  each  other,  that  unlike  ends 
attract  each  other,  and  that  the  intermediate  parts  of  the 
magnets  have  no  sensible  mutual  action. 

The  ends  of  a  long  thin  magnet  are  commonly  called  its  Poles. 
In  the  case  of  an  ind^nitely  thin  magnet,  uniformly  magnetized 
throughout  its  length,  the  extremities  act  as  centres  of  force,  and 
the  rest  of  the  magnet  appears  devoid  of  magnetic  action.  In 
all  actual  magnets  the  magnetization  deviates  from  uniformity, 
80  that  no  single  points  can  be  taken  as  the  poles.  Coulomb, . 
however,  by  using  long  thin  rods  magnetized  with  care,  succeeded 
in  establishing  the  law  of  force  between  two  like  magnetic 
poles*  {the  medium  between  them  being  air}. 

T%e  repulsion  between  two  like  magnetic  poles  is  in  the  straight 
line  joining  them,  and  is  numerically  equal  to  the  product 
of  the  strengths  of  the  poles  divided  by  the  square  of  the  dis^ 
tance  between  them. 

874.]  This  law,  of  course,  assumes  that  the  strength  of  each 
pole  is  measured  in  terms  of  a  certain  unit,  the  magnitude  of 
which  may  be  deduced  from  the  terms  of  the  law. 

The  unit-pole  is  a  pole  which  points  north,  and  is  such  that, 
when  placed  at  unit  distance  in  air  from  another  unit-pole,  it 
repels  it  with  unit  of  force,  the  unit  of  force  being  defined  as  in 
Art.  6.    A  pole  which  points  south  is  reckoned  negative. 

If  mi  and  m^  are  the  strengths  of  two  magnetic  poles,  I  the 
distance  between  them,  and  /  the  force  of  repulsion,  all  expressed 
numerically,  then  m^m^ 

But  if  [m],  [Z]  and  \F\  be  the  concrete  units  of  magnetic  pole, 
length  and  force,  then 

whence  it  follows  that 

M  =  \pF\  =  \p  ^■\ , 

or        [m]  =  [LiT-^  Mi]. 

•  CvaUtwb,  Mim.dt  PAead.  1785,p.60S,MidinBiot'i  TraiU  dePhp$ique,  tamtm. 

B  2 
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The  d  imetuioiiB  of  the  anit-pole  are  tlierefore  {  u  regards  leogth, 
(—  I)  u  regards  time,  and  j  as  regards  mass.  These  dimeiuioiM 
are  the  same  as  those  of  the  eleetrostatio  noit  of  electricity, 
whieh  is  speciBed  in  exactly  the  same  way  in  Arts.  41,  42. 

875.]  The  aeoaraey  of  this  law  may  be  considered  to  hftvc 
been  established  by  the  experiments  of  Coalomb  with  the  Tonioo 
Balance,  and  confirmed  by  the  experiments  of  Oausa  and  Weber, 
and  of  all  obaerrers  in  magnetic  obeerratories,  who  are  every  day 
making  measurements  of  magnetic  quantities,  and  who  obtain 
Rsalta  whieh  wonld  be  inconsistent  with  each  other  if  the  law 
of  force  had  been  errooeously  assumed.  It  derivea  additional 
support  from  its  consistency  with  the  laws  of  eleetromagnetMl 
phenomena. 

876.]  The  quantity  which  we  have  hitherto  called  the  strength 
of  a  pole  may  also  be  called  a  qoantity  of  *  Magnetism,'  provided 
we  attribute  no  properties  to  '  Magnetism '  except  tboee  obeerred 
in  the  poles  of  ntagneta. 

Sinee  the  expreaaion  of  the  law  of  force  between  pven  quan- 
tities of '  Magnetism  '  has  exactly  the  same  mathematical  form 
as  the  Uw  of  force  between  quantities  of  Electricity '  of  equal 
numerical  value,  much  of  the  mathematical  treatment  of  mag- 
uetism  must  be  similar  to  that  of  electricity.  There  are,  however, 
other  propertiee  of  magnets  which  must  be  borne  in  mind,  and 
which  may  throw  some  light  on  the  electrical  propertiea  of  bodies. 

RtlatioH  Muven  the  Pole»  of  a  Aftigntt. 
377.]  The  quantity  of  magnetism  at  one  pole  of  a  magnet  is 
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direciion,  so  as  to  bring  the  axis  of  the  magnet  as  near  as  possible 
to  the  direction  of  the  earth's  magnetic  force,  but  there  will  be 
DO  motion  of  the  vessel  as  a  whole  in  any  direction ;  so  that 
there  can  be  no  excess  of  the  force  towards  the  north  over  that 
towards  the  south,  or  the  reverse.  It  may  also  be  shewn  from 
the  fact  that  magnetizing  a  piece  of  steel  does  not  alter  its  weight. 
It  does  alter  the  apparent  position  of  its  centre  of  gravity,  causing 
it  in  these  latitudes  to  shift  along  the  axis  towards  the  north. 
The  eentre  of  inertia,  as  determined  by  the  phenomena  of  rota- 
tion, remains  unaltered. 

378.]  If  the  middle  of  a  long  thin  magnet  be  examined,  it 
is  found  to  possess  no  magnetic  properties,  but  if  the  magnet  be 
broken  at  that  point,  each  of  the  pieces  is  found  to  have  a  mag- 
netic pole  at  the  place  of  fracture,  and  this  new  pole  is  exactly 
equal  and  opposite  to  the  other  pole  belonging  to  that  piece.  It 
18  impossible,  either  by  magnetization,  or  by  breaking  magnets,  or 
by  any  other  means,  to  procure  a  magnet  whose  poles  are  unequal. 

If  we  break  the  long  thin  magnet  into  a  number  of  short 
pieces  we  shall  obtain  a  series  of  short  magnets,  each  of  which 
has  poles  of  nearly  the  same  strength  as  those  of  the  original 
long  magnet  This  multiplication  of  poles  is  not  necessarily  a 
creation  of  energy,  for  we  must  remember  that  after  breaking 
the  magnet  we  have  to  do  work  to  separate  the  parts,  in  con- 
sequence of  their  attraction  for  one  another. 

379.]  Let  us  now  put  all  the  pieces  of  the  magnet  together  as 
at  first  At  each  point  of  junction  there  will  be  two  poles 
exactly  equal  and  of  opposite  kinds,  placed  in  contact,  so  that 
their  united  action  on  any  other  pole  will  be  null.  The  magnet, 
thus  rebuilt,  has  therefore  the  same  properties  as  at  first,  namely 
two  poles,  one  at  each  end,  equal  and  opposite  to  each  other,  and 
the  part  between  these  poles  exhibits  no  magnetic  action. 

Since,  in  this  case,  we  know  the  long  magnet  to  be  made  up  of 
little  short  magnets,  and  since  the  phenomena  are  the  same  as  in 
the  case  of  the  unbroken  magnet,  we  may  regard  the  magnet, 
even  before  being  broken,  as  made  up  of  small  particles,  each  of 
which  has  two  equal  and  opposite  poles.  If  we  suppose  all 
magnets  to  be  made  up  of  sudi  particles,  it  is  evident  that  since 
the  algebraical  quantity  of  magnetism  in  each  particle  is  zero, 
the  quantity  in  the  whole  magnet  will  also  be  zero,  or  in  other 
words,  its  poles  will  be  of  equal  strength  but  of  opposite  kind. 
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Theory  of '  Magnetif-  Matter,' 

380.]  Since  tbe  fom  of  the  law  of  Eugoetie  •ction  U  idaotitsl 
with  tbftt  of  «leotrie  action,  the  ume  nMons  whioh  eui  be  givot 
for  attributing  electric  phenomena  to  tbe  action  of  one  '  fluid ' 
or  two  '  fluids '  can  also  l>e  need  in  favour  of  the  exUtenoe  of  a 
magnetic  matter,  or  of  two  kinds  of  magnetic  matt«r,  fluid  or 
otherwise.  In  fact,  a  theory  of  magnetic  matter,  if  used  in  a 
purely  mathematical  sense,  cannot  lail  to  explain  the  phenomena, 
provided  new  laws  arc  freely  introduced  to  account  for  the  actual 
faetA. 

One  of  these  new  laws  must  be  that  the  magnetic  fluids  cannot 
pass  from  one  molecule  or  particle  of  the  magnet  to  another,  bat 
that  the  process  of  magnetization  consists  in  separating  to  a 
certain  extent  the  two  fluids  within  each  particle,  and  causing 
the  one  fluid  to  be  more  eouoentrated  at  oue  end,  and  the  other 
fluid  to  be  more  oonoentrated  at  the  other  end  of  the  partioK 
This  is  the  theory  of  Foiason. 

A  particle  of  a  magnetizable  body  is,  on  this  Uieory,  analogooa 
to  a  small  insuUted  conductor  without  charge,  which  on  the 
two-fluid  theory  contains  indefinitely  large  but  exactly  equal 
f(uat]titic«  of  the  two  electricities.  When  an  electromotive  force 
acts  on  the  conductor,  it  separates  the  electricities,  eansing  them 
to  l>eoome  manifest  at  opposite  side*  of  the  conductor.  In  a 
similar  manner,  according  to  thitt  theory,  tiie  magnetizing  force 
cauM-s  the  two  kinds  of  magoetisni,  which  were  originally  in 
a  neutralized  ><tat4>,  to  be  separated,  and  to  appvar  at  opposite 
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electrified  body  this  would  correspond  to  a  kind  of  electric 
leBistance,  which,  unlike  the  resistance  observed  in  metals,  would 
be  equivalent  to  complete  insulation  for  electromotive  forces 
below  a  certain  value. 

This  theory  of  magnetism,  like  the  corresponding  theory  of 
eleetricity,  is  evidently  too  large  for  the  facts,  and  requires  to  be 
restricted  by  artificial  conditions.  For  it  not  only  gives  no 
reaeon  why  one  body  may  not  differ  from  another  on  account  of 
having  more  of  both  fiuids,  but  it  enables  us  to  say  what  would 
bQ  the  properties  of  a  body  containing  an  excess  of  one  magnetic 
fluid.  It  is  true  that  a  reason  is  given  why  such  a  body  cannot 
exist,  but  this  reason  is  only  introduced  as  an  after-thought 
to  explain  this  particular  fact.  It  does  not  grow  out  of  the 
theory. 

381.]  We  must  therefore  seek  for  a  mode  of  expression  which 
shall  not  be  capable  of  expressing  too  much,  and  which  shall  leave 
room  for  the  introduction  of  new  ideas  as  these  are  developed 
£rom  new  facts.  This,  I  think,  we  shall  obtain  if  we  begin  by 
saying  that  the  particles  of  a  magnet  are  Polarized. 

Meaning  of  the  term  ^Polarization' 

When  a  particle  of  a  body  possesses  properties  related  to  a 
certain  line  or  direction  in  Uie  body^  and  when  the  body,  re- 
taining these  properties,  is  turned  so  that  this  direction  is 
reTersed,  then  if  as  regards  other  bodies  these  properties  of  the 
particle  are  reversed,  the  particle,  in  reference  to  these  proper- 
ties, is  said  to  be  polarized,  and  the  properties  are  said  to 
coostitute  a  particular  kind  of  polarization. 

Thus  we  may  say  that  the  rotation  of  a  body  about  an  axis 
constitutes  a  kind  of  polarization,  because  if,  while  the  rotation 
eontinues,  the  direction  of  the  axis  is  turned  end  for  end,  the 
body  will  be  rotating  in  the  opposite  direction  as  regards  space. 

A  conducting  particle  through  which  there  is  a  current  of 
electricity  may  be  said  to  be  polarized,  because  if  it  were  turned 
round,  and  if  the  current  continued  to  flow  in  the  same  direc- 
tion as  regards  the  particle,  its  direction  in  space  would  be 
reversed. 

In  short,  if  any  mathematical  or  physical  quantity  is  of  the 
nature  of  a  vector,  as  defined  in  Art.  11,  then  any  body  or 
particle  to  which  this  directed  quantity  or  vector  belongs  may 
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be  B*id  to  be  Polviied  *,  beeanse  it  hu  opposite  propettie*  in 
the  two  opposite  direcUona  or  poles  of  the  directed  qiuuitity. 

The  poles  of  the  earth,  for  exunple,  have  referenee  to  its 
rotation,  and  have  accordingly  different  names. 

Mmning  of  the  term  '  }fiiijndic  P<jltirization.' 
S82.]  In  ipeaking  of  the  state  of  the  partioles  of  a  magnet  as 
magnetic  polarisation,  we  imply  that  each  of  the  smallest  puts 
into  which  a  magnet  may  be  divided  has  oertain  propsrtiea 
related  to  a  definite  direction  through  the  particle,  called  ^ta 
Axis  of  Magnetisation,  and  that  the  properties  relalAd  to  one  end 
of  this  axis  are  opposite  to  the  properties  related  to  the  otber 
end. 

The  properties  whioh  we  attribute  to  the  particle  are  of  the 
same  kind  as  those  whioh  we  observe  in  the  complete  magnet, 
and  u)  assuming  that  the  particles  possess  these  properties,  we 
only  assert  what  we  can  prove  by  breaking  the  magnet  up  into 
small  pieces,  for  each  of  these  is  found  to  be  a  magnet 

Pn>perti«a  o/a  Minjnttizal  Particle. 
383.]  I^et  the  element  tLrdydz  be  a  particle  of  a  magnet,  and 
let  us  assume  that  its  magnetie  properties  are  those  of  a  magnet 
the  strength  of  whose  positive  pole  is  iii,  and  whose  length  is  tU. 
Then  if  i'  is  any  point  in  space  distant  r  from  the  positive  pole 
and  r'  from  the  negative  pole,  the  magnetie  potential  at  P  will 

be  —  due  to  the  positive  pole,  and  -     ,  duv  to  the  negative  pole. 


385O  COMPONENTS   OP   MAGNETIZATION.  9 

wbere  €  is  the  angle  between  the  vector  drawn  from  the  magnet 
to  P  and  the  axis  of  ^  the  magnet  *,  or  in  the  limit 

Magnetic  Moment, 

384.]  The  product  of  the  length  of  a  uniformly  and  longitud- 
inally magnetized  bar  magnet  into  the  strength  of  its  positive 
pole  is  called  its  Magnetic  Moment. 

Intensity  of  Magnetization. 

The  intensity  of  magnetization  of  a  magnetic  particle  is  the 
ratio  of  its  magnetic  moment  to  its  volume.  We  shall  denote  it 
by/. 

The  magnetization  at  any  point  of  a  magnet  may  be  defined 
by  its  intensity  and  its  direction.  Its  direction  may  be  defined 
by  its  direction-cosines  X,  fi,  v. 

Components  of  Magnetization. 

The  magnetization  at  a  point  of  a  magnet  (being  a  vector  or 
directed  quantity)  may  be  expressed  in  terms  of  its  three  com- 
ponents referred  to  the  axes  of  coordinates.  Calling  these 
A,B,C,  A^IK        B^^Iii,        C^Ip,  (4) 

and  the  numerical  value  of  /  is  given  by  the  equation 

P  =  ^2  +  52  +  C«.  (6) 

885.]  If  the  portion  of  the  magnet  which  we  consider  is  the 
differential  element  of  volume  dxdydzy  and  if  /  denotes  the 
intenaity  of  magnetization  of  this  element,  its  magnetic  moment 
is  Idxdydz.  Substituting  this  for  m,ds  in  equation  (3),  and 
remembering  that 

rcos€  =  X(f-a;)  +  M(^--y)  +  v(C-2?),  (6) 

where  f  ,  17,  ( *^6  ^©  coordinates  of  the  extremity  of  the  vector  r 
drawn  from  the  point  {x,  y,  z),  we  find  for  the  potential  at  the 
point  (f ,  rj,  C)  due  to  the  magnetized  element  at  {x,  y,  z), 

{A{i^x)  +  B{ri^y)  +  C{C-z)}^,dxdydz.  (7) 

To  obtain  the  potential  at  the  point  (^,  77,  Q  due  to  a  magnet  of 
finite  dimensions,  we  must  find  the  integral  of  this  expression  for 

*  {TIm  poiitife  direction  of  the  axii  is  from  the  negative  to  the  potitive  pole.} 
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every  eletnent  of  Tolntne  ineladed  within  the  epem  oceajned  by 
the  nugnet,  or 

r=fff(A(e-J:)+B(n-s)*C(C-,)t  ~dxd)d,.        («) 

InU-gnUxl  by  partA,  thin  iMicoines 

V  =JJA  !  ,/y,/5  +jjl>  1  ,lsJx  +jjc  1  dxdy 

rrn.dA    dn  ,  rfc,  ,   ,  , 

-JjJ-r(dx-'ds*d,^''"'"^' 
where  the  double  integrmtion  in  the  fint  three  tenns  refer*  to 
the  tturfftee  of  the  magnet,  and  the  triple  integration  in  the 
fourth  to  the  space  within  it 

If  I,  m,  n  denote  the  directioa-coainee  of  the  normal  drawn 
outwardH  from  the  element  of  surface  </N,  we  may  write,  aa  in 
Art.  2 1 ,  for  the  sum  of  the  fintt  thrt-e  terms 

j'j'HA+mIi+nC>^-JS, 

whore  the  int«<gration  is  to  be  t-xtcnded  over  the  whole  surface 
of  the  maij^iot. 

If  we  now  introduce  two  new  symbols  <r  and  p,  defined  by  the 
equations  „  _  lA+mB+nC, 

,dA      ilH     lie, 

the  vxprcMtion  fur  the  potential  luay  l>e  written 
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drawn  ootwards,  and  the  volume-density  p  is  the  '  convergence ' 
(see  Art.  25)  of  the  magnetization  at  a  given  point  in  the 
magnet. 

This  method  of  representing  the  action  of  a  magnet  as  due 
to  a  distribution  of  '  magnetic  matter '  is  very  convenient,  but 
we  must  always  remember  that  it  is  only  an  artificial  method 
of  representing  the  action  of  a  system  of  polarized  particles. 

On  the  Action  of  one  Magnetic  MclecuLe  on  another. 
387.]  If,  as  in  the  chapter  on  Spherical  Harmonics,  Art.  129  6, 

we  make  A  =  /A     ra—     71—,  (l\ 

dh"   dx        dy        dz'  .  '   ^ 

where  I,  m,  n  are  the  direction-cosines  of  the  axis  h,  then  the 
potential  due  to  a  magnetic  molecule  at  the  origin,  whose  axis 
is  parallel  to  A^,  and  whose  magnetic  moment  is  774,  is 

d  mi      mi 

where  A^  is  the  cosine  of  the  angle  between  A^  and  r. 

Again,  if  a  second  magnetic  molecule  whose  moment  is  mj , 
and  whose  axis  is  parallel  to  ^2)  ^^  placed  at  the  extremity  of 
the  radius  vector  r,  the  potential  energy  due  to  the  action  of 
the  one  magnet  on  the  other  is 

=  '^0^i2-3A,X,),  (4) 

where  fi^  is  the  cosine  of  the  angle  which  the  axes  make  with 
each  other,  and  A^,  k^  are  the  cosines  of  the  angles  which  they 
make  with  r. 

Let  us  next  determine  the  moment  of  the  couple  with  which 
the  fii-st  magnet  tends  to  turn  the  second  round  its  centre. 

Let  us  suppose  the  second  magnet  turned  through  an  angle 

d<f>  in  a  plane  perpendicular  to  a  third  axis  A3,  then  the  work 

dW 
done  against  the  magnetic  forces  will  be  --j—  dif),  and  the  moment 

of  the  forces  on  the  magnet  in  this  plane  will  be 

dW_      m^ni^fdjiy,     ^.  dK,^ 


IS 
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Tha  ftotoal  moment  Acting  on  th«  woond  magnet  mnj  tborafara 
be  ooDsidered  «•  the  naultuit  of  two  oouplM,  of  whidt  the  fink 
acta  in  a  place  parallel  to  the  azn  of  both  magnets,  ami  teods  to 
increaae  the  angle  between  them  with  a  ooaple  whoM  PM>*'*^iit  b 

^.»{*,»j.  (•) 

while  tlie  second  couple  acts  in  the  plane  paaaing  tfaroagfa  r  aikd 
the  axis  of  the  acoond  magnet,  and  tends  to  </ini(nuA  tbe  angla 
between  theee  directions  with  a  coaple  wboee  moment  is 

where  (rA,),  (rA,),  (A,A,)  denote  the  angles  between  the  linea  r. 

To  determine  the  force  acting  on  the  second  msgnet  in  a 
direction  parcel  to  a  line  A,,  we  have  to  calculate 

.or 


ili,' 


(') 


m,TO,  L_J,  by  Art  129i-, 


If  we  nuppesc  the  actual  force  compounded  of  three  foreea,  A, 
7/,  and  II ,,  in  the  direetioos  of  r.  A,  and  A,  respectively,  then  the 
force  in  the  direction  of  A,  is 
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^ce  the  direction  of  h^  is  arbitrary,  we  must  have 

\  (12) 

-"1  —      :j5     '^2>        -"2—      ^a     '^i*  ^ 

The  force  12  is  a  repulsion,  tending  to  increase  r ;  H^  and  JET^ 
ici  on  the  second  magnet  in  the  directions  of  the  axes  of  the 
fint  and  second  magnets  respectively. 

This  analysis  of  the  forces  acting  between  two  small  magnets 
was  first  given  in  terms  of  the  Quaternion  Analysis  by  Professor 
Tail  in  the  Quarterly  Math.  Journ.  for  Jan.  1860.  See  also  his 
work  on  Quaternions,  Arts.  442-443,  2nd  fldition. 

Particular  Positions. 

388.]  (1)  If  Aj  and  A2  are  each  equal  to  1,  that  is,  if  the  axes 
of  the  magnets  are  in  one  straight  line  and  in  the  same  direction, 
f^  s  1,  and  the  force  between  the  magnets  is  a  repulsion 

B  +  F.  +  ff,  =  -«^*.  (13) 

The  negative  sign  indicates  that  the  force  is  an  attraction. 

(2)  If  Aj  and  A^  are  zero,  and  fi^  unity,  the  axes  of  the  magnets 
ire  parallel  to  each  other  and  perpendicular  to  r,  and  the  force 
i«  a  repulsion  Sm^m.  ,     , 

Iq  neither  of  these  cases  is  there  any  couple. 
(8)  If  Aj  =  1  and  A^  =  0,  then  /u^a  =  0.  (1 5) 

3  7Tt  771/ 

The  force  on  the  second  magnet  will  be  — -^ — ?in  the  direction 
of  its  axis,  and  the  couple  will  be    ^    ^>  tending  to  turn  it 


Fig.  1. 


parallel  to  the  first  magnet.     This  is  equivalent  to  a  single  force 

3  1?!'  in 

— -p^  acting  parallel  to  the  direction  of  the  axis  of  the  second 


14 
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[388. 
length 


mftgnct,  and  eattiog  r  at  •  point    tvo-thirda  of  i 
from  tn,*. 

TbuB  in  the  figure  (I)  two  magoeta  are  made  to  float  od  water. 
tn,  being  in  the  direction  of  tiie  axis  of  m,.  bat  having  it*  own 
axis  at  right  anglee  to  that  of  m,.  If  two  points.  A,  B,  rigidly 
oonaeeted  with  nii  and  m,  respeetively,  are  oonneetad  by  neasa 
of  a  atriog  T,  the  system  will  be  in  equilibrium,  provided  T  cnta 
the  line  ni,Tn,  at  right  angles  at  a  point  one-tbird  of  the  dirtanee 
from  m,  to  m,. 

(4)  If  we  allow  the  second  magnet  to  turn  freely  about  Ha 
centre  till  it  comes  to  a  position  of  stable  eqnilibriam,  W  will 
then  bo  a  minimum  as  regards  A,,  and  therefore  the  reaolved 
part  of  the  force  due  to  m,,  taken  in  the  direotion  of  A,,  will  b« 
a  maximum.  Hence,  if  we  wish  to  produoe  the  greatest  possiUe 
magnetic  force  at  a  given  point  in  a  given  direetioD  by  means  of 
magneU,  the  positions  of  whose  centres  are  given,  then,  in  order 
to  determine  the  proper  directions  of 
the  axes  of  these  magnets  to  prodtMe 
this  effect,  we  have  only  to  plane  a 
magnet  in  the  given  direction  at  the 
given  point,  and  to  observe  the  direc- 
tion of  stable  equilibrium  of  the  axia 
of  a  seoond  magnet  when  its  centre  is 
placed  at  each  of  the  other  given  pointa. 
The  magnets  must  then  be  placed  with 
their  axes  in  the  directions  indicated 
by  that  of  the  second  magneL 
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and  the  coople  being 

fix    Vth 

-^  (sin  (Aj  Ag)  -  3  cos  {h^r)  sin  (rAj)),  ( 1 7) 

we  find  when  ihis  is  zero 

tan  (h^r)  =  2  tan  (rAJ,  (18) 

or  tan  H-^m^R  =  2  tan  Rm^H^ .  (19) 

When  this  position  has  been  taken  up  by  the  second  magnet 
the  Taloe  of  W  becomes  ^y 

-where  A,  is  in  the  direction  of  the  line  of  force  due  to  m^  at  m^. 


^  /^J*     dVJi'     dVi 


(20) 
dx\       dy        dz 

m 

Hence  the  second  magnet  will  tend  to  move  towards  places 
of  greater  resultant  force, 

The  force  on  the  second  magnet  may  be  decomposed  into  a 
force  R,  which  in  this  case  is  always  attractive  towards  the  first 
magnet,  and  a  force  Hj^  parallel  to  the  axis  of  the  first  magnet, 
where 

^^3Tr^,jlX^l+^^  ^3^2,^^.       (21) 

r*      -v/SAi^+l  ^  ^     -/SAj^+l  ' 

In  Fig.  XIV,  at  the  end  of  this  volume,  the  lines  of  force 
and  equipotential  surfaces  in  two  dimensions  are  drawn.  The 
magnets  which  produce  them  are  supposed  to  be  two  long 
cylindrical  rods  the  sections  of  which  are  represented  by  the 
areolar  blank  spaces,  and  these  rods  are  magnetized  transversely 
in  the  direction  of  the  arrows. 

If  we  remember  that  there  is  a  tension  along  the  lines  of  force, 
it  18  easy  to  see  that  each  magnet  will  tend  to  turn  in  the 
direction  of  the  motion  of  the  hands  of  a  watch. 

That  on  the  right  hand  will  also,  as  a  whole,  tend  to  move 
towards  the  top,  and  that  on  the  left  hand  towards  the  bottom 
of  the  page. 

On  the  Potential  Energy  of  a  Magnet  placed  in 

a  Magnetic  Field. 

389.]  Let  V  be  the  magnetic  potential  due  to  any  system  of 
magnets  acting  on  the  magnet  under  consideration.  We  shall 
eall  V  the  potential  of  the  external  magnetic  force. 

If  a  small  magnet  whose  strength  is  m,  and  whose  length 
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ia  </«■,  be  placed  m  that  its  poaitive  pole  u  at  ft  poiai  when 
the  potential  ii  V,  and  its  aegative  pole  at  a  point  where  th« 
potential  i»  V,  the  potential  energy  of  thU  nugnet  will  be 
m  {V—  \"),  or,  if  </«  is  mGoauretl  from  the  negative  pole  to  the 
pooiUvc,  fiy 

If  7  is  tlie  intensity  of  the  magnetiiation,  and  A,  p,  r  its  diree- 
tion-coeiuea,  we  may  write, 

md«  =  Idxdyil:, 

.    </r      ,/r      dv     dv 


and,  6nally,  \S  A,B,C  are  the  components  of  magnetiiation, 

A=\I,        B  =  „I,        C  =  »I, 
so  that  the  expression  ( 1 )  for  the  potential  energy  of  the  element 
of  the  noagnet  beoomce 


(^ 


JK, 


'f^ '-f  )■""»"-•■ 


P) 


To  obtain  the  potential   energy  of  a  magnet  of  finite  use, 
wo    must   intt-grate  this   expression    for  every  element  of  the 

magnet.     We  thus  obtain 


-■=./:/7( 


■'-    lis 


'J, 


).Udy,l= 


(') 


as  the  value  of  tho  potential  energy  of  the  magnet  with  respect 
to  the  magnotie  tield  in  which  it  in  placed. 

Tlie  ;>otential  energy  ift  here  expressed  in  terms  of  the  oom- 
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We  may  write  equation  (3)  in  the  form 

W:=-'fff{Aa'\'Bfi  +  Cy)dxdydz,  (6) 

where  a,  fi  and  y  are  the  components  of  the  external  magnetic 
farce. 

On  the  Magnetic  Moment  and  Axis  of  a  Magnet. 

390.]  If  throughout  the  whole  space  occupied  by  the  magnet 
the  external  magnetic  force  is  uniform  in  direction  and  mag- 
nitude, the  components  a,  ^3,  y  will  be  constant  quantities,  and 
if  we  write 

fJjAdxdydz-lK,  fffBdxdydz=mK,  Jjfcdxdydz=znK,  (7) 

the  integrations  being  extended  over  the  whole  substance  of 
the  magnet,  the  value  of  W  may  be  written 

W  =  -K{la  +  mfi  +  ny).  (8) 

In  this  expression  I,  m,  n  are  the  direction-cosines  of  the  axis 
of  the  magnet,  and  K  is  the  magnetic  moment  of  the  magnet. 
If  €  is  the  angle  which  the  axis  of  the  magnet  makes  with  the 
direetion  of  the  magnetic  force  «^,  the  value  of  W  may  be  written 

ir  =  -Z^cos6.  (9) 

If  the  magnet  is  suspended  so  as  to  be  free  to  turn  about  a 
vertical  axis,  as  in  the  case  of  an  ordinary  compass  needle, 
let  the  azimuth  of  the  axis  of  the  magnet  be  0,  and  let  it  be 
inclined  at  an  angle  0  to  the  horizontal  plane.  Let  the  force  of 
terrestrial  magnetism  be  in  a  direction  whose  azimuth  is  d  and 

dip  C  ^^"^ 

a  =  ^  cos  f  cos  d,  j8  =  »§  cos  f  sin  d,  y  =  ^  sin  f ;  (10) 
;  =r  cos  ^  006  0,      m  =  cosdsin0,       7i  =  sind;  (11) 

whence  F'=— JT^  {cosCcos^cos(0— 5)  +  sinCBin^}.  (12) 
The  moment  of  the  force  tending  to  increase  <f>  by  turning 

Uie  magnet  round  a  vertical  axis  is 

dW 
—jT  =— -K'^cosCcos^sin(0— 5).  (13) 

On  the  Expansion  cf  the  Potential  of  a  Magnet  in  Solid 

Harmonice. 

391.]  Let  V  be  the  potential  due  to  a  unit  pole  placed  at 
the  point  (f,  ij,  f ).    The  value  of  V  at  the  point  «,  y,  z  is 

you  n.  0 
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Thifl  expicMion  may  be  expuided  in  iemis  of  ■pbericftl  bar- 
moniea,  with  their  centre  at  the  origin.    We  have  then 

V=r,+  V^+V,  +  ke.,  (2) 

wfaere  T^  =  -,  r  bong  the  distanoe  of  ((,  q,  0  &vm  the  origin,  (S) 


2r» 


fto. 


To  determine  the  valae  of  the  potential  mergy  when  the 
magnet  a  placed  in  the  field  of  force  expressed  by  thia  potential, 
we  have  to  integrate  the  expresMon  for  W  in  equation  (3)  of 
Art.  989  with  reepeot  \o  a,jf  and  2,  eonsidering  f,  q,  (  and  r  m» 


If  we  consider  only  the  tenns  introdaeed  by  V^,  VI  and  V,  the 
result  will  depend  on  the  following  volnme-integiala, 

L  ^jjJAxdxdydz.  M=jfJBydxdyiU,  y=Jffcsdxdgdm7) 
P=jjJ{B:-i-C>j)dxdn>U,        Q  =fff{Ct  +  A:)dxd^ds. 

It=JfJ{A!,  +  Rx)dxdyls.  (t>i 
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On  the  Centre  of  a  Magnet  and  its  Prvmary  and 

Secondary  Axes. 

892.]  This  expression  may  be  simplified  by  altering  the  direif- 
tions  of  the  coordinates  and  the  position  of  the  origin.  In  the 
first  place,  we  shall  make  the  direction  of  the  axis  of  x  parallel 
to  the  axis  of  the  magnet.    This  is  equivalent  to  making 

i  =  1,    m  =  0,    71  =  0.  (10) 

If  we  change  the  origin  of  coordinates  to  the  point  {x\  t^,  /), 
the  directions  of  the  axes  remaining  unchanged,  the  volume-* 
int^^rals  IK,  rnK  and  nK  will  remain  unchanged,  but  the  others 
will  be  altered  as  follows  : 

L'=L^lKx\        W=M--mK^,        IT^N^nK^;       (11) 
P=P-ir(Tn/  +  7iyO,Q'=0-Z(7i«'+Z/),  Bf^R^K(l'!f-^mx').  (12) 

If  we  now  make  the  direction  of  the  axis  of  x  parallel  to 
the  axis  of  the  magnet,  and  put 

«^=        2K       -        ^-W        ^  =  1'  <''> 

then  for  the  new  axes  M  and  N  have  their  values  unchanged, 
and  the  value  of  X'  becomes  \  (M+N),  P  remains  unchanged^ 
and  Q  and  E  vanish.    We  may  therefore  write  the  potential 

We  have  thus  found  a  point,  fixed  with  respect  to  the  magnet, 
SDch  that  the  second  term  of  the  potential  assumes  the  most 
simple  form  when  this  point  is  taken  as  origin  of  coordinates. 
This  point  we  therefore  define  as  the  centre  of  the  magnet,  and 
the  axis  drawn  through  it  in  the  direction  formerly  defined  as 
the  direction  of  the  magnetic  axis  may  be  defined  as  the  prin* 
cipal  axis  of  the  magnet. 

We  may  simplify  the  result  still  more  by  turning  the  axes  of 
y  and  z  round  that  of  x  through  half  the  angle  whose  tangent  is 

P 

— — -  •     This  vdll  cause  P  to  become  zero,  and  the  final  form 

of  the  potential  may  be  written 


kI  +  i'^'-qi^-^  +&C  ,.5, 


02 
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Thii  is  the  aimplest  form  of  the  first  two  terms  of  the  potenti&l 
of  a  magnot.  When  the  ftxes  of  y  and  z  are  thus  plaoeil  tbey 
iiiaj  be  callcil  the  Secondary  axes  uf  the  magnet 

We  may  also  deteniiino  the  centru  of  a  magnet  by  finding 
the  poaition  of  the  origin  of  coordiDates,  for  which  the  snrfaee- 
integral  of  the  Bqaare  of  the  second  tenn  of  the  potential,  extended 
uvtT  a  sphere  of  unit  radius,  is  a  minimam. 

The  quantity  which  is  to  lie  made  a  minimum  ia,  by  Art.  141. 

i{l^+Af^^^''-^f^'~yr.-uf)^^3{F'+Q'+IP).     (lei 

The  changes  in  the  values  of  tliis  quantity  due  to  a  ehange 
of  position  of  the  origin  may  be  dctluced  from  Aquations  (II) 
and  { 1 2).     Henoe  the  conditions  of  a  minimum  are 
2  I  f2  /,-.V-.V»+3  «  Q  +  3n*K  =  0.  J 
2w.(2  .V-Ji'-/.)+  3  I  H  +  3»l'=<t.\  (17) 

2H(2.V-Z,-J/)  +  3my*+3  IQ  =  O.f 
If  we  assume  /  =  I.  111=^0,  n  =  0,  these  conditions  beoome 
2l-.\f-X  =0,     Q  =  0,     R  =  0.  (I«) 

which  are  the  conditions  made  use  of  in  the  previous  investi- 
gation. 

This  investigation  may  be  compared  with  that  by  which 
the  potential  of  a  system  of  gravitating  matter  is  expanded.  In 
the  latter  case,  the  most  convenient  point  to  assume  aa  the 
origin  is  the  centre  of  gravity  of  the  syntero,  and  the  most  con- 
venient axi's  are  the  principal  axos  of  inertia  through  that  point. 
In  the  case  of  the  magnet,  the  point  corrcNpomling  to  the 
centre  of  gravity  is  at  an  infinite  distance  in  the  direction  of 
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the  Polar  r^ionjs,  one  end  of  a  magnet  points  towards  the 
north,  or  at  least  in  a  northerly  direction,  and  the  other  in  a 
southerly  direction.  In  speaking  of  the  ends  of  a  magnet  we 
shall  adopt  the  popular  method  of  calling  the  end  which  points 
to  the  north  the  north  end  of  the  magnet.  When,  however,  we 
speak  in  the  language  of  the  theory  of  magnetic  fluids  we  shall 
tue  the  words  Boreal  and  Austral.  Boreal  magnetism  is  an 
imaginary  kind  of  matter  supposed  to  be  most  abundant  in  the 
noithem  parts  of  the  eaith,  and  Austral  magnetism  is  the  ima- 
ginary magnetic  matter  which  prevails  in  the  southern  regions 
of  the  earth.  The  magnetism  of  the  north  end  of  a  magnet  is 
Anatral,  and  that  of  the  south  end  is  Boreal.  When  therefore 
'^^  speak  of  the  north  and  south  ends  of  a  magnet  we  do  not 
compare  the  magnet  vrith  the  earth  as  the  great  magnet^  but 
merely  express  the  position  which  the  magnet  endeavours  to 
take  np  when  free  to  move.  When,  on  the  other  hand,  we  wish 
to  compare  the  distribution  of  imaginary  magnetic  fluid  in  the 
nttgnet  with  that  in  the  earth  we  shall  use  the  more  grandilo- 
quent words  Boreal  and  Austral  magnetism. 

894.]  In  speaking  of  a  field  of  magnetic  force  we  shall  use 
the  phrase  Magnetic  North  to  indicate  the  direction  in  which 
the  north  end  of  a  compass  needle  would  point  if  placed  in  the 
feld  of  force. 

In  speaking  of  a  line  of  magnetic  force  we  shall  always  sup- 
pose it  to  be  traced  from  magnetic  south  to  magnetic  north,  and 
shall  call  this  direction  positive.  In  the  same  way  the  direction 
of  magnetization  of  a  magnet  is  indicated  by  a  line  drawn  from 
the  south  end  of  the  magnet  towards  the  north  end,  and  the  end 
of  the  magnet  which  points  north  is  reckoned  the  positive  end. 

We  shall  consider  Austral  magnetism,  that  is,  the  magnetism 
of  that  end  of  a  magnet  which  points  north,  as  positive.  If  we 
denote  its  numerical  value  by  m,  then  the  magnetic  potential 

and  the  positive  direction  of  a  line  of  force  is  that  in  which  V 
diminishes. 


CHAPTER  II. 

MAGNETIC   FORCE   AND   KAONETIC   ISDCCTIOX. 

395.]  We  h«%-e  already  (Art.  385}  det«rmiiied  the  magnetie 
potential  at  a  given  point  due  to  a  magnet,  the  magnetitation  of 
whieh  is  given  at  every  point  of  ita  aubstanoe,  and  we  hav« 
shewn  that  the  mathematioal  reanlt  may  be  exprvwcd  either  in 
terms  of  the  actual  magnetization  of  every  element  of  th« 
magnet,  or  in  tonne  of  an  imaginary  distribution  of  '  magnetic 
inaltcr,'  partly  condenseil  on  the  surface  of  the  magnet  and 
parOy  dilfusetl  throughout  its  salstanoe. 

TIiv  magnvtio  potential,  as  thus  defined,  is  found  by  the  same 
mathematical  proeces,  whether  the  given  point  ia  outaide  the 
niagnvt  or  within  it.  The  force  exerted  on  a  unit  magnetic  pole 
plactrd  at  any  point  outside  the  magnet  is  de<luced  from  the 
potential  by  tbu  iiame  process  of  diflurentiatiun  as  in  the  cor- 
rvMpunding  vluctrical  problum.  If  the  components  of  this  force 
atv «.,!)',  ,/r  ,/r  ,/p- 
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magnetic  pole  is  placed  must  be  regarded  as  no  longer  within 
the  substance  of  the  magnet,  and  therefore  the  ordinary  methods 
of  determining  the  force  become  at  once  applicable. 

896.]  Let  us  now  consider  a*  portion  of  a  magnet  in  which 
the  direction  and  intensity  of  the  magnetization  are  uniform. 
Within  this  portion  let  a  cavity  be  hollowed  out  in  the  form 
of  a  cylinder,  the  axis  of  which  is  parallel  to  the  direction  of 
magnetization,  and  let  a  magnetic  pole  of  unit  strength  be  placed 
at  the  middle  point  of  the  axis. 

Since  the  generating  lines  of  this  cylinder  are  in  the  direction 
ot  magnetization,  there  will  be  no  superficial  distribution  of 
magnetism  on  the  curved  surface,  and  since  the  circular  ends  of 
the  cylinder  are  perpendicular  to  the  direction  of  magnetization, 
there  will  be  a  uniform  superficial  distribution,  of  which  the 
surface-density  is  /  for  the  negative  end,  and  —  /  for  the 
positive  end« 

Let  the  length  of  the  axis  of  the  cylinder  be  2  6,  and  its 
radius  a.  Then  the  force  arising  from  this  superficial  distribu- 
tion on  a  magnetic  pole  placed  at  the  middle  point  of  the  axis 
.  is  that  due  to  the  attraction  of  the  disk  on  the  positive  side,  and 
the  repulsion  of  the  disk  on  the  negative  side.  These  two  forces 
are  equal  and  in  the  same  direction,  and  their  sum  is 

From  this  expression  it  appears  that  the  force  depends,  not 
on  the  absolute  dimensions  of  the  cavity,  but  on  the  ratio  of  the 
length  to  the  diameter  of  the  cylinder.  Hence,  however  small 
we  make  the  cavity,  the  force  arising  from  the  surface  distribu- 
tion on  its  walls  will  remain,  in  general,  finite. 

397.]  We  have  hitherto  supposed  the  magnetization  to  be 
uniform  and  in  the  same  direction  throughout  the  whole  of  the 
portion  of  the  magnet  from  which  the  cylinder  is  hollowed  out. 
When  the  magnetization  is  not  thus  restricted,  there  will  in 
general  be  a  distribution  of  imaginary  magnetic  matter  through 
the  substance  of  the  magnet.  The  cutting  out  of  the  cylinder 
will  remove  part  of  this  distribution,  but  since  in  similar  solid 
figures  the  forces  at  corresponding  points  are  proportional  to  the 
linear  dimensions  of  the  figures,  the  alteration  of  the  force  on 
the  magnetic  pole  due  to  the  volume-density  of  magnetic  matter 
will  diminish  indefinitely  as  the  size  of  the  cavity  is  diminished, 
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while  thf  effect  dne  to  tli«  mrfao»-deQUty  on  tbe  mUs  of  tke 
CBvity  remmins,  in  generftl,  finite. 

If,  therefore,  we  •uutne  the  dimensions  of  tbe  eylinder  ao 
small  that  the  magnetiation  of  the  part  removed  may  be 
regarded  as  everywhere  parallel  to  the  axis  of  the  cylinder,  and 
of  constant  magnitude  /,  the  foroe  on  a  magnetic  pole  pUoed  at 
tbe  middle  point  of  the  axis  of  tbe  cvlindrieal  hollow  will  be 
oompounded  of  two  forces.  The  first  of  these  is  that  doe  to  tbe 
distribution  of  magnetic  matter  on  the  outer  surface  of  tba 
magnet,  and  throughout  its  interior,  exclusiTe  of  tiie  pottioD 
hollowed  out.  The  components  of  this  force  are  a,  fi  and  jr. 
derived  from  the  potential  by  equations  (1).  The  second  is  tbe 
force  R,  acting  along  the  axis  of  tbe  cylinder  in  tbe  directkn  of 
magnetization.  The  value  of  this  force  depends  on  the  ratio  of 
tbe  lengUi  to  the  diameter  of  tbe  cylindrio  cavity. 

S98.]  dm  I.  Let  this  ratio  be  very  great,  or  let  tbe  diameter 
of  tbe  cylinder  be  small  compared  with  its  length.     Expanding 

the  expression  for  R  in  powers  of  r  >  *^  ^^ 

a  quantity  which  vanishes  when  the  ratio  of  6  to  a  is  made 
infinite.  Henoe,  when  the  cavity  is  a  very  narrow  cylinder 
with  its  axis  parallel  to  tbe  direction  of  magnetisation,  tbe 
magnetic  foroe  within  the  cavity  is  not  affected  by  the  sorfaee 
distribution  on  the  ends  of  the  cylinder,  and  the  components  of 
this  foroe  are  simply  a,  fi,  y,  where 

.IV  .IV  .IV 
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the  nltimate  value  of  which,  when  the  ratio  of  a  to  6  is  made 
infioite,  is  4  it  I. 

Hence,  when  the  cavity  is  in  the  form  of  a  thin  disk,  whose 
pline  is  normal  to  the  direction  of  magnetization,  a  unit  mag- 
D^  pole  placed  at  the  middle  of  the  axis  experiences  a  force 
4 »/  in  the  direction  of  magnetization,  arising  from  the  super- 
fidal  magnetism  on  the  circular  surfaces  of  the  disk  ^. 

Since  the  components  of  /  are  A^  B  and  (7,  the  components  of 
this  force  are  4  iril,  4  7r5,  and  4  ttO.  This  must  be  compounded 
with  the  force  whose  components  are  a,  )3,  y. 

400.]  Let  the  actual  force  on  the  unit  pole  be  denoted  by  the 
vector  9,  and  its  components  by  a,  h  and  c,  then 

a  =  a  +  4ir-4,  \ 

6  =  ^  +  47r£,  (  (6) 

c=  y  +  47rC.  ) 

We  shall  define  the  force  within  a  hollow  disk,  whose  plane 
tidee  are  normal  to  the  direction  of  magnetization,  as  the  Mag- 
netic Induction  within  the  magnet.  Sir  William  Thomson  has 
called  this  the  Electromagnetic  definition  of  magnetic  force. 

The  three  vectors,  the  magnetization  3,  the  magnetic  force  <^, 
uA  the  magnetic  induction  93,  are  connected  by  the  vector 

q^on  9  =  ^  +  47r3.  (7) 

Line-Integral  of  Magnetic  Force. 

401.]  Since  the  magnetic  force,  as  defined  in  Art.  398,  is  that 
due  to  the  distribution  of  free  magnetism  on  the  surface  and 
through  the  interior  of  the  magnet,  and  is  not  afiected  by  the 
rarlioe-magnetism  of  the  cavity,  it  may  be  derived  dii-ectly  from 
the  general  expression  for  the  potential  of  the  magnet,  and  the 


*  On  the  forc€  within  cavities  of  other  fbrme. 

1*  Any  DMTow  cre^Mte.  The  foroe  Anting  from  the  sarfaoe-mftgnetifin  U 
4v/ootc  in  the  direction  of  the  normal  to  the  plane  of  the  crevaMe,  where  c  it  the 
fB^  between  this  normal  and  the  direction  of  magnetization.  When  the  crevasse 
■  pvallel  to  the  direction  of  noagnetization  the  force  is  the  magnetic  force  $ ;  when 
^  crcTaae  is  perpendicular  to  the  direction  of  magnetization  the  force  is  the 
■igwtie  indoction  9. 

1  la  an  infinitely  elongated  cylinder,  the  axis  of  which  makes  an  angle  c  with  the 
dmetion  of  magnetixation,  the  force  arising  from  the  surfSace-magnetism  is  2  v/sin  c, 
popsndicttlar  to  the  axis  in  the  plane  containing  the  axis  and  the  direction   of 


S.  In  a  sphere  the  foroe  arising  from  surface  magnetism  b  |  vJ  in  the  direction  of 
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liDe-intfiigral  of  tb«  magneiie  foroe  Ukea  along  may  curve  froa 
thtt  point  A  to  the  point  B  is 

where  V^  and  Vm  denote  the  potentials  at  A  and  B  TcapeetiTely. 

Sarfact-Inifgnd  of  Magnetic  Tn^luction. 
402.]  The  nugoetic  induction  through  the  aarfaoe  S  i»  defined 
as  the  value  of  the  integral 

Q=fJ^oottfdS,  (*) 

where  9  denotes  the  magnitude  of  the  magnetic  induction  at  the 
ek-inent  of  Hurfacu  dS,  and  f  the  angle  Iwtween  the  directioft  of 
the  induction  and  the  normal  to  thu  element  of  surface,  and  lbs 
integration  is  to  be  extended  over  the  whole  aurfacet  which  may 
be  eithvr  ctoeed  or  l>ounde<l  by  a  closed  curve. 

If  a,  b,  c  denote  the  oomponenta  of  the  nutgnetie  indoetioo,  tat 
I,  m,  n  the  direetion^cosinvii  of  the  normal,  the  surfaee-inUgial 
may  be  written  rr 

Q  =  / /{iu  +mft+  Hf)WA  (10) 

If  wo  sulmtitute  for  tbi?  componeuta  of  tho  magneUe  indoetioa 
their  values  in  terms  of  thow  uf  the  magnetic  force,  and  the 
magnetization  as  given  in  Art.  400,  we  find 

Q^ff{la+m.i  +  ,ty)dS+ii,ff(lA+mB  +  nC)dS.      (11) 

U'e  Hliall  uiiw  suppose  tliat  the  surface  over  which  the  integm- 


402.]  8UEPACE-INTEGBAL.  27 

Since  every  magnetio  particle  has  two  poles,  which  are  equal 
in  numerical  magnitude  but  of  opposite  signs,  the  algebraic  sum 
of  the  magnetism  of  the  particle  is  zero.  Hence,  those  particles 
which  are  entirely  within  the  closed  surface  8  can  contribute 
nothing  to  the  algebraic  sum  of  the  magnetism  within  8.  The 
vabe  of  M  must  therefore  depend  only  on  those  magnetic 
particles  which  are  cut  by  the  surface  8. 

Consider  a  small  element  of  the  magnet  of  length  8  and  trans- 
Terae  section  A;',  magnetized  in  the  direction  of  its  length,  so  that 
ike  strength  of  its  poles  is  m.  The  moment  of  this  small 
magnet  will  be  ma,  and  the  intensity  of  its  magnetization,  being 
the  ratio  of  the  magnetic  moment  to  the  Yolume,  will  be 

Let  this  small  magnet  be  cut  by  the  surface  8,  so  that  the 
direction  of  magnetization  makes  an  angle  6^  with  the  normal 
diawn  outwards  from  the  surface,  then  if  dS  denotes  the  area  of 
thesection,  k^^dScos^'.  (14) 

The  negative  pole  —  m  of  this  magnet  lies  within  the  surface  8. 
Hence,  if  we  denote  by  dM  the  part  of  the  free  magnetism 
within  8  which  is  contributed  by  this  little  magnet, 

dM  =  — m  =  —  Ik^, 

=  -/C0S€'diS.  (15) 

To  find  If,  the  algebraic  sum  of  the  free  magnetism  within  the 
doeed  surface  8,  we  must  integrate  this  expression  over  the 
doeed  smface,  so  that 


M  =  ^  fflcos/d8, 


or  writing  A,  B,  C  for  the  components  of  magnetization,  and  l^  niy  n 
for  the  direction-cosines  of  the  normal  drawn  outwards, 

M  =  ^ff{lA-^mB  +  nC)d8.  (16) 

This  gives  us  the  value  of  the  integral  in  the  second  term  on 
the  right-hand  side  of  equation  (11).  The  value  of  Q  in  that 
equation  may  therefore  be  found  from  equations  (12)  and  (16), 

Q  =  47rif-47rif  =  0,  (17) 

or,  the  surfdce-integral  of  the  magnetic  induction  through  any 
do^ed  8U,rfa£e  is  zero. 
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40.1.]  If  we  sraume  m  thft  cIommI  surfftce  Uut  of  the  difler- 
fntial  element  of  volumo  ilxthjilz,  we  obtUD  the  eqoftUon 

£^$^£=»- 

ThU  iH  tho  Hulenoidal  condition,  which  U  alwaj-a  satiflfied  bj 
the  componentit  of  the  magni-tie  inducUon. 

Since  the  distribution  of  magnetic  induction  is  solenoidal,  the 
induction  through  any  surface  boaoiled  by  a  doeed  curve 
depends  only  on  the  form  and  position  of  the  closed  curve,  »aA 
not  on  that  of  the  surface  itself. 

404.]  Surfaces  at  every  point  of  which 

/<i  +  mfc  +  nr  =  0  (if) 

are  called  surfaces  of  no  induction,  and  the  inlenection  of  two 
such  surfaci-H  is  call(.>d  a  line  of  induction.  The  eondttiou  thai 
a  curve,  «,  may  lie  a  line  of  induction  are 

«  J«~  h\U~7,U 

A  system  of  lines  of  induction  drawn  through  every  point 
of  a  closed  curve  fonns  a  tubuUr  surface  called  a  Tube  of 
induction. 

The  induction  across  any  section  of  such  a  tnl»  is  the  Mine. 
If  the  induction  is  unity  the  tube  is  called  a  Unit  tube  of  in- 
«luction. 

All  that  Faraday*  says  al>out  lines  of  magnetie  fon»e  and 
magnetic  Hphuiidyloi<hi  is  mathematically  true,  if  understood  of 
tlif  linoH  and  iuU-h  uf  iiiagiictic  induction. 


(«•) 
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The  importance  of  the  magpnetic  induction  as  a  physical 
quantity  will  be  more  clearly  seen  when  we  study  electro- 
magnetic phenomena.  When  the  magnetic  field  is  explored 
by  a  moving  wire,  as  in  Faraday's  Exp,  Res,  3076,  it  is  the 
magnetic  induction  and  not  the  magnetic  force  which  is  directly 
measured. 

The  Vector-Potential  of  Magnetic  Induction. 

405.]  Since,  as  we  have  shewn  in  Art.  403,  the  magnetic  in- 
duction through  a  surface  bounded  by  a  closed  curve  depends  on 
the  closed  curve,  and  not  on  the  form  of  the  surface  which  is 
boonded  by  it,  it  must  be  possible  to  determine  the  induction 
through  a  closed  curve  by  a  process  depending  only  on  the 
nature  of  that  curve,  and  not  involving  the  construction  of  a 
BQi&ce  forming  a  diaphragm  of  the  curve. 

This  may  be  done  by  finding  a  vector  $[  related  to  S3,  the 
magnetic  induction,  in  such  a  way  that  the  line-integral  of 
9,  extended  round  the  closed  curve,  is  equal  to  the  surface- 
integral  of  S,  extended  over  a  surface  bounded  by  the  closed 
curve. 

If,  in  Art  24,  we  write  -P,  G,  H  for  the  components  of  ?I,  and 
0, 6,  c  for  the  components  of  S3,  we  find  for  the  relation  between 
these  components 

^  dy      dz '        "^  dz      dx  *        ^  dx      dy '  ^     ^ 

The  vector  SI,  whose  components  are  F,  G,  jBT,  is  called  the 
▼wtor-potential  of  magnetic  induction. 

If  a  magnetic  molecule  whose  moment  is  m  and  the  direction 
of  iriiooe  axis  of  magnetization  is  (A,  /x,  v)  be  at  the  origin  of 
eoordinates,  the  potential  at  a  point  (Xy  j/,  z)  distance  r  from 
the  origin  is,  by  Art.  387, 

^  dx        dy        dz^r' 

^   dxdz        dydz       dz^^r' 
which,  by  Laplace's  equation,  may  be  thrown  into  the  form 

da\  c[z       dx^r         dy\  dy        dz^r* 
The  quantities  a,  b  may  be  dealt  with  in  a  similar  manner. 
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mfng-gy) 
r» 

From  this  exfawsion  G  mi  H  may  be  found  hy  symmflt 
We  thus  RC6  that  the  veotor-potenti&l  kt  a  given  pmnt,  diM 
«  nu^etized  particle  pkoed  at  the  origin,  ia  nomerioally  «q 
to  the  magnetic  moment  of  the  particle  divided  by  the  tqa 
of  the  radiiu  vector  and  mulUpIied  by  the  une  of  the  an 
between  the  axis  of  ma^etixation  and  the  radios  vtduax.  and 
direcUon  of  the  veotor-potcntial  is  perpendicular  to  the  plau 
the  axis  of  magnetisation  and  the  radios  vector,  and  is  such  t 
to  an  eye  looking  in  the  poeitive  direction  along  the  axis 
magnetization  the  vector-potential  is  drawn  in  the  directiM 
rotation  of  the  bands  of  a  wateh. 

Hence,  for  a  magnet  of  any  form  in  which  A,  B,  C  are 
oomponentfl  of  magnetization  at  the  point  (x,  y,  s),  the  00m 
Dents  of  the  vectorpotential  at  the  point  ((,  q,  f ),  are 

where  p  in  put,  for  concisenees,  for  the  reciprocal  of  the  dista 
between  the  points  (f,  tj.  C)  and  (z.  ■/,  :l,  and  the  int^^graUona 


406.]  VECTOR-POTENTIAL.  81 

we  find  for  the  value  of  the  o^component  of  the  magnetic 
indaction, 


-Iff- 


^  (S + S  *  S)-^*-^-  (") 


dV 
The  first  term  of  this  expression  is  evidently  —  -rx »  or,  a  the 

eomponent  of  the  magnetic  force. 

The  quantity  under  the  integral  sign  in  the  second  term 
is  tero  for  every  element  of  volume  except  that  in  which 
the  point  (f,  17,  C)  is  included.  If  the  value  of  A  at  the  point 
(l  1),  ()  is  {A),  the  value  of  the  second  term  is  easily  proved 
to  be  iv(A),  where  (A)  is  evidently  zero  at  all  points  outside 
the  magnet. 

We  may  now  write  the  value  of  the  OMSomponent  of  the 
magn^c  induction 

a  =  o  +  4ir(il),  (25) 

m  equation  which  is  identical  vdth  the  first  of  those  given 
in  Art  400.  The  equations  for  b  and  c  will  also  agree  with 
tboae  of  Art.  400. 

We  have  already  seen  that  the  magnetic  force  ^  is  derived 
from  the  scalar  magnetic  potential  V  by  the  application  of 
Hamilton's  operator  V  so  that  we  may  write,  as  in  Art.  17, 

'&=-V7,  (26) 

and  that  this  equation  is  true  both  without  and  within  the 
magnet 

It  appears  from  the  present  investigation  that  the  magnetic 
indaction  93  is  derived  from  the  vector-potential  S(  by  the 
application  of  the  same  operator,  and  that  the  result  is  true 
within  the  magnet  as  well  as  without  it 

The  application  of  this  operator  to  a  vector-function  produces, 
in  general,  a  scalar  quantity  as  well  as  a  vector.  The  scalar 
part,  however,  which  we  have  called  the  convergence  of  the 
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veetor-ranctioD,  vuiishea  when  the  Tector-fmieiMm  MlitBw  tba 

Mleooidal  conditioD 

dF     dQ     dH     „ 

By  difrereotiftting  the  expreMions  for  F,  G,  H  in  egaationi  (S2). 
we  find  tb«t  this  equatioo  U  Mtisfied  hy  these  qiunUtiet. 
We  may  therefore  write  the  relation  between  the  i 
induction  and  its  vector-potential 

»  =  va, 

which  may  be  expressed  in  words  by  saying  that  the  i 
induction  is  the  curl  of  its  vector-potential.     See  Art.  SS. 


CHAPTER  III. 


MAGNETIC   SOLENOIDS   AND   SHELLS* 

On  Particular  Forms  of  Magnets. 

407.]  Ik  a  long  narrow  filament  of  magnetic  matter  like 
a  wire  is  magnetized  everywhere  in  a  longitudinal  direction, 
then  the  product  of  any  transverse  section  of  the  filament 
into  the  mean  intensity  of  the  magnetization  across  it  is  called 
the  strength  of  the  magnet  at  that  section.  If  the  filament 
were  cut  in  two  at  the  section  without  altering  the  magnetiza- 
tion, the  two  surfaces,  when  separated,  would  be  found  to  have 
equal  and  opposite  quantities  of  superficial  magnetization,  each 
of  which  is  numerically  equal  to  the  strength  of  the  magnet 
at  the  section. 

A  filament  of  magnetic  matter,  so  magnetized  that  its  strength 
is  the  same  at  every  section,  at  whatever  part  of  its  length  the 
section  be  made,  is  called  a  Magnetic  Solenoid. 

If  771  is  the  strength  of  the  solenoid,  c2a  an  element  of  its 
length,  8  being  measured  from  the  negative  to  the  positive  pole  of 
the  magnet,  r  the  distance  of  that  element  from  a  given  point, 
and  €  the  angle  which  r  makes  with  the  axis  of  magnetization 
of  the  element^  the  potential  at  the  given  point  due  to  the 
element  is  m  cfc  cos  c  _      mdr  ^ 

r^        ""      r^  ds     ' 

Integrating  this  expression  with  respect  to  8,  so  as  to  take 
into  account  all   the  elements  of  the  solenoid,  the  potential 

is  found  to  be  /IK 

F=m(i-^). 

r,  being  the  distance  of  the  positive  end  of  the  solenoid,  and  r^ 
that  of  the  negative  end  from  the  point  where  V  is  measured. 

•  See  Sir  W.  Thomson's  •  Mathenuticftl  Theory  of  Magnetism/  Phil.  Trant,,  Jane 
1S49  aod  Jane  1850,  or  Reprint  of  Papers  on  EleciroiUtict  and  Magnetism,  p.  840. 

VOU  II.  D 
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HcDCP  tho  potential  due  to  a  solenoicl,  uid  coiweqaeBtly 
all  its  magnetic  eflecls,  depend  only  on  ita  strength  and  the 
portion  of  it«  entU.  and  not  at  ail  on  its  form,  whether  straight 
or  curvcsl.  between  these  points. 

Hence  the  ends  of  a  solenoid  may  be  called  in  a  strict  MDse 
its  poles. 

If  a  solenoid  forms  s  clotted  curve  the  potential  due  to  it 
is  zero  at  every  point,  so  that  such  a  solenoid  can  exert  no 
magnetic  action,  nor  can  its  magnetization  be  discovered  withont 
breaking  it  at  ^oroe  point  and  separating  the  ends. 

If  a  magnet  can  be  divided  into  solenoids,  all  of  which  either 
form  closet)  curves  or  liave  tlieir  extremities  in  the  outer 
surface  of  the  magnet,  the  magnetization  is  said  to  be  solenoidat 
and.  sincv  the  action  of  the  magnet  depends  entirely  upon  that 
of  (be  ends  of  the  solenoids,  the  distribution  of  imaginary 
magnetic  matter  will  lie  entirely  superficial. 

Ucnce  the  condition  of  the  magnetization  being  solenoidal  ia 

,u     .IB    iir 

tij-        ,ly        dz 
where  A,  H,  V  are  the  components  of  the  magnetization  at  any 
point  of  the  msgnet. 

4()K.]  A  longitudinally  msgiietize<l  filament,  of  which  the 
strength  varicH  at  ditferent  paria  of  its  length,  may  he  conoeive<l 
to  be  made  up  of  a  bundle  of  solenoiiU  of  different  lengths, 
the  sum  of  tlie  stn>ngths  of  all  the  solenoids  which  pass  through 
a  given  section  tieing  the  magnetic  strength  of  the  filament  at 
that   section.     Henoe    any    longitudinally  magnetized    filament 


410.]  SHELLS.  35 

Magnetic  Shells, 

409.]  If  a  thin  shell  of  magnetic  matter  is  magnetized  in  a 
direction  everywhere  normal  to  its  surface,  the  intensity  of  the 
magnetization  at  any  place  multiplied  by  the  thickness  of  the 
shell  at  that  place  is  called  the  Strength  of  the  magnetic  shell 
at  that  place. 

If  the  strength  of  a  shell  is  everywhere  the  same,  it  is  called  a 
Simple  magnetic  shell ;  if  it  varies  from  point  to  point  it  may  be 
conceived  to  be  made  up  of  a  number  of  simple  shells  superposed 
and  overlapping  each  other.  It  is  therefore  called  a  Complex 
magnetic  shell. 

Let  dS  be  an  element  of  the  surface  of  the  shell  at  Q,  and  4> 
the  streugth  of  the  shell,  then  the  potential  at  any  point,  P,  due 
to  the  element  of  the  shell,  is 

dV=  ^-^dS  cos  €y 

where  c  is  the  angle  between  the  vector  QP,  or  r,  and  the  normal 
drawn  outwards  from  the  positive  side  of  the  shell. 
But  if  (2 a>  is  the  solid  angle  subtended  hj  dS  ai  the  point  P 

r^dd)  =  dS  oos€, 
^*^«^  dV=<Pda>, 

and  therefore  in  the  case  of  a  simple  magnetic  shell 

or,  ths  potential  due  to  a  magnetic  shell  at  any  point  is  the 
product  of  its  strength  into  the  solid  angle  subtended  by  its  edge 
<^t  the  (fiven  point  *. 

410.]  The  same  result  may  be  obtained  in  a  different  way  by 
supposing  the  magnetic  shell  placed  in  any  field  of  magnetic 
force,  and  determining  the  potential  energy  due  to  the  position 
oftheahell. 

If  Fis  the  potential  at  the  element  dSy  then  the  energy  due 
to  this  element  is 

OT.  the  product  of  the  Urength  of  the  shell  into  the  paH  of  the 
^urface-integral  of  dVJdv  due  to  the  element  dS  of  the  sfielL 

*  ThU  theorem  U  due  to  QausB,  Oeneral  Theory  of  TerreMtridl  Magneiiim,  §  88. 

D2 
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HeDce,  iot^nting  with  re«peet  to  «Il  such  elenwoU,  Um 
energy  due  to  the  poeition  of  tiio  shell  in  the  fiold  U  eqoml  to 
the  product  of  the  streDgtb  of  the  shell  ttnd  the  surfiwe-int^nl 
of  the  magnetic  inductiOD  taken  over  the  surfkco  of  the  sbeU. 

Since  this  surfaoe-int^gral  is  the  same  for  any  two  soHaeea 
which  have  the  same  bouDding  edge  and  do  not  include  between 
them  any  centre  of  force,  the  action  of  the  magnetic  shell 
depends  only  on  the  foim  of  its  edge. 

Now  suppose  the  field  of  force  to  be  that  due  to  a  magnetic 
pole  of  strength  m.  We  have  seen  (Art.  76,  Cor.)  that  the 
surface- integral  over  a  surface  bounded  by  a  given  edge  is  the 
product  of  the  strength  of  the  pole  and  the  solid  angle  subtended 
by  the  edge  at  the  pole.  Hence  the  energy  due  to  the  matnal 
action  of  the  pole  and  the  shell  is 

and  this,  by  Green's  theorem,  is  equal  to  the  product  of  the 
strength  of  the  pole  into  the  potential  due  to  the  shell  at  the 
pole.     The  potential  due  to  the  shell  is  therefore  ■&■. 

41 1 .]  If  a  magnetic  pole  m  starts  from  a  point  on  the  negBtire 
surface  of  a  nsgnetic  shell,  and  travels  along  any  path  in  space 
so  as  to  come  round  the  edge  to  a  point  close  to  where  it  started 
but  on  the  positive  side  of  the  shell,  the  solid  angle  will  vary 
continuously,  and  will  increase  by  4  t  during  the  process.  The 
work  done  by  the  pole  will  be  1«4>t(t.  and  the  pott^ntial  at  any 
point  on  the  positive  side  of  the  shell  will  exoi>ed  that  at  the 
neighl)Ounng  point  on  the  negative  side  by  4v4>. 

If  a  magnetic  shell  foruis  a  doeed  surEftce.  the  potential  ontsada 
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neiization  at  any  point  may  be  called  the  Potential  of  Magnet- 
ization. It  must  be  carefully  distinguished  from  the  Magnetic 
Potential. 

413.]  A  magnet  which  can  be  divided  into  complex  magnetic 
shells  is  said  to  have  a  complex  lamellar  distribution  of  mag- 
netism. The  condition  of  such  a  distribution  is  that  the  lines  of 
magnetization  must  be  such  that  a  system  of  surfaces  can  be 
drawn  cutting  them  at  right  angles.  This  condition  is  expressed 
by  the  well-known  equation 

^dy      dz^         ^dz      dx^        ^dx       dy^~    ' 

Forms  of  the  Potentials  of  Solenoidcd  and  Lamellar  Magnets, 

414.]  The  general  expression  for  the  scalar  potential  of  a 
inagnet  is 

where  p  denotes  the  potential  at  (a?,  t/,  z\  due  to  a  unit  magnetic 
pole  placed  at  (f ,  »j,  f ),  or  in  other  words,  the  reciprocal  of  the 
distance  between  (f,  77,  Q^  the  point  at  which  the  potential  is 
measured,  and  {x^  y,  z\  the  position  of  the  element  of  the 
magnet  to  which  it  is  due. 
This  quantity  may  be  integrated  by  parts,  as  in  Arts.  96,  386, 

y.ffp  (Al  +  5m  +  Cn)  dS  -fffp  (^  +  f  +  f )  d^dydz, 

where  /,  m,  n  are  the  direction-cosines  of  the  normal  drawn  out- 
wards from  d8y  an  element  of  the  surface  of  the  magnet. 

When  the  magnet  is  solenoidal  the  expression  under  the 
integral  sign  in  the  second  term  is  zero  for  every  point  within 
the  magnet,  so  that  the  triple  integral  is  zero,  and  the  scalar 
potential  at  any  point,  whether  outside  or  inside  the  magnet,  is 
given  by  the  surface-integral  in  the  first  term. 

The  scalar  potential  of  a  solenoidal  magnet  is  therefore  com- 
pletely determined  when  the  normal  component  of  the  magnet- 
uation  at  every  point  of  the  surface  is  known,  and  it  is 
independent  of  the  form  of  the  solenoids  within  the  magnet. 

415.]  In  the  case  of  a  lamellar  magnet  the  magnetization  is 
determined  by  </>,  the  potential  of  magnetization,  so  that 

Jl  —  -7—  9  /J  ^  —J—  >  U  ^  —r-  • 

dx  dy  dz 
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The  expressioD  for  V  may  therefora  be  written 

lotegratiog  this  exprcmion  by  parts,  we  find 

The  Bceond  tcnn  is  zero  unless  the  point  (£.  i;.  0  >>  incladcd 
in  the  magnet,  in  which  cam  it  bccomea  A  x(^),  where  (i^)  la  tbe 
value  uf  ^  at  the  point  (f,  v,  ()■  '^^  surface-integral  may  be 
expresKod  in  terms  of  r,  the  line  drawn  from  (x,  y,  :)  to  <f,  >r,  CX 
and  6  the  angle  which  thin  line  makea  with  the  Dorroal  drawn 
outwards  from  dS,  so  that  the  jvotcntial  may  be  written 


V=  /"/'^0co8(JJ^+4»(*), 


where  the  second  term  is  of  course  zero  when  the  point  (f,  i|,  f ) 
in  not  included  in  the  substance  of  the  magnet. 

The  potential,  Y,  expressed  by  this  equation,  is  continaooa 
even  at  the  surface  of  the  magnet,  where  ^  becomes  kuddcnly 
zero,  for  if  we  write 

12  =  /  r-5*cosfl(/,S', 

and  if  12,  is  the  value  of  12  at  a  point  just  within  the  surCue, 

and  12^  that  at  a  point  close  to  the  lint  but  outside  the  aarfaoe. 

12,  =  n,  +  4.(*), 

or  t;  =  r,. 

The  quantity  ii  is  nut  ooutinuous  at  the  surface  of  the  magnet. 
The  cuinix>uc&tH  of  magnetic  induction  are  related  to  II  by 
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The  other  components  of  the  vector-potential  may  be  written 
down  from  these  expressions  by  making  the  proper  substitutions. 

On  Solid  Angles. 

417.]  We  have  already  proved  that  at  any  point  P  the 
potential  due  to  a  magnetic  shell  is  equal  to  the  solid  angle 
snbtended  by  the  edge  of  the  shell  multiplied  by  the  strength 
of  the  shell.  As  we  shall  have  occasion  to  refer  to  solid  angles 
in  the  theory  of  electric  cun*ents,  we  shall  now  explain  how 
they  may  be  measured. 

DefinUion.  The  solid  angle  subtended  at  a  given  point  by  a 
closed  curve  is  measured  by  the  area  of  a  spherical  surface 
whose  centre  is  the  given  point  and  whose  radius  is  unity,  the 
outline  of  which  is  traced  by  the  intersection  of  the  radius 
vector  with  the  sphere  as  it  traces  the  closed  curve.  This  ai-ea 
is  to  be  reckoned  positive  or  negative  according  as  it  lies  on  the 
left  or  the  right-hand  of  the  path  of  the  radius  vector  as  seen 
from  the  given  point  *. 

^^  (f >  ^>  C)  he  the  given  point,  and  let  {x,  y,  0)  be  a  point  on 

the  closed  curve.     The  coordinates  x,  y,  z  are  functions  of  s,  the 

length  of  the  curve  reckoned  from  a  given  point.     They  are 

periodic  functions  of  8,  recurring  whenever  «  is  increased  by  the 

whole  length  of  the  closed  curve. 

We  may  calculate  the  solid  angle  (jh  directly  from  the  defi- 
nition thus.  Using  spherical  coordinates  with  centre  at  (f,  17,  ^, 
and  putting 

j:— f  =rsin5cos</),     y  — ?;  =  rsindsin<(),     2;— C=  rcosd, 
we  find  the  area  of  any  curve  on  the  sphere  by  integrating 

o)  =  /  (1  —  cos^)  d!</), 
or,  using  the  rectangular  coordinates, 

the  integration  being  extended  round  the  curve  8. 

If  the  axis  of  z  passes  once  through  the  closed  curve  the  first 

*  ( If,  while  the  point  at  which  the  solid  angle  subtended  by  a  given  carve  is  to  be 
de-tcrmined  moves  abont,  we  suppose  the  extremity  of  the  radius  vector  always  to  travel 
ronnd  the  cunre  in  the  same  direction,  then  the  area  on  the  sphere  may  be  taken  as 
ymAla.yt.  if  it  is  on  that  side  of  the  sphere  where  the  motion  of  the  end  of  the  radius 
vector  looks  doekwise  when  seen  from  the  centre,  negative  if  it  is  on  the  other  side.  \ 
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t«nn  ia  2  *.     If  the  axis  of  s  doiM  not  pasi  through  it  thU  term 
is  zero. 

41H.]  This  method  of  calculating  a  solid  anglo  ioTolTca  a 
choica  uf  axvB  which  is  to  some  extont  •rhitimry,  and  it  does  not 
depend  xulely  oo  the  rhwd  cur\'e.  Honec  the  following  method, 
in  which  nu  surface  is  Ruppoecd  to  he  eonstnieted,  may  be  aUtcd 
for  tbo  sake  of  geomt- trical  propriety. 

Ab  (hti  radius  vector  from  the  given  p<>int  traces  out  the 
closed  cun'e,  Ivt  a  piano  passing  through  the  given  point  rail  «b 
the  ctOHod  curve  so  as  to  bo  a  tangent  plane  at  each  point  of  tbe 
cun'c  in  Buccession.  Lt-t  a  line  of  unit>length  he  drawn  tnm 
the  given  [loint  perpendicular  to  this  plane.  As  the  plane  rolls 
round  the  closed  curve  the  extremity  of  the  perpendicular  will 
ttmce  a  svcoud  cloeed  curve.  Let  the  length  of  the  second 
closed  curve  be  o,  then  the  soUd  angle  subtended  by  tbe  fint 
cloaed  curve  is 

M=  2v-ir. 

This  follows  from  tbe  well-known  theorem  that  the  area  of  a 
closed  curve  on  a  sphore  of  unit  radius,  tt^ther  with  tbe 
eireumrerenre  of  the  polar  curve,  is  numerically  equal  to  the 
circumference  of  a  great  circle  of  the  sphere. 

This  construction  is  sometimes  convenient  for  caleulaUng  ibe 
•olid  angle  euhteutled  by  a  rectilinear  tigure.  For  our  own 
purpose,  which  is  to  form  clear  iileas  of  ph^'sical  phenomena, 
the  following  method  is  to  be  pn-fi-rred,  as  it  employ's  no 
conHtnictions  which  du  not  flow  from  the  [ibysical  data  of  tbe 
problem. 

419.]  A  closed  curve  x  is  (riven  in  space,  and  we  have  to  find 
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zero.  As  the  point  P  approaches,  the  closed  curve,  as  seen  from 
the  moving  point,  appears  to  open  out,  and  the  whole  solid 
angle  may  be  conceived  to  be  generated  by  the  apparent  motion 
of  the  different  elements  of  the  closed  curve  as  the  moving  point 
^>pioache8. 

Ab  the  point  P  moves  from  P  to  P^  over  the  element  d!<r,  the 
element  QQ'  of  the  closed  curve,  which  we  denote  by  dSj  will 
change  its  position  relatively  to  P,  and  the  line  on  the  unit 
sphere  corresponding  to  QQ^  will  sweep  over  an  area  on  the 
^herical  surface^  which  we  may  write 

dca  =  Udsda.  (1) 

To  find  n  let  us  suppose  P  fixed  while  the  closed  curve  is 

moved  parallel  to  itself  through  a  distance  d(T  equal  to  PP^  but 

in  the  opposite  direction.     The  relative  motion  of  the  point  P 

will  be  the  same  as  in  the  real  case. 

During  this  motion  the  element  QQ^  will  generate  an  area  in 
the  form  of  a  parallelogram  whose  sides  are  parallel  and  equal 
^  QQf  and  PP^.    If  we  construct 
A  pyramid  on  this  parallelogram  as  ^ — ^ — ...^^^ 

base  with  its  vertex  at  P,  the  solid        j^  \. — \ — .^^\ 
Mgle  of  this  pyramid  will  be  the      [   /  ^'^j 

inorement    do)    which    we    are   in      \f  J^) 

warch  of.  X^^^ y 

To  determine  the  value  of  this  "  ~~— 

solid  angle,   let   Q   and   ^  be   the 

uiglee  which  ds  and  dv  make  with  p^    3 

^  respectively,  and  let  ^  be  the 

*ngle  between  the  planes  of  these  two  angles,  then  the  area  of 

^  projection  of  the  parallelogram  da. da  on  a  plane  perpen- 

dicnlar  to  PQ  or  r  will  be 

ds  da-  sin  6  sin  ^  sin  </>, 
^^  since  this  is  equal  to  r^dw,  we  find 

d(iD  =  Ud8d(r  =  --^sin  6  QUI  0^  sin  <l>d8  d(T,  (2) 

Hence  n  =  -^  sin  5  sin  6'  sin  <^.  (3) 

420.]  We  may  express  the  angles  6,  B\  and  </>  in  terms  of  r, 

Mwl  its  differential  coefiicients  with  respect  to  %  and  <r,  for 

d?*  dv  d^  T 

«*d=---,     cos^'=-r->     and    sin^sind'cos<l)  =  r-^— =- •       (4) 
as  d(r  dsda        ^  ' 
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Wc  thus  find  tho  following  value  for  fl*, 

A  third  vxprt-itsion  for  n  in  terms  of  rectan^Iii-  eoordinUcs 
inftv  be  deduced  from  the  connidGratiun  that  the  volumo  of  tht 
pyramid  whose  solid  angle  is  ilm  and  whose  side  is  r  ta 

But  the  volume  of  thiH  pjTamid  may  also  be  expnawd  ia 
tcrmti  of  the  proji-ctioiis  of  r,  itn,  and  tit  on  the  sxca  of  m,  y 
and  :,  an  a  determinant  funned  by  these  nine  prujectiona,  of 
tbuB  find  ns  the  valae 


which  we  must  Uke  th 
of  II* 

third  part.     We  tb 

(-X,    v~y.    f— - 
d(      ,h       d( 

d^'        U^'        lia' 

ilx        tlij        tlz 
tUt        tilt       lU 

m 


This  expression  gives  the  value  of  11  fre«  from  the  ambiguity  of 
itign  intrmluced  by  e(]uation  {S). 

421,]  The  value  of  w.  the  solid  angle  subtended  by  the  cloMd 
cur%-e  at  the  point  /',  may  now  be  written 


=//■ 


=  //n,(.,l.  +  .^,. 


(') 


when-  the  integration  with  respect  tu  n  is  to  be  exteodei)  coa- 
pK-tely  round  the  cloee'l  curve,  and  that  with  respect  to  «  fron 
.-1  ft  itxvA  {Hiint  on  the  curve  to  the  point  /'.     The  constant*^ is 
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eJge.    The  value  of  »  at  /*  exceeds  that  at  P'  by  iv,  that  is,  by 
tbe  sorface  of  a  sphere  of  radius  unity. 

Hence,  if  a  closed  curve  be  drawn  so  as  to  paas  once  through 
tbe  shell,  or  in  oUier  words,  if  it  be  linked  once  with  the  edge 

of  the  shell,  the  value  of  the  integral  /  /  Udadir  extended  round 
both  carves  will  be  4  w.  "^  "^ 

This  integral  therefore,  considered  as  depending  only  on  the 
cioeed  curve  a  and  the  arbitrary  curve  AP,  is  an  instance  of  a 
fnnction  of  multiple  values,  since,  if  we  pass  from  A  to  P  along 
different  paths  the  int^raJ  will  have  different  values  according 
to  tbe  number  of  times  which  the  curve  AP  is  twined  round  the 
enrvee. 

K  one  form  of  the  curve  between  A  and  P  can  be  transformed 
bto  another  by  continuous  motion  without  intersecting  the 
cnrre  g,  the  integral  will  have  the  same  value  for  both  curves, 
but  if  during  the  transformation  it  intersects  the  closed  curve 
1  times  the  values  of  the  int^;ral  will  differ  by  4  n  tj  . 

If  I  and  ff  are  any  two  cioeed  curves  in  space,  then,  if  they 
tn  not  linked  together,  the  integral  extended  once  round  both 
iinro. 

If  they  are  intertwined  n  times  in  the  same  direction,  the 
nine  of  the  integral  is  4isn,  It  is  possible,  however,  for  two 
CDTVcs  to  be  intertwined  alternately  in  opposite  directions,  so 
tlut  they  are  inseparably  linked  together 
thoD^  tbe  value  of  the  integral  is  zero. 
See  Fig.  4. 

It  was  the  discovery  by  Qauss  of  this  very 
utegal,    expressing    the    work    done    on    a 
■n^netic  pole  while  describing  a  closed  curve, 
m  presence  of  a  closed  electric  current,  and 
indicating  the  geometrical  connexion  between 
tbe  two  closed  curves,  that  led  him  to  lament  the  small  progress 
made  in  the  Geometry  of  Position  since  the  time  of  Leibnitz, 
Eofcr  and  Vandermonde.     We  have  now,  however,  some  progress 
to  report,  chiefly  due  to  Riemann,  Helmholtz,  and  Listing. 

422.]  Let  us  now  investigate  the  result  of  integrating  with 
ntpect  to  B  round  the  closed  curve. 

One  of  the  terms  of  tT  in  equation  {7)  is 

^—xdr\dz      dij  d  Adz..  .„■ 

~  ^i^d^da^d^T^^rdiy  '^ 


(•) 
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If  we  now  write  for  brevity 

■"}\t^'  "-m^  "-nt-^- 

the  integrals  being  taken  once  round  the  eloeed  eorre 
term  of  II  may  be  writien 

d-d(iU' 
and  the  eoireaponding  term  otjXlJt  will  be 
<l,dH 

Collecting  &U  the  terms  of  11,  we  may  now  write 

.•in     dGsdf^F    dB.dn      AG     dW.dC 

"><(,      diKu     ydc     rff'J»      Wf     Ji'd.-' 

This  quantity  is  evidently  the  rate  of  decrement  of 

magnetic  potential,  in  pseeiiig  along  the  curve  <r,  or  ii 

words,  it  iM  the  magnetic  force  in  the  direction  of  da. 

By  aasnming  da  looceasively  in  the  direction  of  the 
X,  y  and  :,  we  obtain  for  the  values  of  the  eomponanta 
magnetic  force 

d,     ill     dO 

'--J('d,'dT 

d-_dr     dH 


OtllV 

axes  of 
of  Ibe 


M  =  ♦ //( 
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R  start  from  a  fixed  point  A  and  travel  with  a  velocity  the 
direction  of  which  is  always  parallel  to  that  of  Q,  but  whose 
magnitude  is  unity.  When  Q  has  travelled  once  round  the 
closed  curve  join  AR,  then  the  line  AR  represents  in  direction 
and  in  numerical  magnitude  the  vector-potential  due  to  the 
doeed  curve  at  P. 

Potential  Energy  of  a  Magnetic  Shell  placed  in  a  Magnetic  Field. 

423.]  We  have  already  shewn,  in  Art.  410,  that  the  potential 
energy  of  a  shell  of  strength  0  placed  in  a  magnetic  field  whose 
potential  is  F,  is 

,dV        dV        dV.,^ 

where  2,  m,  n  are  the  direction-cosines  of  the  normal  to  the  shell 
drawn  outwards  from  the  positive  side,  and  the  surface-integral 
is  extended  over  the  shell. 

Now  this  surface-integral  may  be  transformed  into  a  line- 
int^ral  by  means  of  the  vector-potential  of  the  magnetic  field, 
md  we  may  write 

where  the  integration  is  extended  once  round  the  closed  curve  8 
which  forms  the  edge  of  the  magnetic  shell,  the  direction  of  da 
being  opposite  to  that  of  the  hands  of  a  watch  when  viewed 
from  the  positive  side  of  the  shell. 

If  we  now  suppose  that  the  magnetic  field  is  that  due  to  a 
leecmd  magnetic  rfiell  whose  strength  is  </>',  we  may  determine 
the  value  of  F  directly  from  the  results  of  Art.  416  or  from 
Ah.  406.  If  l\  m',  7i'  be  the  direction-cosines  of  the  normal  to 
the  element  dS^  of  the  second  shell,  we  have 

^lere  r  is  the  distance  between  the  element  dS'  and  a  point  on 
tht  boundary  of  the  first  shell. 

Now  this  surface-integral  may  be  converted  into  a  line-integral 
nmnd  the  boundary  of  the  second  shell ;  viz.  it  is 


♦' 


'/if-*'-  (H) 
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lo  like  mutner 

Substituting  theae  vftlucfl  in  the  expreasion  for  il  we  Btul 

where  the  integration  in  extended  once  round  o  mad  onoe  roo 
/.  This  expreuion  givea  the  potentiftl  energy  due  to  the  matt 
tetion  of  the  two  ihells,  snd  is,  u  il  ought  to  be,  the  saine  wh 
a  and  «'  &re  interchanged.  Thia  expression  wttb  its  sign  i 
vented,  when  the  itrength  of  oach  shell  is  unity,  is  called  t 
putential  of  the  two  closed  curves  0  and  h'.  It  is  a  quantity 
great  importaoce  in  the  theory  of  eleotrie  currents.  If  we  wt 
4  for  the  angle  between  the  directions  of  the  elements  da  and  a 
the  potential  of  n  and  /  may  be  written 

It  is  evidently  a  quantity  of  the  dimension  of  a  line. 


CHAPTER  IV. 


INDUCED    MAGNETIZATION. 

• 

424.]  We  have  hitherto  considered  the  actual  distribution  of 

magnetization  in  a  magnet  as  given  explicitly  among  the  data 

of  the  investigation.     We  have  not  made  any  assumption  as  to 

whether  this  magnetization  is  permanent  or  temporary,  except  in 

ihoee  parte  of  our  reasoning  in  which  we  have  supposed  the 

magnet  broken  up  into  small  portions,  or  small  portions  removed 

&om  the  magnet  in  such  a  way  as  not  to  alter  the  magnetization 

of  any  part. 

We  have  now  to  consider  the  magnetization  of  bodies  with 
respect  to  the  mode  in  which  it  may  be  produced  and  changed. 
A  bar  of  iron  held  parallel  to  the  direction  of  the  earth's  magnetic 
force  is  found  to  become  magnetic,  with  its  poles  turned  the  op- 
posite way  from  those  of  the  earth,  or  the  same  way  as  those  of 
a  compass  needle  in  stable  equilibrium. 

Any  piece  of  soft  iron  placed  in  a  magnetic  field  is  found  to 
exhibit  magnetic  properties.  If  it  be  placed  in  a  part  of  the  field 
where  the  magnetic  force  is  great,  as  between  the  poles  of  a  horse- 
ihoe  magnet,  the  magnetism  of  the  iron  becomes  intense.  If  the 
iron  is  removed  from  the  magnetic  field,  its  magnetic  properties 
are  greatly  weakened  or  disappear  entirely.  If  the  magnetic 
properties  of  the  iron  depend  entirely  on  the  magnetic  force  of 
the  field  in  which  it  is  placed,  and  vanish  when  it  is  removed 
from  the  field,  it  is  called  Soft  iron.  Iron  which  is  soft  in  the 
magnetic  sense  is  also  soft  in  the  literal  sense.  It  is  easy  to 
bend  it  and  give  it  a  permanent  set,  and  difficult  to  break  it. 

Iron  which  retains  its  magnetic  properties  when  removed  from 
the  magnetic  field  is  called  Hard  iron.  Such  iron  does  not  take 
op  the  magnetic  state  so  readily  as  soft  iron.    The  operation  of 


48  INDCCRD   HAGKETIZATIOK.  [424 

hammcrinf;.  or  any  other  kiod  of  vibratioD,  alloirs  bard  im 
undrr  the  influenre  of  magnetio  force  to  aasutne  the  nugnatM 
atate  mora  reatlily,  and  to  part  with  it  more  readilj  wben  Um 
magnetixing  force  is  removed  *.  Iron  which  ia  magneticalljr  hare 
ia  also  more  BtiS*  to  bend  and  more  apt  to  break. 

The  procexees  of  hammering,  rolling,  wire-drawing,  and  auddM 
cooling  t«nd  to  harden  iron,  and  that  of  annealing  tends  t< 
Boft«*n  it. 

The  magnetic  as  well  an  the  mechanical  diflTcrencca  betvcM 
8t«el  of  hard  and  soft  temper  are  mnch  greater  than  Umm 
between  hard  and  Hofl  irnn.  Soft  steel  in  almost  aa  raaily  maf 
netized  and  demagnetized  aa  iron,  while  the  hardest  steel  is  tb< 
best  material  for  majfncta  which  we  with  to  be  pennaoesL 

Cast  iron,  though  it  contains  more  carbon  than  steel,  ia  not  ai 
retentive  of  magnetixation. 

If  a  magnet  oould  be  conbtrueted  so  that  the  distriboUon  of  ili 
magnetization  ia  not  altered  by  any  magnetic  force  broagfat  U 
act  upon  it,  it  might  be  eallt^l  a  rigidly  magnetized  body.  TV 
only  known  body  which  fuldla  this  condition  ia  a  oondiHitiai 
circuit  round  which  a  constant  electric  current  ia  made  to  flow. 

Such  a  circuit  exhibits  magnetic  properties,  and  may  thovfon 
be  called  an  electromagnet,  but  these  magnetic  propertie*  aivnol 
affected  by  the  other  magnetic  forces  in  the  6eld.  We  sbal 
return  to  tbia  subject  in  Part  IV. 

All  actual  magnets,  whether  made  of  hardened  ateel  or  of  load- 
Ktono,  are  found  to  be  atfected  by  any  magnetic  force  whieh  ii 
brought  to  l>ear  upon  them. 
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425.]  At  present  we  shall  investigate  the  temporary  magnet- 
iation  on  the  assumption  that  the  magnetization  of  any  particle 
of  the  substance  depends  solely  on  the  magnetic  force  acting  on 
that  particla  This  magnetic  force  may  arise  partly  from  external 
etnses,  and  partly  from  the  temporary  magnetization  of  neigh- 
bouring particles. 

A  body  thus  magnetized  in  virtue  of  the  action  of  magnetic 
force  is  said  to  be  magnetized  by  induction,  and  the  magnetization 
is  said  to  be  induced  by  the  magnetizing  force. 

The  magnetization  induced  by  a  given  magnetizing  force  differs 
in  different  substances.  It  is  greatest  in  the  purest  and  softest 
iron,  in  which  the  ratio  of  the  magnetization  to  the  magnetic 
force  may  reach  the  value  32,  or  even  45^. 

Other  substances,  such  as- the  metals  nickel  and  cobalt,  are 
capable  of  an  inferior  degree  of  magnetization,  and  all  substances 
when  subjected  to  a  sulBSciently  strong  magnetic  force  are  found 
to  give  indications  of  polarity. 

When  the  magnetization  is  in  the  same  direction  as  the  mag- 
netie  force,  as  in  iron,  nickel,  cobalt,  &c.,  the  substance  is  called 
Paramagnetic,  Ferromagnetic,  or  more  simply  Magnetic.  When 
the  induced  magnetization  is  in  the  direction  opposite  to  the 
magnetic  force,  as  in  bismuth,  &c.,  the  substance  is  said  to  be 
Diamagnetic. 

hi  all  these  diamagnetic  substances  the  ratio  of  the  magnetiza- 
tion to  the  magnetic  force  which  produces  it  is  exceedingly 
•niall,  being  only  about  —  nnjViyTr  in  the  case  of  bismuth,  which 
u  the  most  highly  diamagnetic  substance  known. 

In  crystallized,  strained,  and  organized  substances  the  direction 
of  the  magnetization  does  not  always  coincide  with  that  of  the 
BBBgnetic  force  which  produces  it.  The  relation  between  the 
oomponents  of  magnetization,  referred  to  axes  fixed  in  the  body, 
uui  those  of  the  magnetic  force,  may  be  expressed  by  a  system 
of  three  linear  equations.  Of  the  nine  coefficients  involved  in 
^i'M  equations  we  shall  shew  that  only  six  are  independent. 
The  phenomena  of  bodies  of  this  kind  are  classed  under  the  name 
of  Magnecrystallic  phenomena. 

When  placed  in  a  field  of  magnetic  force,  crystals  tend  to  set 

*  TUl^,  ilTova  Acta,  Reg,  Soc,  Sc,  Upsal,  1863.  (  Ewing  {loc,  eit.)  hM  shewn 
^  it  may  be  tm  great  m  279,  and  that  if  the  wire  be  shaken  while  the  magnetizing 
'oits  it  ap|»licd  it  may  rise  to  as  much  as  1600. } 

▼OL.  II.  E 
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themBolven  no  that  the  axis  of  givatMt  param^netic  or  of  least 
diamat'oetic,  induction  ia  parallel  to  the  linea  of  magnetic  fbree. 
Six  Art.  436. 

In  Bofl  iron,  the  direction  of  the  magnetiattion  eoinades  with 
that  of  the  magnetic  force  at  the  point,  and  for  amall  valaea  of 
the  magnetic  force  the  magnetization  ia  nearly  proportional  lo  it*. 
Ah  the  magnetic  force  increases,  however,  the  magnetueaUon  in- 
creaMes  more  slowly,  and  it  would  appear  from  experinMoto 
describtHl  in  Chap.  VI,  that  there  is  a  limiting  value  of  the 
magnetization,  beyond  which  it  cannot  pass,  whatever  be  the 
value  of  the  magnetic  force. 

In  the  following  outline  of  the  theory  of  induced  magnetism, 
we  Hhall  begin  hy  HuppoHing  thv  magnetization  proportional  to 
the  magnetic  force,  and  in  the  samV  line  with  it. 

D^nition  of  the  Cneffieient  of  Inductil  Magnetitation. 

426.]  Let  ^  be  th<'  magnetic  force,  defined  as  in  Art.  398.  at 
any  point  of  the  body,  and  let  3  bo  the  magnetization  at  that 
point,  then  the  ratio  of  3  to  ^  ia  called  the  Coefficient  of  In- 
duced Magnetization. 

Denoting  this  ooeflicient  by  >,  the  fundamental  equation  of 
inducvd  magnetism  is 

3  =  .*.  (I) 

The  coefficient  *  is  positive  for  iron  and  paramagnetic  sub- 

staticfs,  and  negative  for  lii»muth  and  diainagnetic  subiitAiic**. 

It  reaehi'H  (he  value  :  I  lioo ;   in  iron,  and  it  is  said  to  be  Urg*  in 

tlic  raMt'  of  nickel  and  colmlt.  but  in  all  other  cases  it  is  a  vrrr 
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directions  of  or,  y^  0,  be  a,  )3,  y,  and  let  those  of  the  magnet- 
ization 3  be  il,  £,  (7,  then  by  equation  (1), 

£  =  K)3,  V  (3) 


Multiplying  these  equations  by  dx^  dy,  dz  respectively,  and 
adding,  we  find 

Adx-^-Bdy  +  Cdz^:  K{adX'hfidy  +  ydz). 

But  since  a,  p  and  y  are  derived  from  the  potential  U,  we 
may  write  tKe  second  member  -^KdU. 

Hence,  if  ic  is  constant  throughout  the  substance,  the  first 
member  must  also  be  a  complete  differential  of  a  function  of  x^ 
y  and  z,  which  we  shall  call  4>,  and  the  equation  becomes 

di^=-KdUy  (4) 

The  magnetization  is  therefore  lamellar,  as  defined  in  Art.  412. 

It  was  shewn  in  Art.  385  that  if  /?  is  the  volume-density  of 
free  magnetism, 

-  _  (dA      dB      dC. 
^^      ^dx       dy       dz^* 

which  becomes  in  virtue  of  equations  (3), 

/da  dp      dy\ 

'^ "  ^dx  dy      dz^' 
But,  by  Art  77, 

da  d3  dy 

dx  dy  dz 

Hence  (l  +  47ric)p  =  0, 

^l^«noe  p  =  0  (6) 

tiiroughout  the  substance,  and  the  magnetization  is  therefore 
Bolenoidal  as  well  as  lamellar.     See  Art.  407. 

There  is  therefore  no  free  magnetism  except  on  the  bounding 
Bnrface  of  the  body.  If  r  be  the  normal  drawn  inwards  from 
^e  surface,  the  magnetic  surface-density  is 

d4> 


O"  =  — 


dv 


(7) 
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The  potential  H  due  to  this  tnagnetisatioD  M  Any  pmot  maj 
therefore  be  found  from  the  surface-integiml 

"=1/?^  (!) 

The  Tklue  of  tl  will  be  finite  wnd  oontinuons  eTeiywbere.  and 
will  Mtisfy  LkpUce's  eqoatioo  «t  every  point  both  within  and 
without  the  aurfibce.  If  we  diatinguish  bjr  *n  ftooent  the  tkIim 
of  Q  outside  tbe  surface,  and  if  v  be  the  oortnal  drawn  ontwank, 
we  have  at  the  surface 

a'  =  fi :  (9) 

da    da' 
dw 

=  «.5*.by(7). 

dU 

We  may  therefore  write  the  second  surface-condition 

(.+..„''"^:i'';^..//=«.      (..) 

(If         ail  Mr 

Henoe  the  determination  of  the  magnetism  induced  ia  a 
homogeneoua  isotropic  body,  bounded  by  a  aarfaee  H,  and  aelcd 
upon  by  external  magnetic  forces  whoso  potential  is  1'.  may  b* 
reductHl  to  the  fulluwing  mathematical  {iroblem. 

We  must  find  two  funetiuna  U  and  U'  satisfying  the  foUowtag 
conditions : 


4^8] 
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Tlie  coefficient  k  which  we  have  here  used  was  introduced  by 
F.  E.  Neumann. 

428.]  The  problem  of  induced  magnetism  may  be  treated  in 
m  different  manner  by  introducing  the  quantity  which  we  have 
called,  with  Faraday,  the  Magnetic  Induction. 

The  relation  between  9,  the  magnetic  induction,  <^,  the  mag- 
netic force,  and  %  the  magnetization,  is  expressed  by  the 
equation  ©  =  ^  +  47r3.  (12) 

The  equation  which  expresses  the  induced  magnetization  in 
terms  of  the  magnetic  force  is 

3  =  'c^.  (13) 

Hence,  eliminating  %  we  find 

S  =  (l  +  47rif)^  (14) 

as  the  relation  between  the  magnetic  induction  and  the  magnetic 
force  in  substances  whose  magnetization  is  induced  by  magnetic 
force. 

In  the  most  general  case  k  may  be  a  function,  not  only  of  the 
position  of  the  point  in  the  substance,  but  of  the  direction  of  the 
vector  ^,  but  in  the  case  which  we  are  now  considering  k  is  a 
numerical  quantity. 

If  we  next  write  |x=l+47ric,  (16) 

we  may  define  ia  as  the  ratio  of  the  magnetic  induction  to  the 
magnetic  force,  and  we  may  call  this  ratio  the  magnetic  induc- 
tive capacity  of  the  substance,  thus  distinguishing  it  &om  k,  the 
co^eient  of  induced  magnetization. 

If  we  write  U  for  the  total  magnetic  potential  compounded 
of  F,  the  potential  due  to  external  causes,  and  Q.  that  due  to 
the  induced  magnetization,  we  may  express  a,  6,  c,  the  com- 
ponents of  magnetic  induction,  and  a,  )3,  y,  the  components  of 
Bttgnetic  force,  as  follows : 

dU 

6  =  ;ii8  =  -|x^,  }.  (16) 


C  =  fiy  =  -fi 


dy' 

dU 

^-^^  • 

dz 


-0^  components  a,  6,  c  satisfy  the  solenoidal  condition 


da      dh      dc 
dx      dy      dz^    ' 


(17) 
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Hence,  the  potential  U  muit  MttiBry  lApUoe's  eqtution 

at  every  point  irbere  n  a  oonstant,  that  is,  at  every  punt  within 
the  hoiDOgeneotu  sabotanoe,  or  in  empty  spaoe. 

At  the  surlaoo  itaeir,  if  v  is  a  normal  drawn  towarda  tbe 
magnetio  subfltancc,  and  /  one  drawn  outwarda,  and  if  tbe 
symbols  of  quantities  outaide  Uie  aubetanoe  are  dittingoisbed  by 
aeoenta,  the  condition  of  continuity  of  tbe  magnetic  indoeUon  is 

„^+l^  +  ef  +  „'.;^+i'^»+c'ji=<.;        (I.) 
dp        UP        Up         lip         dp  ap 

or,  by  equations  (16), 

;*',  the  coefficient  of  induction  outnide  tbe  magnet,  will  be 
unity  unless  the  sumunding  medium  be  magnetic  or  dia- 
mignetic 

If  we  subatitttte  for  V  ite  value  in  terms  of  V  and  U,  and  Cor 
It  ita  value  in  terms  of  *,  we  obtain  the  same  equation  (10)  as 
we  arrived  at  by  Poisaou's  method. 

The  problem  of  induced  magnetism,  when  considered  with 
respect  to  the  relation  between  msgntitJc  induction  and  nuignetie 
force,  correHpondii  exactly  with  tbe  problt-m  of  tbe  condueuoo 
of  electric  currunts  through  heterogeneous  media,  as  given  in 
Art.  310. 

The  magnetic  force  is  derived  from  the  magnetic  potential. 
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We  are  now  prepared  to  consider  the  theory  of  induced  mag- 
netism from  what  I  conceive  to  be  Faraday's  point  of  view. 

When  magnetic  force  acts  on  any  medium,  whether  magnetic 
or  diamagnetic,  or  neutral,  it  produces  within  it  a  phenomenon 
called  Magnetic  Induction. 

Magnetic  induction  is  a  directed  quantity  of  the  nature  of  a 
flux,  and  it  satisfies  the  same  conditions  of  continuity  as  electric 
currents  and  other  fluxes  do. 

In  isotropic  media  the  magnetic  force  and  the  magnetic  in- 
duction are  in  the  same  direction,  and  the  magnetic  induction 
is  the  product  of  the  magnetic  force  into  a  quantity  called  the 
coefficient  of  induction,  which  we  have  expressed  by  fu 

In  empty  space  the  coefficient  of  induction  is  unity.  In  bodies 
capable  of  induced  magnetizatipn  the  coefficient  of  induction  is 
1  +  47K  =  fi,  where  k  is  the  quantity  already  defined  as  the  co- 
efficient of  induced  magnetization. 

429.]  Let  fx,  fi^  be  the  values  of  fi  on  opposite  sides  of  a  surface 
separating  two  media,  then  if  F,  F"  are  the  potentials  in  the  two 
media,  the  magnetic  forces  towards  the  surfetce  in  the  two  media 

Me  ~=-  and  -^-,  • 
av  av 

The  quantities  of  magnetic  induction  through  the  element  of 

dV  dV 

suifece  dS  are  u-r-dS  and  u  -y-y  dS  in  the  two  media  respect- 

dv  dv  ^ 

ively  reckoned  towards  dS. 

Smce  the  total  flux  towards  dS  is  zero, 

dV      ,dV'      ^ 
M;r-  +  M  77-7=0. 
av         av 

But  by  the  theoiy  of  the  potential  near  a  surface  of  density  a, 

dV    dV^^ 

av      av 

Hence  -y- (l— ^)  +  47r(r  =  0. 

dv  ^       ft  ^ 

If  icj  is  the  ratio  of  the  superficial  magnetization  to  the  normal 

force  in  the  first  medium  whose  coefficient  is  fi,  we  have 

47rici  =  — 7—. 

Hence  k^  will  be  positive  or  negative  according  as  fx  is  greater 
or  less  than  \l.     K  we  put  fx  =  4  ttk  +  1  and  \i!  =  ^t^k  +  1, 

Ki   = 


'^"477k'+1 


6ff  INDCCKD   HAONrnZATIOX.  [439. 

In  this  pxpn>a8ion  i  and  «'  are  the  ooeffictents  of  indiNMl 
magiM'tiEaUoo  of  the  timt  and  scoond  media  dedaoed  from  ex- 
perimtiitH  made  in  air.  and  ■,  is  the  ooeffiaient  of  indaesJ 
magnetization  of  the  fint  medium  when  surronnded  hj  tbr 
second  medium. 

If  k'  ia  fpreater  than  i,  then  k,  in  negative,  or  the  apparent 
magnvtizaUon  of  the  firnt  medium  is  in  the  oppoaita  direetton 
to  the  magnutizing  force. 

Thus,  if  a  vetwel  containing  a  weak  aqueous  toIattOD  of  a 
paramagnetic  salt  of  iron  is  suxpended  in  a  stronger  aolatioo 
of  the  name  salt,  and  acted  on  by  r  magnet,  the  veasel  more* 
aH  if  it  were  magnetized  in  the  opposite  direction  ^m  that  in 
which  a  magnet  would  not  itself  if  suspended  in  the  same  plaee. 

This  may  be  expluned  by  the  hypothesis  t^at  the  solntioD  in 
the  vessel  is  really  magnetized  in  the  same  directioa  as  tli* 
magnetic  force,  but  that  the  solution  whieh  surrounds  th«  Teasel 
is  magnetized  more  strongly  in  the  same  direeUon.  Henee  Ibe 
vessel  is  like  a  weak  magnet  plaoe«1  between  two  strong  onea  all 
magnetized  in  the  same  direction,  so  that  opposite  polas  are  in 
contact.  Tlte  north  pole  of  the  weak  magnet  point*  in  tbe 
•ame  direction  as  those  of  the  strong  ones,  but  since  it 'is  in 
contact  with  the  south  pole  of  a  stronger  magnet,  there  ia  an 
eicess  of  south  magnetism  in  the  neij^hbourhood  of  ita  noith 
polo,  which  causes  the  weak  maj^net  to  appear  oppositely  mag- 
netized. 

In  Mime  suIiet«oc«s,  however,  the  appan-nt  magnetization  is 
negative  t-ven  when  they  arc    iiuspcnded   in   what  ia  called  a 
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430.J  The  mathematical  theory  of  magnetic  induction  was 
first  given  by  Poisson  *.     The  physical  hypothesis  on  which  he 
foanded  his  theory  was  that  of  two  magnetic  fluids,  an  hypothesis 
which   has   the    same   mathematical   advantages  and   physical 
difficulties  as  the  theory  of  two  electric  fluids.     In  order,  how- 
ever, to  explain  the  fact  that,  though  a  piece  of  soft  iron  can  be 
mignetized  by  induction,  it  cannot  be   charged  with  unequal 
quantities  of  the  two  kinds  of  magnetism,  he  supposes  that  the 
sobfitanoe  in  general  is  a  non-conductor  of  these  fluids,  and  that 
only  certain  small  portions  of  the  substance  contain  the  fluids 
under  circumstances  in  which  they  are  free  to  obey  the  forces 
which  act  on  them.     These  small  magnetic  elements  of  the  sub- 
litanoe  contain  each  precisely  equal  quantities  of  the  two  fluids, 
tnd  within  each  element  the  fluids  move  with  perfect  freedom, 
bat  the  fluids  can  never  pass  from  one  magnetic  element  to 
another. 

Tbe  problem  therefore  is  of  the  same  kind  as  that  relating  to 
t  number  of  small  conductors  of  electricity  disseminated  through 
t  dielectric  insulating  medium.  The  conductors  may  be  of  any 
fonn  provided  they  are  small  and  do  not  touch  each  other. 

If  they  are  elongated  bodies  all  turned  in  the  same  general 
direction,  or  if  they  are  crowded  more  in  one  direction  than 
another,  the  medium,  as  Poisson  himself  shews,  will  not  be 
inotropic.  Poisson  therefore,  to  avoid  useless  intricacy^  examines 
the  case  in  which  each  magnetic  element  is  spherical,  and  the 
elements  are  disseminated  without  regard  to  axes.  He  supposes 
that  the  whole  volume  of  all  the  magnetic  elements  in  unit  of 
▼olume  of  the  substance  is  k. 

We  have  already  considered  in  Art.  314  the  electric  conduc- 
tivity of  a  medium  in  which  small  spheres  of  another  medium 
»w  distributed. 

If  the  conductivity  of  the  medium  is  /x,,  and  that  of  th6 
spheres  ft,,  we  have  found  that  the  conductivity  of  the  com- 
P<^te  system  is 

_      2fH-ffx,-f  2A;(fX2-Mi) 

Patting  f4  =  1  and  /u^  =  oc ,  this  becomes 

l  +  2Jk 

*  Mimoiru  de  VImtiiut,  1824,  p.  247. 
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This  quantity  ft  is  the  electric  conductivity  of  r  medinm  «oi 
listing  of  perfectly  comlucting  spheres  disscmtiutc))  through 
tneiliuni  of  conductivity  unity,  the  ftggrogate  volume  of  ti 
BphereH  in  unit  of  volume  living  k. 

The  symhul  ft  also  repreeenU  the  oo<-ffictent  of  magnetic  ii 
duction  of  a  medium,  consiiiting  of  spheres  for  which  the  pc 
mt'shility  is  infinite,  tliKSuminated  through  a  medium  fur  whi< 
it  is  unity. 

The  symbol  k,  which  wo  shall  call  Poimon's  Uagnetie  C 
efficient,  represents  the  ratio  of  the  volume  of  the  magnd 
elements  to  the  wholv  volume  of  the  substance. 

The  symbol  ■  \h  known  ob  Neumann's  ('oetficient  of  Magu 
ization  by  Induction.     It  ia  more  convenient  than  Poiswrn's. 

Tile  synilH>I  ft  we  shall  call  the  Coefficient  of  Magnetic  Inds 
tion.  lu  advantage  in  that  it  facilitates  the  transformation 
magnetic  problems  into  problems  relating  to  electricity  and  ha 

The  relations  of  these  three  symbols  are  as  follows : 


«i.+3' 

"-/.  +  2' 

c- > 

31 

"' ,-f     -=<"+'■ 

If  we  pat  ■  =  32,  the  value  given  by  Tbal<5n'B*  experimei 
on  Hofl  iron,  wt-  find  k  =  J|J.  Thi»,  aceonling  to  PuiawM 
theory,  is  the  ratio  of  the  volume  of  tlic  magnetic  molecules 
tltc  wbiilo  vulunie  of  the  iron.     It  is  im[MMieible  to  pack  a  spi 


CHAPTER  V. 

PARTICULAR   PROBLEMS   IN  MAGNETIC   INDUCTION. 

A  HoUow  Spherical  ShdL 

431.]  The  first  example  of  the  complete  solution  of  a  problem 
in  magnetic  induction  was  that  given  by  Poisson  for  the  case 
of  a  hollow  spherical  shell  acted  on  by  any  magnetic  forces 
whatever. 

For  simplicity  we  shall  suppose  the  origin  of  the  magnetic 
forces  to  be  in  the  space  outside  the  shell. 

If  V  denotes  the  potential  due  to  the  external  magnetic 
system,  we  may  expand  F  in  a  series  of  solid  harmonics  of  the 

fom  F=CoSo  +  Ci5ir  +  &c.  +  C,5,r*+...,  (1) 

where  r  is  the  distance  from  the  centre  of  the  shell,  S^  is  a 
surface  harmonic  of  order  i,  and  C^  is  a  coefficient. 

This  series  will  be  convergent  provided  r  is  less  than  the 
<iistaiice  of  the  nearest  magnet  of  the  system  which  produces 
tiiis  potential  Hence,  for  the  hollow  spherical  shell  and  the 
tptoe  within  it,  this  expansion  is  convergent. 

Let  the  external  radius  of  the  shell  be  a2  and  the  inner  radius 
<^i  and  let  the  potential  due  to  its  induced  magnetism  be  12. 
^e  form  of  the  function  Q,  will  in  general  be  different  in  the 
hollow  space,  in  the  substance  of  the  shell,  and  in  the  space 
heyond.  If  we  expand  these  functions  in  harmonic  series,  then, 
confining  our  attention  to  those  terms  which  involve  the  surface 
harmonic  S^,  we  shall  find  that  if  il^  is  that  which  corresponds 
*o  the  hollow  space  within  the  shell,  the  expansion  of  Xl^  must 
he  in  positive  harmonics  of  the  form  jlj^^r^  because  the  po- 
tential must  not  become  infinite  within  the  sphere  whose  radius 
1304. 

In  the  substance  of  the  shell,  where  r  lies  between  a^  and  a^, 
the  aeries  may  contain  both  positive  and  negative  powers  of  ?*, 
of  the  form  ^^  s^  r*  +  B.,  S^  r-(<+i>. 
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Outside  the  i^I),  wb^re  r  it  gmAer  thin  a,,  linee  the  Mrits 
must  be  convergent  bowever  gi^at  r  may  be,  we  most  have  only 
nogativL'  puwen  of  r,  of  the  fttrm 

The  conditioDB  which  must  be  utisfiod  by  the  fanetion  U  an : 
It  inuBt  l>e  I"  finite,  and  2"  continuous,  and  3*  must  Tsniiih  at 
an  infinite  dintance,  and  it  muut  4"  everywhere  satisfy  I^laec't 
equation. 

On  account  of  I**,  A,  =  0. 

On  account  of  2*,  when  r  =  a,, 

M,-Jjo.»**'-B,  =  0,  (2) 

and  when  r  =  u,, 

On  account  of  3",  A^  =  0,  and  the  condition  4*  is  satufiwj 
everywhere,  since  the  functions  are  harmonic. 

But,  besides  these,  there  are  other  conditions  to  be  satisfied  at 
the  inner  and  outer  surfaces  in  virtue  of  eqoation  (10),  Art.  4S7. 

At  the  inner  surface  wheru  r  =  a^, 

and  at  the  outer  surface  where  r  =  n^, 

'  dr         ar  iir 

From  these  oooditions  we  obtain  the  eaiuations 

(l+4».)  !i"^,<i,***'-{.  + II  B,!-M,a,*'*»  +  4»«i(7.V*' =  **■(•» 
(1  +  4».)  ;<-<  .■","*'-('+ I)  B,;  +(i+l)B,  +  4»«i"C,a,»**'=0:('^ 
and  if  we  put 
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never  be  negative.  Hence  A^  is  always  negative,  or  in  other 
words,  the  action  of  the  magnetized  shell  on  a  point  within  it  is 
always  opposed  to  that  of  the  external  magnetic  force,  whether 
the  shell  be  paramagnetic  or  diamagnetic.  The  actual  value  of 
the  resultant  potential  within  the  shell  is 

or  {l-\'4  7rK)(2i4-lfN^CiSy.  (13) 

432.]  When  k  is  a  large  number,  as  it  is  in  the  case  of  soft 
iron,  then,  unless  the  shell  is  very  thin,  the  magnetic  force 
within  it  is  but  a  small  fraction  of  the  external  force. 

In  this  way  Sir  W.  Thomson  has  rendered  his  marine  galva- 
iiometer  independent  of  external  magnetic  force  by  enclosing  it 
in  a  tube  of  soft  iron. 

4S3.]  The  case  of  greatest  practical  importance  is  that  in 
which  i  =  1.     In  this  case 

N,  = 3-.  (14) 

9(l+4irK)  +  2(47rK)2(l-(J)) 

^,=  -2(4^ic)«(l-(^)y,C„ 

A^=  -47ricr3  +  87ric(-l(j/)li^iCi,     \  (15) 

£,=  12  IT  icai*i\rj(7i. 

The  magnetic  force  within  the  hollow  shell  is  in  this  case 
onifonn  and  equal  in  magnitude  to 

C.  +  ^,  = Lli±il!l) -C,.  (16) 

9(l  +  4w«)  +  2(4w<t)«(l_(^)^ 

If  we  wish  to  determine  k  by  measuring  the  magnetic  force 
within  a  hollow  shell  and  comparing  it  with  the  external  mag- 
netic force,  the  best  value  of  the  thickness  of  the  shell  may  be 
foond  from  the  equation 

a,3"2(4,ricf  ^^^^ 

(This  value  of  —  makes  -7-  <1  +-7^1  a  maximum,  so  that  for 
'  a^  (Ik  I        C^) 

(C  4- A  ) 
*  given  error  in    — ^^ — —  the  corresponding  error  in  k  is  as 

imall  as  pos^ble.}     The  magnetic  force  inside  the  shell  is  then 
half  of  its  value  outside. 
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Since,  in  the  cms  of  iron,  k  ie  a  number  betwem  20  ui 
the  thickness  of  the  shell  ought  to  be  aboat  the  two  hand 
part  of  its  radius.  This  method  is  applicable  only  when  tb* ' 
of  N  is  Urge.  When  it  is  very  small  the  value  of  ^|  bee 
insensible,  nnce  it  depends  on  the  square  of  <t. 

For  a  nearly  solid  sphere  with  a  very  small  spherieal  hoi 

^  ^ 2(^««)' 


^  = 


(3  +  <»k)(3i 
.     *"    C 


9  UK) 


C.. 


C,a,». 


tbt  whole  of  this  invntigation  might  have  been  dec 
directly  ttom  that  of  conduction  through  a  spherical  she 
given  in  Art.  312,  by  putting  k^  =  {I  ■»-4«K)jt,  in  the  exprei 
there  given,  remembering  that  A^  and  A^  in  the  proble 
eooductioD  are  equivalent  to  C^  +  Af  and  0,  + J,  in  the  pre 
of  magnetic  induction. 

4S4.]  The  corrvspondiD);  solution  in  two  dimensions  is  gr 
cally  represented  in  Fig.  XV,  at  the  end  of  this  volume, 
lines  of  induction,  which  at  a  distance  from  the  centre  o 
figure  are  nearly  horizontal,  are  represented  as  distarbed 
cylindric  rod  nuf^etized  transversely  and  placed  in  its  poi 
of  stable  cquililiriuni.  Tlie  lines  which  cut  this  system  at 
nnftlm  reprtwfnt  the  eqiiipott'ntial  lurfaces,  one  of  which 
cylinder.     The  large  dotted  circle  reprosente  the  section 
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Tenely  and   placed  in  the  position  of   unstable  equilibrium 
among  the  lines  of  force,  which  it  causes  to  diverge.      In  the 
woond  place,  considering  the  large  dotted  circle  as  the  section 
of  a  diamagnetic  cylinder,  the  dotted  straight  lines  within  it, 
together  with  the  lines  external  to  it,  represent  the  effect  of  a 
^amagnetic  substance  in  separating  the  lines  of  induction  and 
drawing  together  the  equipotential  surfaces,  such  a  substance 
being  a  worse  conductor  of  magnetic  induction  than  the  sur- 
rounding medium/ 


Case  of  a  Sphere  in  which  the  Coeffi/dents  of  Magnetization  are 

Different  in  Different:  Directions. 

435.]  Let  a,  j3,  y  be  the  components  of  magnetic  force,  and 
i,  £,  C  those  of  the  magnetization  at  any  point,  then  the  most 
general  linear  relation  between  these  quantities  is  given  by  the 
equadoDB  A  ^r,a-^p^p  +  q,y,) 

B^q^a  +  r^P+p,y,   •  (1) 

C^p^a-^q^p  +  r^y,  ^ 

where  the  coeflScients  r,  p,  q  are  the  nine  coef&cients  of  magnet- 
iation. 

Let  UB  now  suppose  that  these  are  the  conditions  of  magnet- 
iation  within  a  sphere  of  radius  a,  and  that  the  magnetization 
it  every  point  of  the  substance  is  uniform  and  in  the  same 
direction,  having  the  components  A,  B^C. 

Let  us  also  suppose  that  the  external  magnetizing  force  is 
ibo  aniform  and  parallel  to  one  direction,  and  has  for  its  com- 
ponents z,  r,  Z. 

The  value  of  F  is  therefore 

F=  -(Zx+Fy  +  Za),  (2) 

tnd  that  of  X2^,  the  potential  outside  the  sphere  of  the  mag- 
netization, is  by  Art.  391, 

ii'=^-^'^M^  +  By  +  Cz).  (3) 

The  value  of  X2,  the  potential  within  the  sphere  of  the  mag- 
netization, is  4  TT 

^  a^^iAx-^By^Gz).  (4) 

The  actual  potential  within  the  sphere  is  F+I2,  so  that  we 
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shall  have  for  the  oompooents  of  the  magnetic  foree  witbin  tb« 
"phere  a=  X-inA,  1 

y  =  Z-i-.C.  \ 
Henpe 

(•7,^  +  (l+j.r,)«+  i.ji,C  =  iJ,.V  +  r,K+;>,«.  ■■      (tl 

i;>,A  +  I17,  «+  (1  + 1  .r,)(?  =  ,),.Y+9,  K  +  r,«. ) 

Solving  these  equatiunn,  we  find 

^  =  r,'X  +  i,,'r+i!.;Z.  ) 

«  =  ,.'.v  +  r,-y*ft'«,  (r) 

C'  =  ft'.Y  +  9,'r+r;^,  ) 
where  /^r/^  '■,  +  l«(rjr,-/.^7^  +  r,r,-pj9j)  +  (Js)»/>.\ 

^A'=;'.-I»fe7.-Pi''il.  [         „, 

&c,  ) 

where  D  ia  the  (letunnmaDt  of  the  eoefficienta  on  the  right  aid* 
of  equotiona  (6),  and  //  that  of  the  coefGcieota  on  the  left. 

Tlie  new  system  of  ooefiicicnts  //.  '/',  /  will  be  symmetrirml 
only  when  the  systent  p,  7.  r  is  flymmetrical,  that  is,  when  tb« 
eoeflicieots  of  the  form  />  are  equal  to  the  correaponding  otua  of 
the  form  q. 

4d&]  *The  moment  of  the  couple  tending  to  turn  the  aphera 
about  the  axis  of  ^  from  y  towards  ;  is  found  hy  ooDaidering 
the  cuupleH  arising  from  au  elementary  volume  and  taking  Ih* 
•urn  of  the  muments  for  thu  whole  sphere.     The  reault  ia 
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If  we  make 

this  corresponds  to  a  magnetic  force  F  in  the  plane  of  yZy  and 
inclined  to  j^  at  an  angle  0,  If  we  now  turn  the  sphere  while 
this  force  remains  constant  the  work  done  in  turning  the  sphere 

will  be  /     L do  in  each  complete  revolution.    But  this  is  equal  to 

U'a'P'iPi-qi)-  (10) 

Hence,  in  oi*der  that  the  revolving  sphere  may  not  become  an 

inexhaustible  source  of  energy,  p^^  =  5^/,  and  similarly  p^  =  q/ 

These  conditions  shew  that  in  the  original  equations  the  co- 
efficient of  B  in  the  third  equation  is  equal  to  that  of  C  in  the 
second,  and  so  on.  Hence,  the  system  of  equations  is  sym- 
metrical, and  the  equations  become  when  referred  to  the  prin- 
dpal  axes  of  magnetization, 


l+iirri     ' 
1  +  3  wrj 


(H) 


The  moment  of  the  couple  tending  to  turn  the  sphere  round 
the  axis  of  x  is 

^  =  l^a%-i— t-^^ttPS ^^Z  (12) 

(l+*^^2)(l  +  i^^3)  ^ 

In  most  cases  the  differences  between  the  coefficients  of 
i&Agnetization  in  different  directions  are  very  small,  so  that  we 
>Uky  pot,  if  r  represents  the  mean  value  of  the  coefficients, 

This  is  the  force  tending  to  turn  a  crystalline  sphere  about 
axis  of  X  from  y  towards  z.  It  always  tends  to  place  the 
^  of  greatest  magnetic  coefficient  (or  least  diamagnetic  co- 
efficient) parallel  to  the  line  of  magnetic  force. 

The  corresponding  case  in  two  dimensions  is  represented  in 
Fig.  XVL 

If  we  suppose  the  upper  side  of  the  figure  to  be  towards  the 
Borih,  the  figure  represents  the  lines  of  force  and  equipotential 
■orfaoes  as  disturbed  by  a  transversely   magnetized  cylinder 

VOL.  II.  p 
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pUced  with  the  north  Hide  PMtwards.  The  resulUot  fores  tew 
to  turn  the  cylinder  from  east  to  north.  The  latge  dotted  ciitl 
reprcxcnU  a  aectioQ  of  a  cylinder  of  a  orjrstalline  snbataai 
which  hae  a  larger  cooflicivnt  of  induction  abng  an  axis  frm 
north-oast  to  south-wost  than  along  an  axis  from  north-west  I 
Kouth-eAHt.  The  dottod  lines  within  the  circle  repreMmt  tli 
lines  of  induction  and  the  cquipotcntial  surfaces,  which  In  th: 
cane  arc  not  at  right  angles  to  each  other.  The  resultant  fort 
on  the  cylinder  tends  evidently  to  turn  it  from  east  to  north. 

437.]  The  case  of  an  ellipsoid  placed  in  a  field  of  uniform  an 
parallel  magnetic  force  luu  been  solved  in  a  very  ingenioi 
manner  by  Poisson. 

If  r  is  the  pot^'ntittl  at  the  point  (.c,  y,  2),  due  to  the  grmvits 

tion  of  a  body  of  any  form  of  uniform  density  a  tl>«n  — j 

is  th'-  potential  of  the  magnetism  of  the  same  body  if  unifonnl 
magnetized  in  the  direction  of  x  with  the  intensity  t  =  p. 

For  the  value  of  — j-bx  at  any  point  is  tht*  exens  of  th 

value  of  V,  the  potential  of  the  body,  above  t",  the  value  < 
the  pott'Htial  when  the  bo<lv  is  moved  —ix  in  the  dircctio 
of  J. 

If  wo  suppowd  the  body  shifted  through  the  distuioo  —i. 
and  its  density  changed  from  i>to  —p  (that  is  to  say,  mad*  < 

repultiivi 

the  {K(t4-ntia]  due  to  the  two  bodies. 
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— p.     Throughout  that  paxt  of  space  common  to  the  body  in  its 

two  positions  the  density  is  zero,  for,  as  far  as  attraction  is 

eonoemed,  the  two  equal  and  opposite  densities  annihilate  each 

other.      There  remains  therefore  a  shell  of  positive  matter  on 

one  side  and  of  negative  matter  on  the  other,  and  we  may 

regard  the  resultant  potential  as  due  to  these.     The  thickness  of 

the  shell  at  a  point  where  the  normal  drawn  outwards  makes 

an  angle  €  with  the  axis  of  x  is  da; cose  and  its  density  is  p. 

The  surface-density  is  therefore  p 5 a; cose,  and,  in  the  case  in 

dV 
which  the  potential  is  — y  >  the  surface-density  is  p  cos  e. 

In  this  way  we  can  find  the  magnetic  potential  of  any  body 
nniformly  magnetized  parallel  to  a  given  direction.  Now  if 
this  uniform  magnetization  is  due  to  magnetic  induction,  the 
magnetizing  force  at  all  points  within  the  body  must  also  be 
nniform  and  parallel. 

This  force  consists  of  two  parts,  one  due  to  external  causes, 
and  the  other  due  to  the  magnetization  of  the  body.  If  there- 
fore the  external  magnetic  force  is  uniform  and  parallel,  the 
iDAgnetic  force  due  to  the  magnetization  must  also  be  uniform 
and  parallel  for  all  points  within  the  body. 

Hence,  in  order  that  this  method  may  lead  to  a  solution  of 

the  problem  of  magnetic  induction,  -j—  must  be  a  linear  function 

of  the  coordinates  x^  y,  z  within  the  body,  and  therefore  V  must 
^  a  quadratic  function  of  the  coordinates. 

Now  the  only  cases  with  which  we  are  acquainted  in  which  V 
i>  a  quadratic  function  of  the  coordinates  within  the  body  are 
those  in  which  the  body  is  bounded  by  a  complete  surface  of 
the  second  degree,  and  the  only  case  in  which  such  a  body  is  of 
finite  dimensions  is  when  it  is  an  ellipsoid.  We  shall  therefore 
apply  the  method  to  the  case  of  an  ellipsoid. 

Let  ^  +  g+^=l  (,) 

he  the  equation  of  the  eUipsoid^  and  let  %  denote  the  definite 
integral 


L 


*  See  ThooMon  Mid  Tait'i  Natural  PhiloMophy,  \  525,  2nd  Edition. 

F  % 
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llieQ  if  ir«  make 
L  =  A-wahc- 
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[43«. 


M=iAwahc 


rf*. 


^='"^J^,- 


the  value  of  the  potential  within  the  ellipooid  will  be 
JJ  =  -  JCii"  +  Jfy"  +  i»s«)  +  coml. 


(>) 


If  the  eUipaoid  ib  magnetized  with  Qnirorm  inteiMity  /  in  a 
direction  making  angles  whose  coeinee  are  I,  m,  n  with  the  asca 
of  X,  y,  z,  so  that  the  components  of  magnetization  are 

A=H,         B  =  Jm,         C  =  In. 
the  potential  due  to   this  magnetization  within  the  ellipsoid 
^'"^^  a  =  -  T(llx  +  Mmy  +  A'ja).  (5> 

If  the  external  magnetinng  force  is  ^,  and  if  its  oompooents 
are  X,  T,  Z,  its  potential  will  be 

V  =  -{Xx+Yn  +  Zz).  (6) 

llie  components  of  the  actual  magnotiaiiig  force  at  any  poiDk 
within  the  body  ar«  therefore 

X+AL,        T+BSf,        Z+CX.  (7) 

The  most  general  relaUons  between  the  magnetisation  aod 
the  magnetizing  force  are  given  by  three  line«r  eqaationa, 
involving  nine  coefficients.  It  is  neoessary,  however,  in  order 
to  fulfil  the  conilition  of  the  conservation  of  energ}',  that  in 
the  cam  of  magnetic  induction  thre«;  of  these  should  be  equal 
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We  have  then  A  =  - — ^  X, 

1  —  iCj// 

If  the  ellipsoid  has  two  axes  equal,  and  is  of  the  planetary 

or  flattened  form,  a 

6  =  0=;^==;  (11) 


If  the  ellipsoid  is  of  the  ovary  or  elongated  form, 


(12) 


(14) 


a  =  b=  Vl-^c;  (13) 

L  =  M  =  -2w(-5 T-5-log:; )» 

In  the  case  of  a  sphere,  when  6=0, 

Z  =  if=  N^-i-n.  (15) 

In  the  case  of  a  very  flattened  planetoid  L  becomes  in  the 

limit  equal  to  —  4ir,  and  M  and  N  become  — tt^-  • 

In  the  case  of  a  very  elongated  ovoid  L  and  M  approximate 
to  the  value  ^2?,  while  N  approximates  to  the  form 

and  vanishes  when  e  =  1. 
It  appears  from  these  results  that — 

(1)  When  K,  the  coefficient  of  magnetization,  is  very  small, 
whether  positive  or  negative,  the  induced  magnetization  is 
nearly  equal  to  the  magnetizing  force  multiplied  by  k,  and  is 
almost  independent  of  the  form  of  the  body. 

(2)  When  ic  is  a  large  positive  quantity,  the  magnetization 
depends  principally  on  the  form  of  the  body,  and  is  almost 
independent  of  the  precise  value  of  k,  except  in  the  case  of  a 
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loQgitudiiwI  force  aeUng  on  an  ovoid  bo  olongated  that  . 
a  stoiJl  quantity  though  k  is  large. 

(3)  If  tbu  value  of  >  could   be  negative  and  e«)ual  to  - 

should  have  an  inliDite  valiio  of  the  magnetization  io  thi' 
uf  a  magnetizing  force  acting  nonnally  to  a  flat  plate  or 
The  abeunlity  of  this  result  contirms  vhat  we  said  in  Art. 

Hence,  exporimi-nts  to  determine  the  value  of  k  may  be 
on  bodies  of  any  form,  provided  «  is  very  Btnall,  as  it 
the  case  of  all  diomagnetic  bodies,  and  all  magnetic  1 
except  iron,  nickel  and  cobalt. 

If,  however,  as  iu  the  case  of  iron,  «  is  a  large  nu 
experiments  madu  on  Kphcree  or  flattened  figures  an 
suitable  to  determine  k  ;  for  instance,  in  the  case  of  a  a 
Uie  ratio  of  the  mognetizBtion  to  the  magnetiung  force 
1  to  4-22  if  >  =  3D,  aa  it  is  in  some  kinds  of  iron,  and  if  k 
inflnite  the  ratio  would  be  aa  1  to  4-19.  so  that  a  ver}- 
error  in  the  dutennination  of  the  inagnetitation  would  ialr 
a  very  large  one  in  the  value  of  ■. 

But  if  we  make  use  of  a  pieoc  of  iron  in  the  form 
very  elongated  ovoid,  then,  as  long  as  A's  is  of  modt-nto 
compared  with  unity,  we  may  deduce  the  value  of  >  fi 
determination  of  the  ma^etizatioo,  and  the  smaller  the 
of  y  the  more  accurate  will  be  the  value  of  «. 

In  fact,  if  .Vk  be  made  small  enough,  a  small  error  i 
value  of  .V  itwlf  will  not  introduce  much  error,  so  tin 
may  use  any  elongated  body,  such  aa  a  wire  or  lung  rod.  in 
of  an  ovoid  •. 
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moment  of  a  permanent  magnet  can  be  made  so  much  greater 
when  the  magnet  has  an  elongated  form.  If  we  were  to 
magnetize  a  disk  with  intensity  /  in  a  direction  normal  to 
its  surface,  and  then  leave  it  to  itself,  the  interior  particles 
would  experience  a  constant  demagnetizing  force  equal  to  47r/, 
tnd  this,  if  not  sufficient  of  itself  to  destroy  part  of  the  mag- 
netization, would  soon  do  so  if  aided  by  vibrations  or  changes 
of  temperature  *. 

If  we  were  to  magnetize  a  cylinder  transversely  the  demag- 
netizbg  force  would  be  only  27r/. 

If  the  magnet  were  a  sphere  the  demagnetizing  force  would 
bejvj. 

In  a  disk  magnetized  transversely  the  demagnetizing  force  is 

T*-/,  and  in  an  elongated  ovoid  magnetized  longitudinally  it 
vi  least  of  all,  being  4  w  -j  /  log  — . 

Hence  an  elongated  magnet  is  less  likely  to  lose  its  magnetism 
than  a  short  thick  one. 

The  moment  of  the  force  acting  on  an  ellipsoid  having 
different  magnetic  coefficients  for  the  three  axes  which  tends 
to  turn  it  about  the  axis  of  x,  is 

Hence,  if  k^  and  k,  are  small,  this  force  will  depend  principally 
on  the  cryataUine  quality  of  the  body  and  not  on  its  shape,  pro- 
vided its  dimensions  are  not  very  unequal,  but  if  Kj  and  k^  are 
considerable,  as  in  the  case  of  iron,  the  force  will  depend 
principally  on  the  shape  of  the  body,  and  it  will  turn  so  as 
to  set  its  longer  axis  parallel  to  the  lines  of  force. 

If  a  sufficiently  strong,  yet  uniform,  field  of  magnetic  force 
coald  be  obtained,  an   elongated  isotropic  diamagnetic   body 

*  (The  magnetic  force  in  the  disk  =  X-k-AL 

X 

Mid  tmoe  L  =  —4  V  in  this  case,  the  magnetic  force  !■ 

X 

-    -  -    ■  -  -  ■  » 

Thai  the  magnetic  induction  through  the  diak  is  X,  the  value  it  would  have  in  the  air 
if  the  disk  were  removed. } 
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would  also  wt  itself  with  its  longest  dimeosioo  pMmll 

lines  of  luagnctio  force  *. 

43t>.]  Tho  question  of  the  distribution  of  the  magnet 
an  ellipsoid  of  revolution  under  the  action  uf  any 
forces  has  been  investigated  hy  J.  Neumann  f.  Kirch 
extended  the  method  to  the  case  of  a  cylinder  of  iofini 
RCtt.>d  on  by  any  furoe. 

Green,  in  the  1 7th  section  of  his  Essay,  has  given  an  i 
tion  of  the  distribution  of  magnetism  in  a  cylinder 
length  acted  on  by  a  uniform  external  force  .V  parallel  t 
Though  some  of  the  steps  of  this  investigation  are 
rigorous,  it  is  probable  that  the  result  represents  roi 
actual  magnetization  in  this  most  importsiit  oase.  It 
expresses  very  fairly  the  transition  from  the  caHv  of  a 
for  which  >  is  a  large  number  to  that  in  which  it  is  vt 
but  it  fail)  entirely  in  the  ease  in  which  «  is  negati 
diamagnetic  substances. 

Green  finds  that  tlic  linear  density  of  free  ma^^nv 
dist«nce  j-  from  the  middle  of  a  cylinder  whose  radiui 
whose  length  is  2l,  is 


=  tkX/m  - 


where  />  is  a  numerical  qnantity  to  be  found  from  the  e 
0231863- a  loc,/'  +  2;j  =  — ^■ 
The  following  are  a  few  of  the  coneeponding  valued  o 
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When  the  length  of  the  cylinder  is  great  compared  with  its 
radius,  the  whole  quantity  of  free  magnetism  on  either  side  of 
the  middle  of  the  cylinder  is,  as  it  ought  to  be, 

Of  this  \  pM  is  on  the  flat  end  of  the  cylinder^,  and  the  distance 
of  ihe  centre  of  gravity  of  the  whole  quantity  M  from  the  end 

of  the  cylinder  is  -  • 

P 
When  fc  is  very  small  p  is  large,  and  nearly  the  whole  free 

magnetism  is  on  the  ends  of  the  cylinder.  As  k  increases  p 
diminishes,  and  the  free  magnetism  is  spread  over  a  greater 
distance  from  the  ends.  When  k  is  infinite  the  free  magnetism 
at  any  point  of  the  cylinder  is  simply  proportional  to  its  distance 
from  the  middle  point,  the  distribution  being  similar  to  that  of 
free  electricity  on  a  conductor  in  a  field  of  uniform  force. 

440.]  In  all  substances  except  iron,  nickel,  and  cobalt,  the 
coefficient  of  magnetization  is  so  small  that  the  induced  mag- 
netization of  the  body  produces  only  a  very  slight  alteration  of  the 
forces  in  the  magnetic  field.  We  may  therefore  assume,  as  a 
first  approximation,  that  the  actual  magnetic  force  within  the 
body  is  the  same  as  if  the  body  had  not  been  there.  The  super- 
ficial magnetization  of  the  body  is  therefore,  as  a  first  approx- 

dV  dV , 

imation,  k  -r-,  where  -7-  is  the  rate  of  increase  of  the  magnetic 
'     dv'  dv  ^ 

potential  due  to  the  external  magnet  along  a  normal  to  the 

Borface  drawn  inwards.     If  we  now  calculate  the  potential  due 

to  tliis  superficial  distribution.  We  may  use  it  in  proceeding  to  a 

smnd  approximation. 

To  find  the  mechanical   energy  due  to  the  distribution  of 

\  (TheqoMiiity  of  free  magnetiBm  on  the  curved  surface  on  the  positive  side  of  the 

-  /     Adx  =  »a'irjrf^l-sech^ Y 

nie  qoaatity  on  the  flat  end,  supposing  the  density  to  be  the  same  as  on  the  curved 
««rf^  when  X  =  i,  is  ^icXpa       ^  pi   ^  , 

2va  a 

Tboi  the  total  quantity  of  free  magnetism  is 

»o«irX('l-8ech^  +f  tanh^. 
^Vltea  pl/a  is  large  this  is  equal  to 
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magnetism  on  this  first  approiim&tion  we  muat  Sod  tba  sarfi 

taken  over  the  vhok-  surface  of  the  bo<ly.    Now  we  have  sbc 
in  Art.  100  that  thia  is  e<|ual  to  the  volume- integral 

tak<-n  through  the  whole  space  occupied  by  the  body,  <»*,  if  J 
the  resultant  magnetic  force, 


E  =  -\ffJ^R'<lxil!fd 


Now  sinew  the  work  done  by  the  uiagnette  force  on  the  h 
during  a  displacement  hr  is  Xhj-  where  X  is  the  mvchan 
force  in  the  dirvction  of  x,  and  since 


/ 


A'  ix-t-E  =:  coostant. 


which  shews  that  the  force  acting  on  thf  Itody  is  as  if  evcr>- 1 
of  it  tended  to  move  from  plact-e  where  R*  is  leas  to  place*  wt 
it  is  greater,  with  a  force  which  ou  every  unit  of  volume  is 

If  ■   IK  niigativo,  mt  in  diamagnoUc  bodies,  this  force  I*. 
Faraday   limt   shewLn),  from   stcoiigiT  to  weaker   parts   of 
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The  greatest  difficulty  in  navigation  had  always  been  to  ascer- 
Udn  the  longitude;  but  since  the  declination  is  different  at 
different  points  on  the  same  parallel  of  latitude,  an  observation  of 
the  declination  together  with  a  knowledge  of  the  latitude  would 
enable  the  mariner  to  find  his  position  on  the  magnetic  chart. 

But  in  recent  times  iron  is  so  largely  used  in  the  construction 
of  ships  that  it  has  become  impossible  to  use  the  compass  at  all 
without  taking  into  account  the  action  of  the  ship,  as  a  magnetic 
body,  on  the  needle. 

To  determine  the  distribution  of  magnetism  in  a  mass  of  iron 
of  any  form  under  the  influence  of  the  earth's  magnetic  force, 
even  though  not  subjected  to  mechanical  strain  or  other  disturb- 
ances, is,  as  we  have  seen,  a  very  difficult  problem. 

In  this  casC)  however,  the  problem  is  simplified  by  the  following 
considerations. 

The  compass  is  supposed  to  be  placed  with  its  centre  at  a  fixed 
point  of  the  ship,  and  so  far  from  any  iron  that  the  magnetism 
of  the  needle  does  not  induce  any  perceptible  magnetism  in  the 
ship.  The  size  of  the  compass-needle  is  supposed  so  small  that 
▼e  may  regard  the  magnetic  force  at  every  point  of  the  needle  as 
the  same. 

The  iron  of  the  ship  is  supposed  to  be  of  two  kinds  only. 

(1)  Hard  iron,  magnetized  in  a  constant  manner. 

(2)  Soft  iron,  the  magnetization  of  which  is  induced  by  the 
^wth  or  other  magnets. 

In  strictness  we  must  admit  that  the  hardest  iron  is  not  only 
capable  of  induction  but  that  it  may  lose  part  of  its  so-caUed 
pennanent  magnetization  in  various  ways. 

The  softest  iron  is  capable  of  retaining  what  is  called  residual 
Quignetization.  The  actual  properties  of  iron  cannot  be  accurately 
J^presented  by  supposing  it  compounded  of  the  hard  iron  and 
the  soft  iron  above  defined.  But  it  has  been  found  that  when  a 
ship  is  acted  on  only  by  the  earth's  magnetic  force,  and  not 
subjected  to  any  extraordinary  stress  of  weather,  the  supposition 
that  the  magnetism  of  the  ship  is  duo  partly  to  permanent  mag- 
netization and  partly  to  induction  leads  to  sufficiently  accurate 
results  when  applied  to  the  correction  of  the  compass. 

The  equations  on  which  the  theory  of  the  variation  of  the 
compass  is  founded  were  given  by  Poisson  in  the  fifth  volume  of 
the  Memoirea  de  V Institute  p.  633  (1824). 
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He  only  ftnautnptiDo  relative  to  induced  nugiMtism  whieh 
involvGtl  in  these  cqustions  ix,  that  if  a  magnetic  force  X  doe 
uxti-mal  magnetium  produces  in  the  iron  of  the  ship  aa  indae 
magni'tization,  and  if  thui  induced  magnetisation  exerts  on  t 
compass  neetlle  a  disturbing  force  whose  componenta  are  X', 
Z'.  tlicn,  if  the  external  magnetic  force  is  altered  in  a  given  rat 
the  componuntB  of  the  diaturbin);  force  will  be  altared  in  t 
name  ratio. 

It  is  true  that  when  the  magnetic  force  acting  on  iron  ia  v« 
great  the  induced  magnetization  is  no  longer  proporti<nal  to  t 
fXtemal  magnetic  force,  but  this  want  of  propurtionalitj 
innensible  fur  ms^etic  forces  of  the  magnitude  of  tlioae  doe 
tile  earth's  action. 

Hence,  in  prsctice  we  may  assume  that  if  a  magnetic  foi 
whosf  value  is  unity  produces  through  the  intervention  of  t 
iron  of  the  xhip  a  disturbing  force  at  the  eompaw-needle  wbc 
coiuponentti  are  u  in  the  din>otion  of  a,  il  in  that  of  y,  and  g 
that  of  2.  tlic  components  of  the  disturbing  force  doe  to  a  foooe 
in  the  direction  of  a;  will  be  11 X.  JX.  and  j/X. 

If  therefore  we  assume  axes  fixed  in  the  ship,  so  that  m 
towards  the  ship's  head.  1/  to  the  starboanl  side,  and  3  towai 
the  keel,  and  if  .V.  )'.  Z  represent  the  components  of  tbe  vartl 
tuagnetio  force  in  tliose  directions,  and  X',  t",  Z'  tbe  oomponei 
of  the  combined  magnetic  force  of  the  earth  and  ship  on  c 
com  (lass-n  ced  le, 

X'  =  A'  +  uA'+M'  +  rZ  +  P, 


441  •]  ship's  magnetism.  77 

proper  arrangement  of  iron,  any  one  of  the  coefficients  may  be 
made  to  vary  independently  of  the  others. 

Thus,  a  long  thin  rod  of  iron  under  the  action  of  a  longitudinal 
magnetic  force  acquires  poles,  the  strength  of  each  of  which  i.<« 
nmnerically  equal  to  the  cross-section  of  the  rod  multiplied  by 
the  magnetizing  force  and  by  the  coefficient  of  induced  magnet- 
isation. A  magnetic  force  transverse  to  the  rod  produces  a  much 
feebler  magnetization,  the  effect  of  which  is  almost  insensible  at 
a  distance  of  a  few  diameters. 

If  a  long  iron  rod  be  placed  fore  and  aft  with  one  end  at  a 
distance  x  from  the  compass-needle,  measured  towards  the  ship's 
head,  then,  if  the  section  of  the  rod  is  A,  and  its  coefficient  of 
magnetization  x,  the  strength  of  the  pole  will  be  AkX,  and,  if 

4  =  — ,  the  force  exerted  by  this  pole  on  the  compass-needle 

will  be  aX.    The  rod  may  be  supposed  so  long  that  the  effect  of 
tbe  other  pole  on  the  compass  may  be  neglected. 

We  have  thus  obtained  the  means  of  giving  any  required 
^oe  to  the  coefficient  a. 

'  If  we  place  another  rod  of  section  B  with  one  extremity  at 
the  same  point,  distant  x  from  the  compass  toward  the  head  of 
the  vessel,  and  extending  to  starboard  to  such  a  distance  that  the 
distant  pole  produces  no  sensible  effect  on  the  compass,  the  dis- 
turbing force  due  to  this  rod  will  be  in  the  direction  of  x,  and 

equal  to  ^,  or  if  5  =  — ,  the  force  will  be  6  7. 

This  rod  therefore  introduces  the  coefficient  6. 

A  third  rod  extending  downwards  from  the  same  point  will 
mtroduce  the  coefficient  c. 

The  coefficients  d,  e,  f  may  be  produced  by  three  rods 
extending  to  head,  to  starboard,  and  downward  from  a  point 
to  starboard  of  the  compass,  and  g,  A,  k  by  three  rods  in  parallel 
^lirections  from  a  point  below  the  compass. 

Hence  each  of  the  nine  coefficients  can  be  separately  varied 
hy  means  of  iron  rods  properly  placed. 

The  quantities  P,  Q,  R  ai-e  simply  the  components  of  the 
force  on  the  compass  arising  from  the  permanent  magnetization 
of  the  ship  together  with  that  part  of  the  induced  magnetization 
which  is  due  to  the  action  of  this  permanent  magnetization. 

A  complete  discussion  of  the  equations  (1),  and  of  the  relation 
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between  the  true  magnetic  coane  of  the  ship  uid  the  eoune 
u  iiidicttt^d  by  the  oompaiw.  ia  given  by  Hr.  Archibald  Smith  in 
the  Admiralty  Mnitual  of  the  Dei-iittion  of  the  t'imxpam. 

A  valuable  graphic  method  of  investigating  the  problem  i» 
there  given.  Taking  a  lixed  point  as  origin,  a  line  ia  drawn 
from  this  point  ivpresenting  in  direction  and  magnitude  tW 
horinintal  part  of  the  actual  magnetic  force  on  the  oompaas- 
neetUe.  As  the  ship  is  swung  round  so  an  to  bring  ber  \tfm\ 
into  different  azimuths  in  succestiion,  the  extremity  of  thia  line 
deecribes  a  curve,  each  point  of  which  oorreaponda  to  a  par- 
ticular azimuth. 

Such  a  curve,  by  mvans  of  which  the  direction  and  magnitude 
of  the  force  on  the  oompaBs  is  given  in  terms  of  the  magnelie 
coarse  of  the  ship,  la  called  a  Dygf^^rmm. 

There  are  two  varieties  of  the  Dygt^ram.  In  the  6r«t,  tbe 
curve  is  traced  on  a  plane  fixed  in  space  as  the  ship  tons 
round.  In  the  seoond  kind,  the  enrve  is  traeed  on  ft  plaae 
fixed  with  respect  to  the  uhip. 

The  dygogram  of  the  firHt  kind  is  the  lima^on  of  Fucftl. 
that  of  the  second  kind  is  an  ellipse.  For  the  oonstraeticMi 
and  UNO  of  these  curves,  and  for  many  theorems  as  intemtiag 
to  the  maUieuiatician  an  tliey  are  important  to  the  navigator, 
the  reader  is  referred  to  the  Admiralty  Manual  cf  tkg  Dmattem 
of  the  Comptim. 
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442.]  We  have  seen  that  Poisson  supposed  the  magnetization 
of  iron  to  consist  in  a  separation  of  the  magnetic  fluids  within 
^  magnetic  molecule.  If  we  wish  to  avoid  the  assumption 
of  the  existence  of  magnetic  fluids,  we  may  state  the  same 
theory  in  another  form,  by  saying  that  each  molecule  of  the 
uon,  when  the  magnetizing  force  acts  on  it,  becomes  a  magnet. 

Weber  8  theory  differs  from  this  in  assuming  that  the  mole- 
cules of  the  iron  are  always  magnets,  even  before  the  appli- 
cation of  the  magnetizing  force,  but  that  in  ordinary  iron 
^  magnetic  axes  of  the  molecules  are  turned  indifferently  in 
every  direction,  so  that  the  iron  as  a  whole  exhibits  no  magnetic 
properties. 

When  a  magnetic  force  acts  on  the  iron  it  tends  to  turn  the 
lies  of  the  molecules  all  in  one  direction,  and  so  to  cause  the 

• 

^  as  a  whole,  to  become  a  magnet. 

If  the  axes  of  all  the  molecules  were  set  parallel  to  each 
^er,  the  iron  would  exhibit  the  greatest  intensity  of  mag- 
^^^tiiation  of  which  it  is  capable.  Hence  Weber's  theory  implies 
^  existence  of  a  limiting  intensity  of  magnetization,  and  the 
^perimental  evidence  that  such  a  limit  exists  is  therefore 
^^oessary  to  the  theory.  Experiments  shewing  an  approach 
^  ft  limiting  value  of  magnetization  have  been  made  by  Joule*, 
••  Htillerf,  and  Ewing  and  Lowt. 

lie  experiments   of  Beetz§  on  electrotype  iron  deposited 

^  AmnaU  qf  BUetrieity,  iv.  p.  181, 1889 ;  Phil.  Mag.  [4]  HL  p.  82. 

t  Pogg.,  Ann,  Ixxiz.  p.  887,  1850. 
\  Phn.  Tnuu.  1889.  A.  p.  221.  %  Pogg.  ozL  1860, 
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under  the  netinn  of  magnetic  force  furnish  tbe  moat  eouplel* 
fviiiviKH-  of  this  limit: — 

A  Hilvvr  wire  was  varnished,  and  a  very  narrow  line  <n  tb* 
metal  whs  laid  hare  l)y  iiiakin<;  a  fine  longitadiaal  aemtefa  oa 
the  vaniiKli.  The  wire  watt  then  tmmeraed  in  a  •olutioD  of  ft 
Halt  of  iron,  anil  placed  in  a  magnetic  field  with  the  Kimtrh 
in  the  direction  of  a  line  of  magnetic  force.  By  making  the 
wire  the  cathotle  of  an  electric  current  tfaroogh  the  solutioa, 
iron  was  depositeil  on  the  narrow  expoeed  aurfoee  of  tb«  win, 
moleculu  by  molccula  The  filament  of  iron  tbua  fonned  «•• 
then  examinefl  magnetically.  Ita  magnetic  moment  was  fooDil 
to  lie  very  preat  for  so  small  a  mass  of  iron,  and  wheo  a  powe^ 
ful  nia(n>ftizing  force  was  made  to  act  in  tbe  same  diieetioa 
the  incroa^e  of  temporary*  uiagnetiation  waa  found  to  be  vmj 
small,  and  the  permanent  magnetiution  was  not  altered.  A 
magnetizing  force  in  tbe  nvene  direction  at  once  redneed  tbe 
filament  to  the  condition  of  iron  magnetiied  in  the  ordinary  wftj. 

Weber's  theory,  which  suppones  that  in  this  cftie  tbe  mag- 
netixing  force  placed  the  axis  of  each  moleeale  in  tbe  win 
direction  during  the  instant  of  ita  deposition,  agrees  very  well 
with  what  is  obaerved. 

Bectx  found  that  when  the  electrolysis  is  oontinaed  onder 
the  action  of  tbe  magnctisin);  force  the  intensity  of  magnet- 
ization of  the  subsequently  deposited  iron  dimimahea.  Tbe 
axes  of  tlio  molecules  are  prot>a)>ly  defiecto^l  from  the  line  ol 
iua(;netizing  force  when  they  are  being  laid  down  side  by  aide 
with  tlie  moIeculeH  already  deposited,  so  that  an  appro xitnfttioft 
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443.]  We  shall  now  assume,  with  Weber,  that  in  every  unit 
of  volume  of  the  iron  there  are  n  magnetic  molecules,  and  that 
the  magnetic  moment  of  each  is  m.  If  the  axes  of  all  the 
molecules  were  placed  parallel  to  one  another,  the  magnetic 
moment  of  the  unit  of  volume  would  be 

Jlf  =  Tim, 

ind  this  would  be  the  greatest  intensity  of  magnetization  of 
which  the  iron  is  capable. 

In  the  unmagnetized  state  of  ordinary  iron  Weber  supposes 
the  axes  of  its  molecules  to  be  placed  indifferently  in  all 
directions. 

To  express  this,  we  may  suppose  a  sphere  to  be  described, 
and  a  radius  drawn  from  the  centre  parallel  to  the  direction 
of  ihe  axis  of  each  of  the  n  molecules.  The  distribution  of  the 
extremities  of  these  radii  will  represent  that  of  the  axes  of  the 
moleciiles.  In  the  case  of  ordinary  iron  these  n  points  are 
equally  distributed  over  every  part  of  the  surface  of  the  sphere, 
80  that  the  number  of  molecules  whose  axes  make  an  angle  less 
than  a  with  the  axis  of  x  is 

-(l-cosa), 

and  the  number  of  molecules  whose  axes  make  angles  with  that 
of  2  between  a  and  a^da  is  therefore 

-siuaaa. 

This  is  the  arrangement  of  the  molecules  in  a  piece  of  iron 
which  has  never  been  magnetized. 

Ut  us  now  suppose  that  a  magnetic  force  X  is  made  to 
act  on  the  iron  in  the  direction  of  the  axis  of  x,  and  let  us 
consider  a  molecule  whose  axis  was  originally  inclined  a  to  the 
axiaofoj. 

If  this  molecule  is  perfectly  free  to  turn,  it  will  place  itself 
▼ith  its  axis  parallel  to  the  axis  of  x,  and  if  all  the  molecules 
did  80,  the  very  slightest  magnetizing  force  would  be  found 
anfficient  to  develope  the  very  highest  degree  of  magnetization. 
Ilus,  however,  is  not  the  case. 

The  molecules  do  not  turn  with  their  axes  parallel  to  Xy  and 
this  is  either  because  each  molecule  is  acted  on  by  a  force 
tending  to  preserve  it  in  its  original  direction,  or  because  an 

TOL.  n.  a 
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equiv&Ieat  effect  u  prodaoed  by  the  mutual  Mtko  of  the  entire 
Bystflin  of  molecules. 

Weber  adopts  the  former  of  these  BuppoeiUons  m  the  umplert, 
and  Buppoeee  that  each  moleonle,  when  deflected,  tendi  to  retom 
to  ita  original  position  with  a  force  which  is  the  mme  a«  that 
which  a  magnetic  force  D,  acting  in  the  original  direction  of  it* 
axis,  would  produce 

The  poaitioD  which  the  axis  actaally  assumes  is  Uicrefurv 
in  the  direction  of  the  resultant  of  X  and  D. 

Let  APB  represent  a  section  of  a  sphere  whose  ndins  re- 
presents, on  a  oertain  scale,  the  force  D. 

Let  the  radius  OP  be  parallel  to  the  axis  of  a  paitieuUr 
molecule  in  its  ori^nal  position. 


F1..6. 


?%.#. 


Ijct  SO  reprewnt  on  the  same  scale  the  magnetizing  fore*  X 
which  Ih  Hupposod  to  act  from  .S'  towards  0.  Then,  if  the  mole- 
cule in  scImI  od  by  the  force  X  in  the  direction  SO,  and  by  s 
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Let      a  =  AOP,  the  oripnal  inclination  of  the  axis  of  a  mole- 
cule to  the  axis  of  x. 
0  =  ASP,  the  inclination  of  the  axis  when  deflected  by 

the  force  X. 
/3  =  SPOy  the  angle  of  deflexion. 
SO  =  X  *,  the  magnetizing  force. 

OP  =  /),  the  force  tending  towards  the  original  position. 
8P  =  R,  the  resultant  of  X  and  D. 
m  =  magnetic  moment  of  the  molecule. 
Then  the  moment  of  the  statical  couple  due  to  X,  tending  to 
diminish  the  angle  B,  is 

mi  =  mXsin^, 
and  the  moment  of  the  couple  due  to  D,  tending  to  increase  0^  is 

mL  =5  mi)sin/3. 
Equating  these  values,  and  remembering  that  /3  =  a— ^,  we  find 

Dsina  .,v 

tand=.p^ — ri (1) 

X  +  Dcoaa 

to  determine  the  direction  of  the  axis  after  deflexion. 

We  have  next  to  find  the  intensity  of  magnetization  produced 
in  the  mass  by  the  force  Xy  and  for  this  purpose  we  must 
resolve  the  magnetic  moment  of  every  molecule  in  the  direction 
of  a;,  and  add  iJl  these  resolved  parts. 

The  resolved  part  of  the  moment  of  a  molecule  in  the  direc- 
tion of  aj  is  mcosO. 

The  number  of  molecules   whose    original  inclinations  lay 

between  a  and  a +  c2a  is  ^ 

—  sin  acZ  a. 
2 

We  have  therefore  to  integrate 

« 

/=/    -^r- cos ^sm acta,  (2) 

Jo     2 

fNDembering  that  ^  is  a  function  of  a. 

*  \The  force  Acting  on  a  mAffnetic  pole  inside  a  magnet  is  indefinite^  depending  on 
^  ihape  of  the  caTity  in  which  the  pole  is  placed.  The  force  X  is  thus  indefinite, 
&f  aooe  we  know  nothing  about  the  shape  or  disposition  of  these  molecular  magnets 
there  does  not  seem  any  reason  for  assuming  that  the  force  is  that  in  a  cavity  of  one 
ihipe  rather  than  another.  Thus  it  would  seem  that  unless  further  assumptions  are 
imde  we  ought  to  put  X  »  X,  •»-  pi,  where  X,  is  the  external  magnetic  force  and  p  a 
oonttant,  of  which  all  we  can  say  is  that  it  must  lie  between  0  and  4  v.  This  uncertainty 
*hoat  the  value  of  X  is  the  more  embarrassing  from  the  fact  that  in  iron  I  is  very 
Boch  greater  than  X,,so  that  the  term  about  which  there  is  the  uncertainty  may  be 
Boeh  the  more  important  of  the  two.  j 

a  2 
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We  may  expivas  both  9  and  a  in  (erma  of  R,  and  the  «>• 

preasion  to  be  intagnted  beoomes 

ihe  general  integral  of  which  ie 

In  the  firat  ease,  that  in  which  X  is  le«B  than  D,  th«  limit*  of 
integration  are  from  R  =  D+X  to  B  =  D—X.  In  the  aeeond 
eaae,  in  which  X  ie  greater  than  D,  the  limita  are  froa 
R=X^DUiR  =  X-D. 


When  X  ia  leM  than  D, 
When  X  ie  equal  to  D, 
When  X  ie  greater  than  D, 
and  when  X  beoomee  infinite, 


2mn  - 


/=  mn. 


(•) 
m 


Aooording  to  this  form  of  the  theory,  which  ie  that  adofAad 
by  Weber*,  ae  the  magnetizing  force  increases  from  0  to  i),  the 
magnetization  iaereaaes  in  the  aame  proportion.  When  the 
magnetizing  force  attains  the  value  D,  the  magnetiBtim  ii 
two-thirds  of  its  limiting  valae.  When  the  magnetizing  fores 
is  further  increased,  the  magnetization,  instead  of  : 
indefinitely,  tends  towards  a  finite  limit. 
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magnetization  is  expressed  by  the  vertical  ordinates.  Weber's 
own  experiments  give  results  in  satisfactory  accordance  with 
this  law.  It  is  probable,  however,  that  the  value  of  D  is  not 
the  same  for  all  the  molecules  of  the  same  piece  of  iron,  so  that 
the  transition  from  the  straight  line  from  0  to  ^  to  the  curve 
beyond  E  may  not  be  so  abrupt  as  is  here  represented. 

444.]  The  theory  in  this  form  gives  no  account  of  the  residual 
magnetization  which  is  found  to  exist  after  the  magnetizing 
force  is  removed.  I  have  therefore  thought  it  desirable  to 
examine  the  results  of  making  a  further  assumption  relating  to 
the  conditions  under  which  the  position  of  equilibrium  of  a 
molecule  may  be  permanently  altered. 

Let  us  suppose  that  the  axis  of  a  magnetic  molecule,  if  de- 
flected through  any  angle  y3  less  than  fi^,  will  return  to  its 
original  position  when  tiie  deflecting  force  is  removed,  but  that 
if  the  deflexion  p  exceeds  /3o,  then,  when  the  deflecting  force  is 
removed,  the  axis  will  not  return  to  its  original  position,  but 
will  be  permanently  deflected  through  an  angle  ^3— ^o>  which 
may  be  called  the  permanent  set  of  the  molecule  *. 

This  assumption  with  respect  to  the  law  of  molecular  de- 
flexion is  not  to  be  regarded  as  founded  on  any  exact  knowledge 
of  the  intimate  structure  of  bodies,  but  is  adopted,  in  our 
ignorance  of  the  true  state  of  the  case,  as  an  assistance  to  the 
imagination  in  following  out  the  speculation  suggested  by 
Weber. 

Let  i  =  /)8ini3o,  (9) 

then,  if  the  moment  of  the  couple  acting  on  a  molecule  is 
leas  than  7a  L^  there  will  be  no  permanent  deflexion,  but  if  it 
exceeds  niL  there  will  be  a  permanent  change  of  the  position  of 
oqnilibrium. 

To  trace  the  results  of  this  supposition^  describe  a  sphere 
whose  centre  is  0  and  radius  OL  =  L. 

As  long  as  X  is  less  than  L  everything  will  be  the  same  as 
in  the  case  already  considered,  but  as  soon  as  X  exceeds  L  it 
will  begin  to  produce  a  permanent  deflexion  of  some  of  the 
molecules. 

Let  us  take  the  case  of  Fig.  8,  in  which  X  is  greater  than  L 
but  less  than  D.     Through  S  as  vertex  draw  a  double  cone 

*  {The  Mtompiion  really  made  by  Maxwell  seemB  not  to  be  that  in  this  paragraph, 
^t  that  enunciated  in  the  fooUnote  to  Art.  446. } 
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toacbing  tbe  apbore  L.  Let  thia  cone  meet  the  sphen  D  inP 
and  Q.  Then  if  the  axis  of  »  molecule  in  its  origin*!  poaittoo 
liea  between  OA  and  OP,  or  between  OB  and  OQ,  it  will  be 


IV.  8. 


Kf.  f. 


deflected  througb  an  angle  leu  than  f}„  and  will  not  be  perma- 
nently deflected.  But  if  the  axis  of  tbe  molecule  Ilea  original)}' 
between  OP  and  OQ,  then  a  couple  wboee  moment  ia  gieater' 
than  L  will  act  upon  it  and  will  deflect  it  into  tbe  podtkm  SP^ 
and  when  the  force  .V  ceases  to  act  it  will  not  reaome  il» 
original  diivction,  but  will  be  permanently  set  in  tbe  direction 
OP. 

Let  us  put 

L  =  JTsin^o    where    tf„  =  PSA  or  QSB, 
tben  all  those  molecules  whose  axes,  on  tbe  former  bypotheaiB. 
would  have  values  of  $  between  tf„  and  w~0^  will  be  made  to 
have  the  value  9^  during  the  action  of  the  force  X. 

During  the  action  of  tbe  furce  A',  therefore,  tboee  mokeitlas 
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When  the  force  X  is  removed,  then  in  the  case  in  which  X  is 
less  than  L  everything  returns  to  its  primitive  state.  When  X 
is  between  L  and  2),  then  there  is  a  cone  round  A  whose  angle 

and  another  cone  round  B  whose  angle 

Within  these  cones  the  axes  of  the  molecules  are  distributed 
oniformly.  But  all  the  molecules,  the  original  direction  of 
whose  axes  lay  outside  of  both  these  cones,  have  been  wrenched 
from  their  primitive  positions  and  form  a  fringe  round  the  cone 
about  A, 

If  Z  is  greater  than  D^  then  the  cone  round  B  is  completely 
dispersed,  and  all  the  molecules  which  formed  it  are  converted 
into  the  fringe  round  A^  and  are  inclined  at  the  angle  ^o  +  )^o« 

445.]  Treating  this  case  in  the  same  way  as  before  *,  we  find 

*  [Ttie  resalU  ^iren  in  the  text  may  be  obtained,  with  one  slight  exception,  by 
tbe  proceMee  given  below,  the  statement  of  the  modified  theory  of  Art.  444  being  as 
foUoin :  The  axis  of  a  magnetic  molecule,  if  deflected  through  an  angle  /9  less  than  iSg, 
vill  return  to  its  original  position  when  the  deflecting  force  is  removed ;  but  when 
tfe  deflexion  exceeds  /3^  ine  force  tending  to  oppose  the  deflexion  gives  way  and 
penniti  the  molecule  to  be  deflected  into  the  same  direction  as  those  whose  deflexion 
u/)„And  when  the  deflecting  force  is  removed  the  molecule  takes  up  a  direction 
putllel  to  that  of  the  molecule  whose  deflexion  was  /Sq*  ^I'his  direction  may  be 
CiU«d  the  permanent  set  of  the  molecules. 

In  the  case  jr>L<2>,  the  expression  /  for  the  magnetic  moment  consists  of  two 
pvtf,  the  first  of  which  u  due  to  the  molecules  within  the  cones  A  OP,  BOQ,  and  is  to- 
»e  foqnd  precisely  as  in  Art.  443,  due  regard  being  had  to  the  limits  of  integration. 
Referring  to  Fig.  8  we  find  for  the  second  part,  according  to  the  above  statement  of 
ihetheofy, 

i  «,»  00.  ASP^  Projection  otqPcnJA 

"Hm  two  parts  together  when  reduced  give  the  result  in  the  iexU 

When  X>2>,  Uie  integral  again  consists  of  two  parts,  one  of  which  is  to  be  taken 
over  the  cone  AOP  as  in  Art.  448.     The  second  part  is,  (Fig.  9), 

l«.,co.  ^f  X  ^i^^^^SP '"  J^. 
The  Tslue  of  7  in  this  case,  when  reduced,  differs  firom  the  value  given  in  the  text 
ia  ths  third  term,  vi*. :  we  have  then  --  ,?=  instead  of  --^«    ^h®  ^^^^t  of  this 

chsoge  on  the  table  of  numerical  values  given  in  the  text  will  be  that  when  X  —  6, 
7,  8,  the  corresponding  values  of  /  will  be  887,  917,  936.    These  changes  do  not 
titer  the  general  character  of  the  curve  of  Temporary  Magnetization  given  in 
Fi«.  10. 
The  value  of  /'  in  the  case  of  Fig.  8  is 

.     rAOP  p^ 

imnl    j  tinacoaada+  I         anaocmada 

'•^0  J  AOQ 

,  ^  „     Projection  of  QP  on  SA  \ 
+  COS  AOP  X ^p- \  • 

Hie  value  of  /'  in  the  case  of  Fig.  9  may  be  found  in  like  manner.] 
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for  the  intentity  of  the  temporary  Dugnetudoo  daring  tLa 
MtioD  of  the  foroe  X,  which  is  sappoMd  to  Mt  on  LroD  whieb 
has  never  before  been  magnetised. 

When  Z  iB  less  than  L,      I^-M~- 


When  X  is  equal  to  L, 
When  X  is  between  L  and  D, 
AZX      ,        V 


3i>-v— r*)[v'~^"3Vz>*"25*J] 


I  =  M 


When  X  is  equal  to  D, 

Wheo  X  is  gt«ftter  than  D, 

(g-X.')l      -/X'-l' 


[kv    1    in 
Isc    5    ax'' 

When  X  ic  infiiuto. 


tX- 


SS-^S^<^"-'"^^''i- 


When  A'  is  less  than  L  the  nutgnetization  follows  the  former 
law,  and  is  proportional  to  the  magnetising  force.  As  sooo  as 
X  exceeds  L  the  magnetisation  assamefl  a  more  rapid  rate  of 
increase  on  account  of  the  molecules  beginning  to  be  transferrvd 
from  the  one  oooe  to  the  other.  This  rapid  inereaae,  however, 
soon  oomee  to  an  end  as  the  number  of  moleeulea  forming  the 
negative  cone  diminisbea,  and  at  last  the  magnetisaUon  reacbee 
Uie  limiting  value  Jf. 

If  we  were  to  assume  that  the  values  of  £  and  of  i)  are 
ditferent  for  ditTcrent  molecules,  we  should  obtain  a  result  in 
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When  X  is  greater  than  2), 


^en  X  is  infinite, 


2 


2 


If  we  make 

if  =1000,        Z=3,        Z>=6, 
we  find  the  following  values  of  the  temporary  and  the  residual 
magnetization : — 


Mignetiziog 
Force. 

X 

Temporary 
Magnetizauoiu 

/ 

Residual 
Magnetisation. 

0 

0 

0 

1 

133 

0 

2 

267 

0 

3 

400 

0 

4 

729 

280 

5 

837 

410 

6 

864 

485 

7 

882 

637 

8 

897 

575 

00 

1000 

810 

These  results  are  laid  down  in  Fig.  1 0. 
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Fig.  10. 


The  curve  of  temporary  magnetization  is  at  first  a  straight 
line  from  X  =  0  to  X  =  i.  It  then  rises  more  rapidly  till 
•Z  s  Z),  and  as  X  increases  it  approaches  its  horizontal  asymptote. 
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The  curve  of  residui,!  mognptizfttion  begins  when  X  =  £,  aA 
apprtMches  an  aityinplote  whose  ordin&te  =  -81  M, 

It  must  be  reincnibercd  that  tbe  reaidaal  magnetUm  tbn 
found  corresponds  to  the  case  in  which,  when  tbe  eitemal  fbcc 
is  removed,  there  is  no  demagnetizing  force  arising  from  tli 
iliatribution  of  magnetism  in  tbe  body  it«elf.  The  calealatio* 
arc  therefore  applicable  only  to  very  elongated  bodies  ntagnM 
ized  longitudinally.  In  tbe  cane  of  short  thick  bodies  ib 
residual  magnetism  will  be  dimiDishod  by  the  reaotion  of  ib 
free  magnetism  in  the  same  way  as  if  an  external  nverae 
magnetizing  force  were  made  to  act  upon  it*. 

44G.]  Tbe  scientific  value  of  a  theory  of  this  kind,  in  whie 
we  make  so  many  assumptions,  and  introduce  so  many  adjust 
able  constants,  cannot  be  estimated  merely  by  its  numeria 
agreement  with  certain  sets  of  experiments.  If  it  has  any  valv 
it  is  because  it  enables  us  to  form  a  mental  image  of  what  tak* 
place  in  a  piece  of  irun  during  magnetisation.  To  t«st  tl 
theory,  we  shall  apply  it  to  the  case  in  which  a  piece  of  irui 
aft0r  being  HubJMted  to  a  magnetizing  force  JT,,  is  again  sal 
jected  to  a  magnetizing  force  .V,. 

If  tbe  new  force  .V,  acts  in  tbe  same  direction  as  that  i 
which  X^  acted,  which  wo  shall  call  the  poutive  direction,  the 
.V,,  if  lead  than  A',,  will  produce  no  permanent  set  of  tl 
molecules,  and  wbea  JT,  is  removed  the  residual  magnetiiatio 
will  be  the  same  as  that  produced  by  T,.  If  X,  is  great<-r  tha 
A'g,  then  it  will  pruduoe  exactly  the  same  elfeet  as  if  X„  bad  n 
acted. 

V 
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As  Xj  increases  numerically^  ^^  diminishes.  The  first  mole- 
cules on  which  X^  will  produce  a  permanent  deflexion  are  those 
which  form  the  fnnge  of  the  cone  round  A  *,  and  these  have  an 
inclination  when  undeflected  of  ^^  +  /d^. 

As  soon  aa  Bi^Pq  becomes  less  than  6^^^^  the  process  of  de- 
magnetization will  commence.  Since,  at  this  instant,  dj  =  ^^  +  ^  i^o  > 
JTi^the  force  required  to  begin  the  demagnetization,  is  less  than 
Jq,  the  force  which  produced  the  magnetization. 

If  the  values  of  D  and  of  L  were  the  same  for  all  the  mole- 
coles,  the  slightest  increase  of  X^  would  wrench  the  whole  of 
the  fringe  of  molecules  whose  axes  have  the  inclination  6^  +  ^^ 
into  a  position  in  which  theii*  axes  are  inclined  ^^  +  fi^  to  the 
negative  axis  OB. 

Though  the  demagnetization  does  not  take  place  in  a  manner 
80  sndden  as  this,  it  takes  place  so  rapidly  as  to  affoixl  some 
confirmation  of  this  mode  of  explaining  the  process. 

Let  us  now  suppose  that  by  giving  a  proper  value  to  the 
reverse  force  X^  we  have  on  the  removal  of  X^  exactly  demag- 
netized the  piece  of  iron. 

The  axes  of  the  molecules  will  not  now  be  arranged  indiffer- 
ently in  all  directions,  as  in  a  piece  of  irdn  which  has  never 
been  magnetized,  but  will  form  three  groups. 

(1)  Within  a  cone  of  semiangle  0^^^^  surrounding  the  posi- 
'tiye  pole,  the  axes  of  the  molecules  remain  in  their  primitive 
positions. 

(2)  The  same  is  the  case  within  a  cone  of  semiangle  Oq-^Pq 
surrounding  the  negative  pole. 

(3)  The  directions  of  the  axes  of  all  the  other  molecules  form 
^  conical  sheet  surrounding  the  negative  pole,  and  are  at  an 

inclination  Bi-^fio- 

When  Xq  is  greater  than  D  the  second  group  is  absent.  When 
^1  is  greater  than  D  the  first  group  is  also  absent. 

The  state  of  the  iron,  therefore,  though  apparently  demagnet- 
ized, is  different  from  that  of  a  piece  of  iron  which  has  never 
heen  magnetized. 

To  shew  this,  let  us  consider  the  effect  of  a  magnetizing  force 
X^  acting  in  either  the  positive  or  the  negative  direction.  The 
first  permanent  effect  of  such  a  force  will  be  on  the  third  group 

^  {This  Miuines  tUt  in  figs.  8  and  9  P  is  to  the  right  of  C.} 
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of  molecules,  whose  axes  make  uigles  =  9j  +  ^q  with  the  iMg»- 
tive  axu. 

ir  the  force  J,  acts  io  the  negative  direction  it  will  begin  to 
produce  a  permanent  effect  as  soon  as  9,  +  0o  beeotnss  less  Ihaa 
0,  +  ^o,  ths^  is,  as  soon  as  A*,  becomes  greater  than  X^.  But  if 
J,  acts  in  the  positive  direction  it  will  begin  to  renwgiwtiae  the 
iron  aa  soon  as  S^-fig  beoomes  leu  than  4|-K/3,,  tbat  ia,  wbcn 
0^=6^  +  2/3^,  or  while  A',  is  still  much  leas  than  X,, 

It  appean  therefore  from  our  hypothesis  that — 

When  a  piece  of  iron  is  magnetized  by  meana  of  a  force  .V,, 
its  resirlual  magnetism  cannot  be  increased  without  the  applioa- 
tJon  of  a  force  greater  than  X^.  A  rcvene  force,  leas  than  JT,. 
is  sufficient  to  diminish  it^  residual  magnetization. 

If  the  iron  is  exactly  deoiagnetiied  by  the  reviTsad  force  T,. 
then  it  cannot  be  magnetized  in  the  reversed  direction  without 
the  application  of  a  force  greater  than  X,,  but  a  positive  forre 
less  than  .V,  is  sufficient  to  begin  to  tvmagnetize  tbe  iron  in  its 
original  direction. 

Theae  results  are  consistent  with  what  has  been  actoally 
observed  by  Ritchie  *,  Jacobi  f,  Marianini  t ,  and  Joule  ^. 

A  very  complete  account  of  the  relatitms  of  the  magnetUatioD 
of  iron  and  steel  to  magnetic  forces  and  to  mechanical  strains  is 
given  by  Wiedemann  in  hia  GaJiyttiunniut,  By  a  detailed  oum- 
parison  of  the  effects  of  niagnutiEstioD  with  those  of  toraion,  be 
shvws  that  the  idean  of  elasticity  and  plasticity  which  we  deriT* 
fruui  experiments  on  the  temporary  and  permanent  torsion  of 
wires  can  W  applied  with  e<jual  propriety  to  the  temponurj  and 
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Henoe,  if  a  piece  of  iron  is  first  mi^etized  in  one  direction, 
lad  tlten  extended  in  another  direction,  the  direction  of  magnet- 
iation  will  tend  to  approach  the  direction  of  extension.  If 
it  be  compressed,  the  direction  of  magnetization  will  tend  to 
become  normal  to  the  direction  of  compression. 

'Hiii  explains  the  resnlt  of  an  experiment  of  Wiedemann's. 
A  eorrent  wa«  passed  downward  through  a  vertical  wire.  If, 
either  during  the  passage  of  the  current  or  alter  It  has  ceased, 
tin  wire  be  twisted  in  the  direction  of  a  right-handed  screw,  the 
lower  end  beoomes  a  north  pole. 


Fig.  11. 


Fig.  12. 


Here  the  downward  current  magnetizes  every  part  of  the  wire 
in  a  tuigeotial  direction,  as  indicated  by  the  letters  NS. 

Ti»  twisting  of  the  wire  in  the  direction  of  a  right-handed 
•crew  caoses  the  portion  ABCD  to  be  extended  along  the 
dia^nal  AC  and  compressed  along  the  diagonal  BD.  The 
direction  of  magnetization  therefore  tends  to  approach  AC  and 
to  recede  from  BD,  and  thus  the  lower  end  becomes  a  north  pole 
ud  the  upper  end  s  south  pole. 

Sffed  of  Magjietization  on  the  Dimendona  of  the  Magnet. 

446.]  Joule*,  in  1842,  found  that  an  iron  bar  becomes  length- 
ened when  it  is  rendered  magnetic  by  an  electric  current  in  a 
<oil  which  surrounds  it.  He  afterwards  f  shewed,  by  placing 
tbe  bar  in  water  within  a  glass  tube,  that  the  volume  of  the  iron 
u  not  augmented  by  this  magnetization,  and  concluded  that  its 
tntuverse  dimensions  were  contracted. 

Finally,  he  passed  an  electric  current  through  the  axis  of  an 
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iron  tube,  aod  bwk  onUlde  the  tabe,  so  bb  to  m&ke  the  tube 
into  ft  closed  magnetic  solenoid,  the  magnetization  being  at  right 
angle*  to  the  axis  of  the  tub&  The  length  of  the  axis  of  the 
tube  vas  found  in  this  ca>«  to  be  shortened. 

He  found  that  an  iron  rod  under  longitudinal  preamre  is  also 
elongated  when  it  is  magnutizcd.  When,  however,  the  rod  is 
undor  coOHidorable  longitudinal  tension,  the  effect  of  magnet- 
ization is  to  shorten  iu 

This  was  the  case  with  a  wire  of  a  quarter  of  an  inch 
diameter  wlien  the  tension  exceeded  600  pounds  weight. 

In  the  case  of  a  hard  steel  wire  the  etTect  of  the  magnetixiog 
force  was  in  every  case  to  shorten  the  wire,  whether  the  win 
was  under  t«nsion  or  prMisure.  The  change  of  length  lasted 
only  as  long  as  the  magnetinng  force  was  in  action,  no  altei»- 
tion  of  length  was  obeerved  due  to  the  permanent  magnettxatkin 
of  the  Ht«el. 

Joule  found  the  elongation  of  iron  wires  to  be  nearly  [utH 
portional  to  the  square  of  the  actual  magnetization,  m  that  kbi 
tirst  effect  of  a  demagnetizing  current  was  to  shorten  the  wire*. 

On  the  other  hand,  he  found  that  the  shortening  efleei  oa 
wires  under  tension,  and  on  steel,  varied  as  the  product  of  thu 
magnetization  and  the  mat^netizing  current. 

Wiedemann  found  that  if  a  vertical  wire  is  magnetised  witt 
its  south  end  uppermowt,  and  if  a  current  is  then  pamnd  dowii' 
wards  through  the  wire,  the  lower  end  of  the  wire,  if  free 
twists  in  the  direction  of  tho  hands  of  a  watch  as  se«n  from 
above,  or,  in   other   words,  the   wire   becomes   twisted    like  i 
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MAONETIG  MEASUREMENTS. 

449.]  The  principal  magnetic  measurements  are  the  deter- 
mination of  the  magnetic  axis  and  magnetic  moment  of  a 
niagnet,  and.  that  of  the  direction  and  intensity  of  the  magnetic 
force  at  a  given  place. 

Since  these  measurements  are  made  near  the  surface  of  the 
ttrth,  the  magnets  are  always  acted  on  by  gravity  as  well  as  by 
terrestrial  magnetism^  and  since  the  magnets  are  made  of  steel 
their  magnetism  is  partly  permanent  and  partly  induced.  The 
permanent  magnetism  is  altered  by  changes  of  temperature,  by 
itrong  induction,  and  by  violent  blows  ;  the  induced  magnetism 
varies  with  every  variation  of  the  external  magnetiic  force. 

The  most  convenient  way  of  observing  the  force  acting  on  a 
niagnet  is  by  making  the  magnet  free  to  turn  about  a  vertical 
axis.  In  ordinary  compasses  this  is  done  by  balancing  the 
magnet  on  a  vertical  pivot.  The  finer  the  point  of  the  pivot 
the  smaller  is  the  moment  of  the  friction  which  interferes  with 
the  action  of  the  magnetic  force.  For  more  refined  observations 
the  magnet  is  suspended  by  a  thread  composed  of  a  silk  fibre 
without  twist,  either  single,  or  doubled  on  itself  a  sufiicient 
number  of  times^  and  so  formed  into  a  thread  of  parallel  fibres, 
^^  of  which  supports  as  nearly  as  possible  an  equal  part  of 
^  weight.  The  force  of  torsion  of  such  a  thread  is  much  less 
tl^  that  of  a  metal  wire  of  equal  strength,  and  it  may  be 
ealctdated  in  terms  of  the  observed  azimuth  of  the  magnet, 
which  is  Bot  the  case  with  the  force  arising  from  the  friction  of 
*  pivot. 

The  suspension  fibre  can  be  raised  or  lowered  by  turning  a 
liorizontal  screw  which  works  in  a  fixed  nut.  The  fibre  is 
wound  round  the  thread  of  the  screw^  so  that  when  the  screw 
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ia  tained  the  BOBpennon  fibre  always  hangs  io  the  same  ^ 
line. 

The  BuapensioD  fibre  canieH  a  Bmall  horizontal  dividcf 
called  the  Tonion-oirele,  and  a  stirrup  with  an  index,  wh 
be  placed  bo  that  the  index  coincides  with  any  given  diT: 
the  tonion  circle.  The  Btirmp  is  bo  shaped  that  the  magi 
can  be  fitted  into  it  with  its  axis  horizontal,  and  with  a 
or  its  four  sides  appermoet. 

To  aacertun  the  sero  oF  torsion  a  non>magnetio  body 
same  weight  as  the  magnet  is 
in  the  slirmp,  and  the  poei 
the  torsion  circle  wben  it 
librium  asoertained. 

The  magnet  iteelf  if  a  [ 
bard-tempered  steel.  Accor 
Gansa  and  Weber  its  lengtl 
to  be  at  least  eight  times  its  ] 
transTerse  dimension.  This  ii 
sary  when  permanenoe  of  tb' 
tion  of  the  magnetic  axis  wit 
magnet  is  the  most  import* 

m'liunUrty^uirtHi  iht-iosgoel 
be  Bbmter,  and  it  may  eVM 
Ttsablc  in  obaerriag  raddaa 
I  itia^Ptic  rorc«  to  oi 
iKai^uf-tinol    IraiMVpnely    ai 
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possible  with  the  axis  of  magnetization.      This  is  the  method 

adopted  by  Gauss  and  Weber. 
Another  method  is  to  attach  to  one  end  of  the  magnet  a  lens 

tod  to  the  other  end  a  scale  engraved  on  glas^,  the  distance  of 
the  lens  from  the  scale  being  equal  to  the  principal  focal  length 
of  the  lens.  The  straight  line  joining  the  zero  of  the  scale  with 
the  optical  centre  of  the  lens  ought  to  coincide  as  nearly  as 
possible  with  the  magnetic  axis. 

As  these  optical  methods  of  ascertaining  the  angular  position 
of  suspended  apparatus  are  of  great  importance  in  many  physical 
researches,  we  shall  here  consider  once  for  all  their  mathematical 
theory. 

Theyry  of  the  Mirror  Method, 

We  shall  suppose  that  the  apparatus  whose  angular  position 
is  to  be  determined  is  capable  of  revolving  about  a  vertical  axis. 
This  axis  is  in  general  a  fibre  or  wire  by  which  it  is  suspended. 
The  mirror  should  be  truly  plane,  so  that  a  scale  of  millimetres 
may  be  seen  distinctly  by  reflexion  at  a  distance  of  several 
metres  from  the  mirror. 

The  normal  through  the  middle  of  the  mirror  should  pass 
through  the  axis  of  suspension,  and  should  be  accurately 
horizontal.  We  shall  refer  to  this  normal  as  the  line  of  colli- 
nution  of  the  apparatus. 

Having  roughly  ascertained  the  mean  direction  of  the  line  of 
ooUimation  during  the  experiments  which  are  to  be  made,  a  tele- 
scope is  erected  at  a  convenient  distance  in  front  of  the  mirror, 
and  a  little  above  the  level  of  the  mirror. 

The  telescope  is  capable  of  motion  in  a  vertical  plane,  it  is 
directed  towards  the  suspension-fibre  just  above  the  mirror,  and 
a  fixed  mark  is  erected  in  the  line  of  vision,  at  a  horizontal 
distance  from  the  object-glass  equal  to  twice  the  distance  of  the 
niirror  from  the  object-glass.  The  apparatus  should,  if  possible, 
he  80  arranged  that  this  mark  is  on  a  wall  or  other  fixed  object. 
In  order  to  see  the  mark  and  the  suspension-fibre  at  the  same 
^e  through  the  telescope,  a  cap  may  be  placed  over  the  object- 
glass  having  a  slit  along  a  vei*tical  diameter.  This  should  be 
removed  for  the  other  observations.  The  telescope  is  then 
adjusted  so  that  the  mark  is  seen  distinctly  to  coincide  with 
the  vertical  wire  at  the  focus  of  the  telescope.     A  plumb-line  is 
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then  a4j>iit«d  so  m  to  pass  close  in  front  of  the  optical  oeotrv 
the  tibjcct-glus  and  to  hang  below  the  telescope.  Below  tl 
telescope  and  just  Whind  the  plumb-line  a  scale  of  «)ual  pai 
ia  placed  so  as  to  bo  bisected  at  right  angles  by  the  plane  Um»u( 
the  thark,  the  8uspeQUon<6bre,  and  the  plumb<line.  Tlie  su 
of  the  heights  of  the  scale  and  the  object-glass  from  the  Bo< 
should  bo  equal  to  twice  the  height  of  the  mirror.  The  teleacoj 
being  now  dirccte^l  towards  the  mirror,  the  observer  will  see  in 
the  reflexion  of  the  scale.  If  the  part  of  the  scale  where  tl 
plnmb-lino  crosses  it  appears  to  eoincide  with  the  verUeal  wire  < 
the  telescope,  then  the  line  of  collimation  of  the  mirror  eoinod* 
with  the  plane  through  the  mark  and  the  optical  centre  of  tl 
objeet^lasB.  If  the  vi-rtical  wire  coincides  with  any  otfa> 
ilirisioa  of  the  scale,  the  angular  position  of  the  line  < 
collimation  is  to  be  found  as  fullows : — 


.^1:: 
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We  have  therefore  io  mea43ure  OM  in  terms  of  the  divisions 
of  the  scale ;  then,  if  a^  is  the  division  of  the  scale  which  coincides 
with  the  plumb-line,  and  8  the  obsei-ved  division, 

8^8q^0M  tan  2  0, 
whence  0  may  be   found.      In  measuring  OM  we   must   re- 
member that  if  the  mirror  is  of  glass,  silvered  at  the  back,  the 
virtual   reflecting  surface   is  at  a  distance  behind  the  front 

t 
surface  of  the  glass  =  -,  where  t  is  the  thickness  of  the  glass, 

and  M  is  the  index  of  refraction. 

We  must  also  remember  that  if  the  line  of  suspension  does  not 
pass  through  the  point  of  reflexion,  the  position  of  M  will  alter 
with  B.  Hence,  when  it  is  possible,  it  is  advisable  to  make  the 
centre  of  the  mirror  coincide  with  the  line  of  suspension. 


Fig.  15. 

It  is  also  advisable,  especially  when  large  angular  motions 
have  to  be  observed,  to  make  the  scale  in  the  form  of  a  concave 
cylindric  surface,  whose  axis  is  the  line  of  suspension.  The 
^gles  are  then  observed  at  once  in  circular  measure  without 
reference  to  a  table  of  tangents.  The  scale  should  be  cai'efully 
■^Jjusted,  so  that  the  axis  of  the  cylinder  coincides  with  the 
B^ispension-fibre.  The  numbers  on  the  scale  should  always  run 
^na  the  one  end  to  the  other  in  the  same  direction  so  as  to 
*void  negative  readings.  Firjr.  1 5  represents  the  middle  portion 
^^  &  scale  to  be  used  with  a  miiTor  and  an  inverting  telescope. 

This  method  of  observation  is  the  best  when  the  motions  are 
^low.  The  observer  sits  at  the  telescope  and  sees  the  image  of 
the  scale  moving  to  right  or  to  left  past  the  vertical  wire  of  the 
Wescope.  With  a  clock  beside  him  he  can  note  the  instant  at 
which  a  given  division  of  the  scale  passes  the  wire,  or  the 
division  of  the  scale  which  is  passing  at  a  given  tick  of  the 

u  2 
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clock,  and  he  can  also  record  the  extreme  limits  of  e«et 
oscilUtion. 

Vi'hen  the  motion  in  more  rapid  it  beoome*  imponible  to  rMkd 
the  diviaiona  of  the  scale  except  at  the  iiutatite  of  rest  at  On 
extremities  of  ao  oncillation.  A  ootupicaons  mark  may  bi 
placet)  at  a  known  diviiiion  of  the  aeale,  and  the  iutant  oi 
trmniiit  of  this  mark  may  be  noted. 

When  the  apparfttus  is  very  light,  and  the  foreea  Tariablc 
the  motion  is  ho  prompt  and  swift  that  observation  throagfa  1 
telescope  would  bu  useless.  In  this  case  the  obaerrer  looks  ai 
the  scale  directly,  and  observes  the  motions  of  the  image  of  tbt 
vertical  wire  thrown  on  the  scale  by  a  lamp. 

It  is  manifest  that  sinoe  the  image  of  the  scale  reflected  bi 
the  mirror  and  refracted  by  the  object-glass  coincides  with  tlw 
vcnioil  wire,  the  image  of  the  vortical  wire,  if  sufficientJi 
illuminate*),  will  coincide  with  the  scale.  To  observe  this  tbi 
room  is  darkened,  and  the  concentrated  rays  of  a  lamp  an 
thrown  on  the  vertical  wire  towards  the  object-glaio.  A  bright 
patch  of  lijrht  ctosimmI  by  the  shallow  of  the  wire  is  se«n  on  iIm 
scale.  Its  motions  can  be  followe<)  by  the  eye.  and  the  diviaioc 
of  the  scale  at  which  it  comes  to  net  can  be  fixed  on  by  the  er* 
anil  read  o(f  at  leisure.  If  it  be  desired  to  note  the  instant  of  tb« 
passage  of  the  bright  spot  past  a  given  point  on  the  scale,  a  pit 
or  a  bright  metul  wire  may  be  placed  there  so  as  to  flash  out  ai 
the  time  of  pannage. 

Hy  Hulwlituting  a  siniall  hole  in  a  diaphragm  for  the  cross-win 
the  iiiiagv  Iiocuiikk  a  niiisII  illumiiiat«<l  dot  moving  to  right  (>r  lef 
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451.]  In  the  Eew  portable  apparatus,  the  magnet  is  made  in 
the  form  of  a  tube,  having  at  one  end  a  lens,  and  at  the  other  a 
f^lass  scale,  so  adjusted  as  to  be  at  the  principal  focus  of  the 
lens.  Light  is  admitted  from  behind  the  scale,  and  after  passing 
through  the  lens  it  is  viewed  by  means  of  a  telescope. 

Since  the  scale  is  at  the  principal  focus  of  the  lens,  rays  from 
any  division  of  the  scale  emerge  from  the  lens  parallel,  and  if 
the  telescope  is  adjusted  for  celestial  objects,  it  will  shew  the 
scale  in  optical  coincidence  with  the  cross-wires  of  the  telescope. 
If  a  given  division  of  the  scale  coincides  with  the  intersection  of 
the  cross-wires,  then  the  line  joining  that  division  with  the 
optical  centre  of  the  lens  must  be  parallel  to  the  line  of  colli- 
mation  of  the  telescope.  By  fixing  the  magnet  and  moving  the 
telescope,  we  may  ascertain  the  angular  value  of  the  divisions  of 
the  scale,  and  then,  when  the  magnet  is  suspended  and  the 
position  of  the  telescope  known,  we  may  determine  the  position 
of  the  magnet  at  any  instant  by  reading  off  the  division  of  the 
scale  which  coincides  with  the  cross- wires. 

The  telescope  is  supported  on  an  arm  which  is  centred  in  the 
line  of  the  suspension-fibre,  and  the  position  of  the  telescope  is 
read  off  by  verniers  on  the  azimuth  circle  of  the  instrument. 

This  arrangement  is  suitable  for  a  small  portable  magneto- 
meter in  which  the  whole  apparatus  is  supported  on  one  tripod, 
and  in  which  the  oscillations  due  to  accidental  disturbances 
rapidly  subside. 

Determhiation  of  the  Direction  of  the  Axis  of  the  Magnet, 
and  of  the  Direction  of  Terrestrial  Magnetism. 

452.]  Let  a  system  of  axes  be  drawn  in  a  magnet,  of  which 
the  axis  of  0  is  in  the  direction  of  the  length  of  the  bar,  and 
^  and  y  perpendicular  to  the  sides  of  the  bar  supposed  a  paral- 
lelopiped. 

Let  ly  Ttiy  n  and  X,  ft,  v  be  the  angles  which  the  magnetic  axis 
•nd  the  line  of  collimation  make  with  these  axes  respectively. 

Let  M  be  the  magnetic  moment  of  the  magnet,  let  H  be  the 
horizontal  component  of  terrestrial  magnetism,  let  Z  be  the 
vertical  component,  and  let  5  be  the  azimuth  in  which  H  actA, 
f^ckoned  from  the  iiorth  towards  the  west. 

Let  ( be  the  observed  azimuth  of  the  line  of  collimation,  let  a 
be  the  azimuth  of  the  stirrup,  and  /3  the  reading  of  the  index  of 
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the  toraioD  circle,  then  a— 4  w  Uie  acimulh  of  the  lower  end  of 
the  (tuBpensioti-tibrv. 

Let  y  bo  the  value  o(  a  —  fi  when  there  ia  00  toiuon,  then  the 
moment  of  the  forou  of  toraioD  tending  to  diminuih  a  will  b» 

whore  r  Jh  a  coefficient  of  torsion  (lepeoding  on  the  nature  of  the 
fibre. 

To  determine  A^  tho  angle  between  the  axis  of  z  and  the  pro- 
jection of  tho  line  of  ollimation  on  the  plane  of  J*:,  Kx  the  Alimip 
ntj  that  y  IB  vertical  and  upwardn,  z  to  the  north  and  x  to  the 
west,  and  observe  the  azimuth  (of  the  line  ofoollimation.  Then 
retnovo  the  magnet,  turn  it  through  an  angle  «  alx>ut  the  axia 
of  :  and  replace  it  in  thiii  in%'vrted  positioo,  and  observe  the 
azimuth  C  of  the  line  of  collimation  when  y  'u  downwardn  and 
.r  to  the  out,  T 

f'  =  «-i  +  V  (2) 

Hence  K  =  l  +  l(C~0-  (" 

Next,  hang  tho  stirmp  to  tlie  suitpension-fibrD,  and  placv  the 
magnet  in  it,  adjusting  it  carefully  ho  that  y  may  be  vertical  and 
upwards,  then  the  moment  of  the  force  tending  to  increase  a  ii 

Jtf//Hinm8in(«-a-*  +  /,)-r(«-3-y);  {*) 

whtre  I,  lit  tlio  aiiglo  U'twfcn  the  axiu  off  and  the  prujection  of 
the  magnetic  axis  un  tho  plane  ofx:. 
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of  the  magnetic  force,  we  may  put  5— f+Z,— A,  for  the  sine  of 
that  angle. 

If  we  give  to  )3,  the  reading  of  the  torsion  cli'cle,  two  different 
values,  ^1  and  p^,  and  if  (^  and  C2  ^^^  ^^®  corresponding  values 

of  C  ifir(C3-Ci)sinm  =  T  iCi-Cz-Pi  +  P^)^  (7) 

or,  if  we  put 

-—^:^^^—-  =  t\    then    T^T'MHsmm,  (8) 

and  equation  (6)  becomes,  dividing  by  MH  sin  m, 

«-C+i.-A.-/(C+A,-.|-/3-y)  =  0.  (9) 

If  we  now  reverse  the  magnet  so  that  y  is  downwards,  and 
adjust  the  apparatus  till  y  is  exactly  vertical,  and  if  ^  is  the 
new  value  of  the  azimuth,  and  b^  the  corresponding  declination, 

&'-C'-4  +  A.^r'(r-A.  +  ~/3-y)=0,  (10) 

whence       ^' =  ^(^+0  +  *^' {C+r-2(i3  +  y)}.  (11) 

The  reading  of  the  torsion  circle  should  now  be  adjusted,  so 
that  the  coefficient  of  /  may  be  as  nearly  as  possible  zero.  For 
this  purpose  we  must  determine  y,  the  value  of  a  — )3  when  there 
is  no  torsion.  This  may  be  done  by  placing  a  non-magnetic 
bar  of  the  same  weight  as  the  magnet  in  the  stirrup,  and  deter- 
mining a  — /9  when  there  is  equilibrium.  Since  /  is  small,  great 
accuracy  is  not  required.  Another  method  is  to  use  a  torsion 
bar  of  the  same  weight  as  the  magnet,  containing  within  it  a 

very  small  magnet  whose  magnetic  moment  is  —  of  that  of  the 

principal  magnet.     Since  r  remains  the  same,  t  will  become  n  r', 
and  if  ^^  and  Ci^  ^^  the  values  of  C  &s  found  by  the  torsion  bar, 

•  ^^'  =  i(C,  +  Ct')+i«'-'{C,  +  Ci'-2(i3  +  y)}.  (12) 

Subtracting  this  equation  from  (11), 

2(7l-l)0+y)  =  (n  +  i)(Cx  +  C/)-(l+J-,)(f+O-         (13) 

Having  found  the  value  of  )3  -h  y  in  this  way,  /3,  the  reading  of 
the  torsion  circle,  should  be  altered  till 

C+r-2(/3  +  y)  =  0,^  (14) 

nearly  as  possible  in  the  ordinary  position  of  the  apparatus. 
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Then,  Hince  r'  ia  «  very  flmall  namflrical  ()uu)tity,  tad  aintt 
coefficient  is  very  small,  the  valuu  of  the  hvcodiI  term  io  ttte 
presHion  for  S  will  not  vwy  much  for  stnftU  errors  in  the  va 
of  /  and  y,  which  are  the  qnaotitieB  whose  valuta  are  leaat 
curately  known. 

The  value  of  8,  the  magnetic  declination,  may  be  found  io 
way  with  considerable  accuracy,  provided  it  remains  cons 
during  the  experiments,  so  that  we  may  assume  i'  =  i. 

When  great  accuracy  is  required  it  is  Deoeasary  to  1 
account  of  the  variations  of  ft  during  the  experiment  For 
purpose  observations  of  another  sunpended  magnet  shouli 
made  at  the  same  iiutanta  that  the  diflt-rent  values  of  ( 
obeer\-ed,  and  if  tj,  q'  are  the  ob»erved  azimuths  uf  the  m.t 
magnet  curresponding  to  (and  C,  and  if  ft  and  ft'  are  the  a 
Hponding  values  uf  ft,  then 

ft'  — ft  =  1'— 1- 

Hence.  to  find  the  value  uf  ft  we  must  add  to  (II)  a  corm 

Hi-i')- 

The  declination  at  the  time  of  the  tiret  obtwrvation  is  thervf« 
ft=HC+C'  +  l-i')+*T'(C  +  C'-2^-2y). 
To  find  the  direction  of  the  magnetic  axis  within  the  ma 
subtract  (10)  from  (9)  and  add  (IS), 

By  repeating  the  ezperimenta  with  the  l>ar  un  its  two  » 
so  that  the  axis  of  x  ia  vertically  upwants  and  downwani 
can  find  the  value  of  tti.  If  the  axis  of  collimation  is  eapal 
atljuatment  it  ought  to  Im  made  to  coincide  with  the  mag: 
axis  aa  nearly  aa  powible.  so  that  the  error  arising  frun 
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magnet  whose  magnetic  moment  is  Jf ,  at  a  point  distant  r  from 
the  eentre  of  the  magnet  in  the  positive  direction  of  the  axis  of 
the  magnet,  is  E  =  2  ^  (1) 

and  is  in  the  direction  of  r.  If  the  magnet  is  of  finite  size  but 
spherical,  and  magnetized  uniformly  in  the  direction  of  its  axis, 
this  value  of  the  force  will  still  be  exact  If  the  magnet  is  a 
Bolenoidal  bar  magnet  of  length  2  L, 

^=25(l+2^+3^  +  &C.)-  (2) 

If  tile  magnet  be  of  any  kind,  provided  its  dimensions  are  all 
Bm&Il,  compared  with  r, 

where  A^,  A^,  &c.  are  coefficients  depending  on  the  distribution 
of  tiie  magnetization  of  the  bar. 

Let  if  be  the  intensity  of  the  horizontal  part  of  terrestrial 
inagnetism  at  any  placa  H  is  dii*ected  towards  magnetic  north. 
Let  r  be  measured  towards  magnetic  west,  then  the  magnetic 
force  at  the  extremity  of  r  will  be  H  towards  the  north  and  R 
towards  the  west.  The  resultant  force  will  make  an  angle  6 
with  the  magnetic  meridian,  measured  towards  the  west,  and 

"^^^^i  E  =  Hia.n0.  (4) 

Henoe,  to  determine  jt  we  proceed  as  follows :  — 

The  direction  of  the  magnetic  north  having  been  ascertained,  a 
nugnet,  whose  dimensions  should  not  be  too  great,  is  suspended  as 
^  the  former  experiments,  and  the  deflecting  magnet  M  is  placed 
80  that  its  centre  is  at  a  distance  r  from  that  of  the  suspended 
loagnet,  in  the  same  horizontal  plane,  and  due  magnetic  east. 

The  axis  of  M  is  carefully  adjusted  so  as  to  be  horizontal  and 
^  the  direction  of  r. 

The  suspended  magnet  is  observed  before  JM  is  brought  near 
wid  also  after  it  is  placed  in  position.  If  ^  is  the  observed 
deflexion,  we  have,  if  we  use  the  approximate  formula  (1), 

|=  =  Ytan<?;  (5) 

or.  if  we  use  the  formula  (3), 

\^r^tuid=l+A,^-+A^^+&c  (6) 
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iff  1 

-^^^(tantfi— tan^2  +  tan^3— tan^J  =  l+A^-^-^-kc,  (12) 
or,makiiig     ^(tan^i-tan^2  +  tan^3-tan^J  =  D,  (13) 

i|z)r3=l+J3i,+&c. 

454]  We  may  now  regai'd  D  and  r  as  capable  of  exact 
determination. 

The  quantity  A 2  can  in  no  case  exceed  2Z^,  where  L  is  half 
tbe  length  of  the  magnet,  so  that  when  r  is  considerable  com- 
pared with  L  we  may  neglect  the  term  in  A2  and  determine 
the  ratio  of  H  to  M  a,i  once.  We  cannot,  however,  assume  that 
ilj  is  equal  to  2  L\  for  it  may  be  less,  and  may  even  be  negative 
for  a  magnet  whose  largest  dimensions  are  transverse  to  the  axis. 
The  term  in  A^  and  all  higher  terms  may  safely  be  neglected. 

To  eUminate  ^2)  i^^p^at  the  experiment,  using  distances 
''i»  '*2i  ^3»  &C-J  and  let  the  values  of  D  be  D^,  Dg,  -D3,  &c.,  then 

J.  2M    .    I  ^2\  n  2M.I         .      A^K  n  a 

^>  =  -S-(;r3  +  ^0.     A=  :g^ (-,  +  ;rl)'  &«•  &«• 

If  we  suppose  that  the  probable  errors  of  these  equations  are 
equal,  as  they  will  be  if  they  depend  on  the  determination  of  D 
only,  and  if  there  is  no  uncertainty  about  r,  then,  by  multiply- 
ing each  equation  by  r"^  and  adding  the  results,  we  obtain  one 
equation,  and  by  multiplying  each  equation  by  r"^  and  adding 
^6  obtain  another,  according  to  the  general  rule  in  the  theory 
of  the  combination  of  fallible  measurements  when  the  probable 
error  of  each  equation  is  supposed  the  same. 

Let  us  write 

2  (Dr-^)  for  D^  r^-^  +  D^  r^'^  +  D^ r^'^  +  &c, 
Md  use  similar  expressions  for  the  sums  of  other   groups  of 
symbols,  then  the  two  resultant  equations  may  be  written 

▼hence 

2M 
^-{2(r-«)2(r-^o)_|-v(y,-8)p)=v(Z)r-3)2(r-io)_2(2)r-5)2(r-8), 

*nd    A,,{1  (Dr-^)  2  (r-^^)  -  2  (Dr"*)  2  {r'^) } 

=  2  (Dr'^)  2  (r-«) -  2  (Dr-^)  2  {r'^). 
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The  tkIiio  of  A^  derived  rrom  these  eqafttions  ooglit  to  be  1m* 
ttiftn  h&lf  the  »qu&ru  ot  the  length  of  the  magnet  M.  If  it  v  not 
wu  may  Ruspect  some  error  ia  the  observaUona.  ^is  uetboj 
•■fobeervBtioo  and  reduction  was  given  by  Oanu  in  the  'Fust 
Itcport  of  the  Magnetic  Association.' 

When  the  observer  can  make  only  two  aeriea  of  experiineata 

at  distances  r,  and  1 
tbeae  experiments  are 


H 


Q  = 


2.V_/>,r,»^,r/ 


// 

If  bDj  and  fiZ),  are  the  actual  erron  of  the  obaerred  Jeftexioai 
D,  and  />,,  the  actual  error  of  the  calculated  result  Q  will  b« 

If  we  suppuee  the  errors  2/>,  and  iD,  to  b«  indapendent,  and 
that  the  probable  value  of  either  is  iD,  then  the  probaUe  valoe 
of  the  error  in  the  ealeulated  value  of  Q  will  be  8Q,  where 

If  we  suppoae  that  one  of  these  distanoea,  say  the  amaller,  is 
given,  the  value  of  the  greater  distance  may  be  detennined  ao  aa 
to  make  S^  a  roiniuiuro.  This  condition  leads  to  an  c 
of  the  fifth  degree  in  r,\  which  has  only  one  real  root  j 
tlum  r,*.  From  this  the  beet  value  of  r,  is  found  to  be 
r,al-3I89r,.* 
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Method  of  Sines. 

455.]  The  method  which  we  have  just  described  may  be  called 
the  Method  of  Tangents,  because  the  tangent  of  the  deflexion  is 
i  measure  of  the  magnetic  force. 

If  the  line  r^,  instead  of  being  measured  east  or  west,  is 
adjusted  till  it  is  at  right  angles  with  the  axis  of  the  deflected 
magnet,  then  12  is  the  same  as  before,  but  in  order  that  the 
suspended  magnet  may  remain  perpendicular  to  r,  the  resolved 
part  of  the  force  H  in  the  direction  of  r  must  be  equal  and 
opposite  to  12.     Hence,  if  6  is  the  deflexion,  R  =  H  sin  6. 

This  method  is  called  the  Method  of  Sines.  It  can  be  applied 
only  when  12  is  less  than  H. 

In  the  Kew  portable  apparatus  this  method  is  employed.  The 
suspended  magnet  hangs  from  a  part  of  the  apparatus  which 
revolves  along  with  the  telescope  and  the  arm  for  the  deflecting 
magnet,  and  the  rotation  of  the  whole  is  measured  on  the  azimuth 
circle. 

The  apparatus  is  first  adjusted  so  that  the  axi»  of  the  telescope 
eobcides  with  the  mean  position  of  the  line  of  collimation  of  the 
magnet  in  its  undisturbed  state.  If  the  magnet  is  vibrating, 
the  true  azimuth  of  magnetic  north  is  found  by  observing  the 
extremities  of  the  oscillation  of  the  transparent  scale  and  making 
the  proper  correction  of  the  reading  of  the  azimuth  circle. 

The  deflecting  magnet  is  then  placed  upon  a  straight  rod 
which  passes  through  the  axis  of  the  revolving  apparatus  at 
right  angles  to  the  axis  of  the  telescope,  and  is  adjusted  so  that 
the  axis  of  the  deflecting  magnet  is  in  a  line  passing  through  the 
centre  of  the  suspended  magnet. 

The  whole  of  the  revolving  apparatus  is  then  moved  till  the 
line  of  collimation  of  the  suspended  magnet  again  coincides  with 
the  axis  of  the  telescope,  and  the  new  azimuth  reading  is 
corrected,  if  necessary,  by  the  mean  of  the  scale  readings  at 
the  extremities  of  an  oscillation. 

The  difference  of  the  corrected  azimuths  gives  the  deflexion, 
*fter  which  we  proceed  as  in  the  method  of  tangents,  except 
^t  in  the  expression  for  D  we  put  sin  $  iQstead  of  tan  6, 

In  this  method  there  is  no  correction  for  the  torsion  of  the 
*^pending  fibre,  since  the  relative  position  of  the  fibre,  tele- 
8c<>pe,  fuid  magnet  is  the  same  at  every  observation. 

The  axes  of  the  two  magnets  remain  always  at  right  angles 
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in  thifl  method,  no  that  the  correction  Tor  length  ma  be  tDorv 
accunt«ly  mule. 

4-'>A.]  Having  thus  meuared  the  ratio  of  the  moment  of  the 
deflecting  magnet  to  the  horizontal  component  of  terratiial 
magnetiiim,  we  havu  next  to  find  the  product  of  these  qiuntiuea. 
by  determining  the  moment  of  the  couple  with  which  liiiiiwliial 
magnetism  t^nda  to  turn  the  name  magnet  when  )l«  axis  ■> 
deflected  from  the  magnetic  meridian. 

Thi-re  are  two  methodn  of  making  this  measurement,  the 
dynamical,  in  which  the  time  of  vibration  of  the  magnet  oiuler 
the  action  of  terrestrial  roagnftism  in  observed,  and  the  stfttieal, 
in  which  tlie  magnet  is  kept  in  eijuilibrium  between  a  meaaore- 
able  statiea)  couple  and  the  magnetic  force. 

The  dynamical  metho<l  requires  simpler  apparatus  umI  it 
more  accurate  for  absolute  meaiiurements,  bat  takes  ap  •  coa- 
niderabte  time;  the  statical  method  admits  of  almost  uutan- 
taneouH  measurement,  and  in  therefore  useful  tn  tracing  the 
changes  of  the  -intensity  of  the  magnetic  force,  bat  : 
more  delicate  apparatus,  and  is  not  so  accurate  for  i 
measurement 

3teth<Hl  „/  Vihralions. 

The  magnet  is  suspended  with  itM  magnetic  axis  hofiioiit>l. 
and  is  set  in  vibration  in  small  arcs.  The  vikratioos  are 
observed  by  means  of  any  of  the  methods  alnady  described. 

A  point  on  the  ncalf  is  ehneen  corrt-spondtng  to  the  middle  of 
tilt;  arc  of  viliratiou.  Tlie  inNtant  of  pasxagi-  through  this  point 
of  tlie  Hcale  in  tlio  positiv<>  directiun  is  olMter^ed.     If  then    is 


456-1  TIME   OP  VIBRATION.  Ill 

then  T^^i  is  the  mean  time  of  the  positive  passages,  and  ought 
to  agree  with  ^.^.i,  the  mean  time  of  the  negative  passages, 
if  the  point  has  been  properly  chosen.  The  mean  of  these 
results  is  to  be  taken  as  the  mean  time  of  the  middle  passage. 

After  a  large  number  of  vibrations  have  taken  place,  but 
before  the  vibrations  have  ceased  to  be  distinct  and  regular, 
the  observer  makes  another  series  of  observations,  from  which 
he  deduces  the  mean  time  of  the  middle  passage  of  the  second 


By  calculating  the  period  of  vibration  either  from  the  first 
series  of  observations  or  from  the  second,  he  ought  to  be  able 
to  be  certain  of  the  number  of  whole  vibrations  which  have 
taken  place  in  the  interval  between  the  time  of  middle  passage 
in  the  two  series.  Dividing  the  interval  between  the  mean 
times  of  middle  passage  in  the  two  series  by  this  number  of 
vibrations,  the  mean  time  of  vibration  is  obtained. 

The  observed  time  of  vibration  is  then  to  be  reduced  to  the 
time  of  vibration  in  infinitely  small  arcs  by  a  formula  of  the 
same  kind  as  that  used  in  pendulum  observations,  and  if  the 
^Imtions  are  found  to  diminish  rapidly  in  amplitude^  there 
is  another  correction  for  resistance,  see  Art.  740.  These  cor- 
rections, however,  are  very  small  when  the  magnet  hangs  by 
i  fibre,  and  when  the  arc  of  vibration  is  only  a  few  degrees. 
The  equation  of  motion  of  the  magnet  is 

a'^-^MH  ain  0  +  HMt'  (O^y)  =  0, 

where  $  is  the  angle  between  the  magnetic  axis  and  the  direc- 
tion of  the  force  H,  A  is  the  moment  of  inertia  of  the  magnet 
and  suspended  apparatus,  M  is  the  magnetic  moment  of  the 
o^agnet,  H  the  intensity  of  the  horizontal  magnetic  force,  and 
^Ht  the  coefficient  of  torsion  :  t  is  determined  as  in  Art.  452, 
and  is  a  very  small  quantity.     The  value  of  6  for  equilibrium  is 

Oq  =  - — ^  9  a  very  small  angle, 
1  H-r 

and  the  solution  of  the  equation  for  small  values  of  the  ampli- 
tude is  /       t         \ 

6-  (7cos(2  7ry  +  aj  +  ^o* 

where  T  is  the  periodic  time,  a  a  constant,  C  the  amplitude,  and 

~  MH{i+T'y 
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whoDCc  we  find  the  value  ot  MB, 

Here  T  m  the  time  of  a  complete  vibnttion  determined  t 
observation.  A,  the  moment  of  inertia,  ia  foanil  onoe  for  all 
the  magnet,  cither  by  weighing  and  measuring  it  if  it  is 
regular  tigure,  or  by  a  dynamical  proecw  of  companion  ■ 
a  body  whose  moment  of  inertia  ia  known. 

Cunibining  thin  value  ofMH  with  that  of  „  formerly  o)>tai 

457.]  We  have  supposed  that  H  and  J/  continue  eont 
during  the  two  aeries  of  expenmenta  The  fluotuationa  < 
iitay  be  at<certained  by  simultaneouK  ofaaervatiomi  of  the  hi 
magnetometer  to  )«  presently  described,  and  if  the  magnet 
been  in  use  for  some  time,  and  is  not  exposed  during 
experiment'i  to  ehangett  uf  temperature  or  to  ooncuiMon. 
part  of  H  which  depends  on  permanent  magnetism  ma 
nssumed  to  )>e  con.ntant.  All  Bt«el  magneta,  however,  are  c^ 
of  induced  magnetism  depending  on  the  action  of  exti 
magnt-tic  furcf. 

Now  the  ma^et  when  employed  in  the  deflexion  expi-rin 
in  plared  with  its  axis  cast  and  weat.  so  that  the  action  ol 
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north,  at  a  distance  r  from  the  centre  of  the  suspended  magnet, 
tlie  line  r  making  an  angle  whose  cosine  is  V\  with  the 
DAgnetic  meridian.  The  action  of  the  deflecting  magnet  on  the 
suspended  one  is  then  at  right  angles  to  its  own  direction,  and 
is  equal  to  j/ 

IT 

Here  M  is  the  magnetic  moment  when  the  axis  points  north, 
as  in  the  experiment  of  vibration,  so  that  no  correction  has  to 
be  made  for  induction. 

This  method,  however,  is  extremely  difficult,  owing  to  the 
large  errors  which  would  be  introduced  by  a  slight  displacement 
of  the  deflecting  magnet,  and  as  the  correction  by  revei'sing  the 
deflecting  magnet  is  not  applicable  here,  this  method  is  not 
to  be  followed  except  when  the  object  is  to  determine  the 
coefficient  of  induction. 

The  following  method,  in  which  the  magnet  while  vibrating  is 
freed  from  the  inductive  action  of  terrestrial  magnetism,  is  due 
to  Dr.  J.  P.  Joule*. 

Two  magnets  are  pi*epared  whose  magnetic  moments  are  as 
Dearly  equal  as  possible.  In  the  deflexion  experiments  these 
magnets  are  used  separately,  or  they  may  be  placed  simul- 
taneously on  opposite  sides  of  the  suspended  magnet  to  produce 
a  greater  deflexion.  In  these  experiments  the  inductive  force 
of  terrestrial  magnetism  is  transverse  to  the  axis. 

Let  one  of  these  magnets  be  suspended,  and  let  the  other  be 
placed  parallel  to  it  with  its  centre  exactly  below  that  of  the 
STiapended  magnet,  and  with  its  axis  in  the  same  direction.  The 
force  which  the  fixed  magnet  exerts  on  the  suspended  one  is 
in  the  opposite  direction  from  that  of  terrestrial  magnetism.  K 
the  fixed  magnet  be  gradually  brought  nearer  to  the  suspended 
one  the  time  of  vibration  will  increase,  till  at  a  certain  point 
the  equilibrium  will  cease  to  be  stable,  and  beyond  this  point 
the  suspended  magnet  will  make  oscillations  in  the  reverse 
poaition.  By  experimenting  in  this  way  a  position  of  the 
fixed  magnet  is  found  at  which  it  exactly  neutralizes  the  efl*ect 
of  terrestrial  magnetism  on  the  suspended  one.  The  two 
magnets  are  fastened  together  so  as  to  be  paraUel,  with  their 
axes  turned  the  same  way,  and  at  the  distance  just  found  by 

*  Proe.  Phil.  8.,  Manchtiter,  March  19,  1867. 
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ezperimenL    They  are  then  Buapendwl  in  the  uioal  wvf  uid 
made  to  vibrate  together  through  vmall  area. 

Thi>  lower  magnet  exactly  neutralicaa  the  efleot  of  terreatfial 
magnetum  od  the  uppur  one.  and  siaoe  the  magneta  are  of  equal 
moment,  the  upper  one  neutnilizea  the  inductive  action  of  the 
earth  on  the  lower  one. 

The  value  of  Jf  is  therefore  the  same  in  the  eiperiment  of 
vibration  as  in  the  experiment  of  deflexion,  and  no  correction  for 
induction  is  requirt'd. 

458.]  The  mod  accurate  method  of  ascertaining  the  intensity 
of  the  horizontal  magnetic  force  is  that  which  we  have  jort 
described.  The  whole  aeries  of  experiments,  however,  cannot  b« 
performed  with  sufficient  accuracy  in  much  lest  than  an  boor,  so 
that  any  changes  in  the  intensity  which  take  place  in  periods  of 
a  fvw  miuuttfs  would  escape  observation.  Henee  a  diflerrat 
method  is  nquiretl  for  observing  the  intensity  of  the  magnetic 
force  at  any  instant. 

The  statical  method  consistti  in  deflecting  the  magnet  by  meaDii 
of  a  statical  couple  acting  in  a  horitontal  pUne.  If  L  be  the 
moment  of  this  couple.  .If  tho  magnetic  moment  of  the  magnec. 
//  the  horizontal  conipunt'ot  of  terrentrial  magnetism,  and  tf  the 
deflexion,  Mil  sin  6=  L. 

Hence,  if  /.  is  known  in  terms  of  6,  Mil  can  be  found. 

The  couple  L  may  be  gf.-nerateil  in  two  ways,  by  the  toniooal 
elanticity  of  a  wire,  an  in  the  onlinar^-  toraion  balance,  or  by  the 
wviglit  uf  Uie  ftuBi>ende<)  apparatus,  as  in  the  bifilar  suspenaion. 

In  (he  toraiun  balance  the  m.-ignet  is  fastened  to  the  end  of  a 
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By  obseryisg  ^,  the  deflexion  of  the  magnet  when  in  equili- 
brium, we  can  calculate  MH  provided  we  know  r. 

If  we  only  wish  to  know  the  relative  value  of  H  at  different 
times  it  is  not  necessary  to  know  either  M  or  r. 

We  may  easily  determine  r  in  absolute  measure  by  suspending 
a  non-magnetic  body  from  the  same  wire  and  observing  its  time 
of  oscillation,  then  if  A  is  the  moment  of  inertia  of  this  body, 
and  T  tiie  time  of  a  complete  vibration, 

The  chief  objection  to  the  use  of  the  torsion  balance  is  that 
the  zero-reading  o^  is  liable  to  change.  Under  the  constant 
twisting  force,  arising  from  the  tendency  of  the  magnet  to  turn 
to  the  north,  the  wire  gradually  acquires  a  permanent  twist,  so 
that  it  becomes  necessary  to  detenniQe  the  zero-reading  of  the 
torsion  circle  afresh  at  short  intervals  of  time. 

BiJUar  Suspension. 

459.]  The  method  of  suspending  the  magnet  by  two  wires  or 
fibres  was  introduced  by  Gauss  and  Weber.  As  the  bifilar 
BQspension  is  used  in  many  electrical  instruments,  we  shall 
investigate  it  more  in  detail.  The  general  appearance  of  the 
suspension  is  shewn  in  Fig.  16,  and  Fig.  17  represents  the  pro- 
jection of  the  wires  on  a  horizontal  plane. 

AB  and  A^R  are  the  projections  of  the  two  wires. 

AA'  and  BB^  are  the  lines  joining  the  upper  and  the  lower 
ends  of  the  wires. 

a  and  b  are  the  lengths  of  the  lines  A  A'  and  BB^, 

a  and  /3  their  azimuths. 

W  and  W  the  vertical   components  of  the  tensions  of  the 

wires. 

Q  and  Q^  their  horizontal  components. 

h  the  vertical  distance  between  AA'  and  BB^. 

The  forces  which  act  on  the  magnet  are — its  weight,  the 
^uple  arising  from  terrestrial  magnetism,  the  torsion  (if  any) 
of  the  wires  and  their  tensions.  Of  these  the  effects  of  mag- 
netism and  of  toraion  are  of  the  nature  of  couples.  Hence  the 
resultant  of  the  tensions  must  consist  of  a  vertical  force,  equal 
to  the  weight  of  the  magnet,  together  with  a  couple.  The 
resultant  of  the  vertical  components  of  the  tensions  is  therefore 

I  % 
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ftknig  the  line  whoM  projection  is  0,  the  interaeetion  of  AA'  ftad 
BS,  uid  either  of  thew  lioee  in  divided  in  0  la  the  ratio  of  H* 
tor. 

The  bonzontal  eomponenta  of  the  teniioiiB  form  ft  ooaple,  maA 
u«  therefore  equal  in  magnitiide  aod  puvUel  in  dinetioB. 
Cftlling  either  of  them  Q,  the  moment  of  the  ootiple  whidt  the; 
formu  L  =  Q.PP',  (1) 

where  PP"  is  the  distance  between  the  pumllel  line*  AB  utd 
A'B'. 

To  find  the  value  of  L  we  have  the  equations  of  moments 

Qh  =  W.AB=  W.A'B',  (tl 

and  the  geometrical  equation 

(AB  +  A'B^PP'=ab%m(a~p).  (Si 

whence  we  obtain. 

If  m  is  the  masa  of  the  suspended  apparatus,  and  g  the  intcn- 

aity  of  gravity,  W+W=mg.  <S) 

If  we  also  write  W-  W  =  nmg.  (•) 

wefind  Z«^{l-n')mji-Bin(«-fl).  (7, 

The  value  of  £  is  therefore  a  maximum  with  reapeet  to  ■ 
when  n  is  aero,  that  is,  when  the  weight  of  the  enapoided  maas 
is  equally  bonie  by  the  two  wtrea. 

We  may  adjust  the  tcnstoos  of  the  wires  to  equality  fay  ob- 
•erving  the  time  of  vibration,  and  making  it  a  minimniB,  or  we 
may  obtain  a  self-acting  adjustment  by  attaching  the  cmls  of 


459.] 


BIFILAB  SUSPENSION, 


117 


The  wires  ought  to  be  without  torsion  when  a  =  )8,  we  may 
then  make  y  :=  a. 

The  moment  of  the  couple  axising  from  the  horizontal  mag- 
netic force  is  of  the  form 

where  I  is  the  magnetic  declination,  and  $  is  the  azimuth  of  the 


Fig.  16. 


Fig.  17. 


axis  of  the  magnet.  We  shall  avoid  the  introduction  of  un- 
necessary symbols  without  sacrificing  generality  if  we  assume 
that  the  axis  of  the  magnet  is  parallel  to  BB\  or  that  fi  ss  0. 

The  equation  of  motion  then  becomes 

d*e      , .    ,,     ..      lab 


A^f^  =  MH am(b'^e) -h  --T-7nflf8in(a— ^)  +  r(a— ^). 


(8) 
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There  tn  three  prinoipftl  poaitions  of  this  ftppftntna. 

(1)  Whfto  a  u  neu-ly  equal  to  8.    If  7,  is  the  time  of  • 

ootDplet«  oMulUtion  io  this  position,  tinn 

4  m' A       tab  ,,„  ,„, 

-fi-  =-^jmg  +  r  +  itII.  (9> 

(2)  Wbeo  a  is  nearly  eqnal  to  8  +  t.  If  2*,  is  the  time  of  • 
compute  oecilUtion  in  this  position,  the  north  end  of  the  magnet 
Wing  now  turned  towards  the  sooth, 

The  quantity  on  the  right-hand  of  this  equation  may  he  made 
an  small  as  we  please  by  diminishing  a  or  6,  hut  it  must  not  be 
iiiadu  negative,  or  the  equilibrium  of  the  magnet  will  beeome 
unstable.  The  magnot  in  this  position  fomu  an  iDstrnment  by 
which  small  variations  in  the  direction  of  the  magnetic  foree 
may  be  rendered  senaible. 

For  when  tf  —  S  is  nearly  equal  to  v,  sin  (}  —  0)  is  nearly  eqoil 
to  S—h  —  w,  and  we  find 

«  =  «-— j-^2i2 (6  +  .-.).  <||) 

TT-'''.'/  +  T-if// 

By  diminishing  the  di-nominatur  of  the  fraction  in  the  Um 
term  we  may  make  the  variation  of  tf  very  large  compared  with 
that  of  h.  We  should  notice  that  tlie  ooeffioient  of  &  in  tliis 
fxprcssion  is  negative,  so  that  when  the  direction  of  the  mag- 
netic force  turns  in  one  direction  the  magnet  turns  in  the 
tippusite  direction. 
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and  if  IT  is  the  value  of  the  horizontal  force  corresponding  to  a 
small  angle  ^, 

lab 

\       --j^mg  Bin  p  +  Tfi    / 

In  order  that  the  magnet  may  be  in  stable  equilibrium  it  is 
necessary  that  the  numerator  of  the  fraction  in  the  second 
member  should  be  positive,  but  the  more  nearly  it  approaches 
zero,  the  more  sensitive  will  be  the  insti*ument  in  indicating 
changes  in  the  value  of  the  intensity  of  the  horizontal  com- 
ponent of  terrestrial  magnetism. 

The  statical  method  of  estimating  the  intensity  of  the  force 
depends  upon  the  action  of  an  instrument  which  of  itself 
asBumes  different  positions  of  equilibrium  for  different  values  of 
the  force.  Hence,  by  means  of  a  mirror  attached  to  the  magnet 
and  throwing  a  spot  of  light  upon  a  photographic  surface  moved 
by  clock-work,  a  curve  may  be  traced,  from  which  the  intensity 
of  the  force  at  any  instant  may  be  determined  according  to  a 
wale,  which  we  may  for  the  present  consider  an  arbitrary  one. 

460.]  In  an  observatory,  where  a  continuous  system  of  regis- 
tration of  declination  and  intensity  is  kept  up  either  by  eye- 
observation  or  by  the  automatic  photographic  method,  the 
^beolute  values  of  the  declination  and  of  the  intensity,  as  well 
as  the  position  and  moment  of  the  magnetic  axis  of  a  magnet, 
naay  be  determined  to  a  great  degree  of  accuracy* 

For  the  declinometer  gives  the  declination  at  every  instant 
affected  by  a  constant  error,  and  the  bifilar  magnetometer  gives 
the  intensity  at  every  instant  multiplied  by  a  constant  coeffi- 
cient. In  the  experiments  we  substitute  for  6,  b'  +  J^,  where  b' 
'8  the  reading  of  the  declinometer  at  the  given  instant,  and  6^ 
^  the  unknown  but  constant  error,  so  that  i'  +  ^o  ^  ^^®  *^"^ 
declination  at  that  instant. 

In  like  manner  for  By  we  substitute  CH\  where  H^  is  the 
'^ing  of  the  magnetometer  on  its  arbitrary  scale,  and  C  is  an 
oiiknown  but  constant  multiplier  which  converts  these  readings 
iiito  absolute  measure,  so  that  CH'  is  the  horizontal  force  at  a 
given  instant. 

The  experiments  to  determine  the  absolute  values  of  the 
quantities  must  be  conducted  at  a  sufficient  distance  from  the 
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declinometer  and  nuignetoinet«r,  so  that  the  diff«nnt  magnru 
may  out  M-ntiiLty  disturb  each  other.  The  time  of  evfliy  o\met' 
ration  must  be  noted  and  the  correspondiDg  values  of  4'  and  //' 
inserted.  The  equations  are  then  to  be  treated  to  aa  to  find  i., 
the  constant  error  of  the  declinometer,  and  C  the  ooeffieient  to 
be  applied  to  the  reading  of  the  magnetometer,  ^'hen  thne 
are  found  the  readings  of  both  instruments  may  be  expnaaed  in 
absolute  measure.  The  absolute  measureroenta,  bovcTer,  moM 
be  frequently  repeate<l  in  order  to  take  aooount  of  changes 
which  may  occur  in  the  magnetic  axis  and  magnetie  moiDeDt  of 
the  magnets. 

4r>l.]  Tlte  metho<ls  of  determining  the  vertical  eonponeot  of 
the  terrestrial  magnetic  force  have  not  been  brought  to  the 
name  degree  of  precision.  The  vertical  force  most  act  on  a 
magnet  which  turns  about  a  horizontal  axis.  Now  a  body 
which  turns  about  a  horisontal  axis  cannot  be  made  to  sensitive 
to  the  action  of  small  forces  as  a  body  which  is  suspendMl  by  a 
fibre  and  turns  abont  a  vertical  axis.  Besides  this,  the  weight  ot 
a  magnet  is  ao  large  compared  with  the  magnetic  force  exerted 
upon  it  that  a  small  displacement  of  the  centre  of  inertia  by 
unequal  dilaUtion,  Ac.  produces  a  greater  effect  on  the  poaitiwn 
of  the  magnet  than  a  considerable  change  of  the  magnetic  force. 

Bence  the  measurement  of  the  vertical  foroe,  or  the  con- 
parison  of  the  vertical  and  the  horiaontal  forcea,  b  the  leaM 
perfect  part  of  the  system  of  magnetic  measurementa. 

The  vertical  part  of  the  magnetic  force  is  generally  deduced 
from  the  horizontiU  force  by  determining  the  direetioo  of  tb* 
total  force. 
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* 

When  the  axis  is  placed  magnetic  east  and  west,  the  needle 
is  free  to  rotate  in  the  plane  of  the  magneticr  meridian,  and  if 
the  iDstmment  is  in  perfect  adjustment,  the  magnetic  axis  will 
flet  itself  in  the  direction  of  the  total  magnetic  force. 

It  ia,  however,  practically  impossible  to  adjust  a  dip-needle  so 
that  its  weight  does  not  influence  its  position  of  equilibrium, 
because  its  centre  of  inertia,  even  if  originally  in  the  line 
joining  the  centres  of  the  rolling  sections  of  the  cylindrical  ends, 
will  cease  to  be  in  this  line  when  the  needle  is  imperceptibly  bent 
or  unequally  expanded.  Besides,  the  determination  of  the  true 
centre  of  inertia  of  a  magnet  is  a  very  difficult  operation,  owing 
to  the  interference  of  the  magnetic  force  with  that  of  gravity. 

Let  us  suppose  one  end  of  the  needle  and  one  end  of  the 
pivot  to  be  marked.  Let  a  line,  real  or  imaginary,  be  drawn  on 
the  needle,  which  we  shall  call  the  Line  of  Collimation.  The 
position  of  this  line  is  read  off  on  a  vertical  circle.  Let  6  be  the 
Angle  which  this  line  makes  with  the  radius  to  zero,  which  we 
shall  suppose  to  be  horizontal.  Let  A  be  the  angle  which  the 
niagnetic  axis  makes  with  the  line  of  collimation,  so  that  when 
the  needle  is  in  this  position  the  magnetic  axis  is  inclined  6  +  \ 
to  the  horizontal. 

Let  j9  be  the  perpendicular  from  the  centre  of  inertia  on  the 
plane  on  which  the  axis  rolls,  then  p  will  be  a  function  of  6, 
whatever  be  the  shape  of  the  rolling  surfaces.  If  both  the 
rolling  sections  of  the  ends  of  the  axis  are  circular  we  have  an 
equation  of  the  form, 

p  =  c  — a8in(^  +  a),  (l) 

where  a  is  the  distance  of  the  centre  of  inertia  from  the  line 
joming  the  centres  of  the  rolling  sections,  and  a  is  the  angle 
which  this  line  makes  with  the  line  of  coUimation. 

If  if  is  the  magnetic  moment,  7n  the  mass  of  the  magnet,  and 
9  the  force  of  gravity.  /  the  total  magnetic  force,  and  i  the  dip, 
then,  by  the  conservation  of  energy,  when  there  is  stable  equi- 
librium MI  cos  (6 +  \-'i)^7ngp  (2) 
niust  be  a  maximum  with  respect  to  6,  or 

MI  sin  {6 -^  X  —  i)  =  ^mg-^t 

=  mgr a  cos  (^  +  a),  (3) 

if  the  ends  of  the  axis  are  cylindrical. 
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Also,  if  r  be  the  time  of  vibration  kboot  the  poution  of  eqoi- 

where  A  is  the  moment  of  incrti*  of  the  oeedle  about  ibi  tx'u  of 
n>tation,  ftnd  0  is  determined  by  (3). 

In  determining  the  dip  a  nsading  is  taken  with  the  dip-«irele 
in  the  magnetic  meridian  and  with  the  graduation  towards  the 
west. 

Ijet  tf|  I>e  thia  reading,  then  we  have 

JdlMB(0^  +  \--i)=  mffactM($i  +  a.).  (Si 

The  inatniment  is  now  turned  about  a  vertical  axia  throogl) 
I  »0',  BO  that  the  graduation  is  to  the  oaet,  and  if  0,  ia  the  new 
reading.  j//  ein  (fl,  +  A  -  »  +  .)  =  mga  coa  (fl,  +  o).  (6) 

Taking  (6)  from  (5),  and  remembering  that  #,  i»  nearly  «}ua1 
to  I,  and  0j  nearly  e<)ual  to  t—  1,  and  that  A  is  a  small  angle, 
Huch  that  viyaX  may  be  neglected  in  comparison  with  311, 

Jf/{tf,-tf,  +  »-2j)  =  amjiicoeicoea.  {7\ 

Now  take  the  magnet  from  its  bearings  and  place  it  in  the 
derieiion  apparatus.  Art.  453,  so  as  to  indicate  ita  own  magnetic 
moment  by  the  deflexion  of  a  suspende<l  magnet,  then 

lI=kr'}ID.  («) 

where  D  is  the  tangent  of  the  deflexion. 

Next,  reverse  the  magnetism  of  the  needle  and  detenoine  ita 
new  mafrnetic  moment  .V,  by  observing  a  new  deflexion  the 
tangent  of  which  is  //,  then  the  distance  being  the  same  aa  befora. 
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whence  we  find  the  dip 

*-  2D  +  2D' '  ^^^^ 

where  D  and  1/  are  the  tangents  of  the  deflexions  produced 
hy  the  needle  in  its  first  and  second  magnetizations  respectively. 

In  taking  observations  with  the  dip-circle  the  vertical  axis 
is  carefully  adjusted  so  that  the  plane  bearings  upon  which  the 
axis  of  the  magnet  rests  are  horizontal  in  every  azimuth.  The 
magnet  being  magnetized  so  that  the  end  A  dips,  is  placed  with 
its  axis  on  the  plane  bearings,  and  observations  are  taken  with 
the  plane  of  the  circle  in  the  magnetic  meridian,  and  with 
the  graduated  side  of  the  circle  east.  Each  end  of  the  magnet 
is  observed  by  means  of  reading  microscopes  carried  on  an  arm 
w^hich  moves  concentric  with  the  dip-circle.  The  cross-wires 
of  the  microscope  are  made  to  coincide  with  the  image  of  a 
mark  on  the  magnet,  and  the  position  of  the  arm  is  then  read 
off  on  the  dip-circle  by  means  of  a  vernier. 

We  thus  obtain  an  observation  of  the  end  A  and  another 
of  the  end  B  when  the  graduations  are  east.  It  is  necessary 
to  observe  both  ends  in  order  to  eliminate  any  error  arising 
from  the  axle  of  the  magnet  not  being  concentric  with  the  dip- 
circle. 

The  graduated  side  is  then  turned  west,  and  two  more  ob- 
servations are  made. 

The  magnet  is  then  turned  round  so  that  the  ends  of  the  axle 
are  reversed,  and  four  more  observations  are  made  looking  at 
the  other  side  of  the  maomet. 

The  magnetization  of  the  magnet  is  then  reveraed  so  that  the 
end  B  dips,  the  magnetic  moment  is  ascertained,  and  eight 
observations  are  taken  in  this  state,  and  the  sixteen  observations 
combined  to  determine  the  true  dip. 

462.]  It  is  found  that  in  spite  of  the  utmost  care  the  dip, 
as  thus  deduced  from  observations  made  with  one  dip-circle, 
differs  perceptibly  from  that  deduced  from  observations  with 
another  dip-circle  at  the  same  place.  Mr.  Broun  has  pointed 
out  the  effect  due  to  ellipticity  of  the  bearings  of  the  axle, 
and  how  to  correct  it  by  taking  observations  with  the  magnet 
magnetized  to  different  strengths. 

The  principle  of  this  method  may  be  stated  thus.  We  shall 
suppose  that  the  error  of  any   one  observation  is    a    small 
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()UKtitity  not  exceeding  a  degree.  We  shall  also  uppoN  that 
Home  unknowu  but  regular  force  acts  upon  the  magnet,  dis- 
turbing it  from  its  true  position. 

If  L  in  the  moment  of  this  force,  $„  the  true  dip,  and  4 
the  obser^'ed  dip.  then 

Z,  =  J//Bin{tf-fl,),  OT) 

=  if/(tf-(J„),  U») 

since  ^  — 0g  is  small. 

It  is  evident  that  the  greater  M  becomes  the  nearer  does 
the  needle  approach  its  proper  position.  Now  let  the  operation 
of  taking  the  dip  be  performed  twice,  first  with  the  mj^p>rtiia- 
tion  equal  to  J/, ,  the  greatest  tliat  the  needle  is  capable  of. 
and  next  with  tbv  magnetization  equal  to  ifj,  a  much  smaUrr 
value  liut  sufficient  to  make  the  reatlings  distinct  and  the  error 
Hlill  mtHlerate.  I^et  9^  and  6^  he  the  dips  dedaoed  from  theae 
two  M'te  of  obser%-atioDs,  and  let  £  be  the  mean  value  of  tb« 
unknown  disturbing  force  for  the  eight  positions  of  each  de- 
termination, which  we  shall  suppose  the  same  for  both  deter- 
minationti.    Then 

Hence        e,  =  ^^^^',        i^m,M,1^^^-       (10) 

If  we  iind  tliat  several  experiments  give  nearly  equal  ▼aluca 
fur  L,  thvn  we  may  consider  that  0,  mast  be  very  nearly  the 
true  value  uf  the  dip. 

463.]  Dr.  Joule  has  recently  oonstnietad  a  new  dip-eintle,  in 
which  the  axis  uf  the  needle,  instead  of  rolling  on  boriaontal 
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In  order  that  the  needle  may  be  in  neutral  equilibrium  as 
the  needle  rolls  on  the  filaments  the  centre  of  gravity  must 
neither  rise  nor  falL  Hence  the  distance  OC  must  remain 
eonstant  as  the  needle  rolls.  This  condition  will  be  fulfilled 
if  the  arms  of  the  balance  OP  and  OQ  are  equal,  and  if  the 
filaments  are  at  right  angles  to  the  arms. 

Dn  Joule  finds  that  the  needle  should  not  be  more  than  five 
inches  long.  When  it  is  eight  inches  long,  the  bending  of  the 
needle  tends  to  diminish  the 
apparent  dip  by  a  fraction  of 
a  minute.  The  axis  of  the 
needle  was  originally  of  steel 
wire,  straightened  by  being 
brought  to  a  red  heat  while 
stretched  by  a  weight,  but 
Dr.  Joule  found  that  with 
the  new  suspension  it  is 
not  necessary  to  use  steel 
wire,  for  platinum  and  even 
standard  gold  are  hard 
enough. 

The  balance  is  attached  to 
a  wire  O'O' about  a  foot  long 
stretched  horizontally  be- 
tween the  prongs  of  a  fork. 
This  fork  is  turned  round  in 
azimuth  by  means  of  a  circle 
at  the  top  of  a  tripod  which 
supports  the  whole.  Six 
complete  observations  of  the 
dip  can  be  obtained  in  one 
hour,  and  the  average  error 
of  a  single  observation  is  a 
fraction  of  a  minute  of  arc 

It  is  proposed  that  the  dip-needle  in  the  Cambridge  Physical 
Laboratory  shall  be  observed  by  means  of  a  double  image 
instrument,  consisting  of  two  totally  reflecting  prisms  placed 
as  in  Fig.  19  and  mounted  on  a  vertical  graduated  circle,  so 
that  the  plane  of  reflexion  may  be  turned  round  a  horizontal 
axis  nearly  coinciding  with  the  prolongation  of  the  axis  of 


Fig.  18. 
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ihi'  Hunpcndcd  <lip>noetlle.  The  needle  w  viewed  hj  mew  vf  * 
tel(i)co{>«  plocfd  behind  the  prisms,  and  the  two  ends  of  Um 
needle  are  eeen  together  u  in  Fig.  20.  By  turning  the  priama 
about  the  axia  of  the  vertical  circle,  the  images  of  two  linra 


Fiff.  ». 


Ftg.  ». 


drawn  on  the  needle  may  be  made  U>  coincide.      The  i 

uf  the  needle  is  thus  determined  from  the  reading  of  the  Tertteal 

circle. 

The  total  intensity  /  of  the  magnetio  force  in  the  line  of  dip 
may  be  deduced  as  follows  from  the  times  of  vibration  7",,  7*,,  7*,. 
7*,  in  the  four  positions  already  described, 

~  2jf +2jf'(7','  "*■  r,'  *  37  "^  I7'r 

The  valupH  of  31  and  if  must  be  found  by  the  tnathod  of 
deflfxion  and  vibration  formerly  described,  and  A  is  the  moment 
of  inertia  uf  the  magnet  about  its  axle. 


464*]  VERTICAL   FORCE.  127 

magnetic  moment,  and  $  the  small  angle  which  the  magnetic 
axis  makes  with  the  horizon, 

MZcobO  =  mgra  cos  (a— ^), 

where  m  is  the  mass  of  the  magnet,  g  the  force  of  gravity,  a  the 
distance  of  the  centre  of  gravity  from  the  axis  of  suspension, 
and  a  the  angle  which  the  plane  through  the  axis  and  the 
centre  of  gravity  makes  with  the  magnetic  axis. 

Hence,  for  the  small  variation  of  vertical  force  bZ,  there  will 
be  since  0  is  very  small  a  variation  of  the  angular  position  of 
the  magnet  b$  such  that 

MbZss  mga&m{a—e)b$. 

In  practice  this  instrument  is  not  used  to  determine  the 
absolute  value  of  the  vertical  force,  but  only  to  register  its 
small  variations. 

For  this  purpose  it  is  sufficient  to  know  the  absolute  value 

of  Z  when  ^  =  0,  and  the  value  of  -r^  • 

The  value  of  Z,  when  the  horizontal  force  and  the  dip  are 
known,  is  found  from  the  equation  Z  =  //"tan^^,  where  0q  is 
the  dip  and  H  the  horizontal  force. 

To  find  the  deflexion  due  to  a  given  variation  of  Z,  take  a 
magnet  and  place  it  with  its  axis  east  and  west,  and  with  its 
centre  at  a  knovm  distance  r^  east  or  west  from  the  declinometer, 
as  in  experiments  on  deflexion,  and  let  the  tangent  of  deflexion 
heDy 

Then  place  it  with  its  axis  vertical  and  with  its  centre  at 
a  distance  r^  above  or  below  the  centre  of  the  vertical  force 
magnetometer,  and  let  the  tangent  of  the  deflexion  produced 
in  the  magnetometer  be  D^.  Then,  if  the  moment  of  the 
deflecting  magnet  is  AT, 

dZ  r  ^D 

Hence  -j^^^-\t\' 

ad  ^2^2 

The  actual  value  of  the  vertical  force  at  any  instant  is 

where  Zq  is  the  value  of  Z  when  ^  =  0. 

For  continuous  observations  of  the  variations  of  magnetic 
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force  «t  a  fixed  observatory  the  Unifilar  DeeUooineler.  th* 
Bifilu-  HorizoDtal  Force  Magnetometer,  and  the  Balaiwe  Vcf* 
tical  Force  Magm>tometer  are  the  most  eoDvenivnt  ioatramento. 

At  eevcnl  otiHervatorios  photographic  traces  an  now  pro- 
duced on  prepared  paper  moved  by  clock-work,  ao  that  a 
eoDtinuous  record  of  the  indications  of  the  three  inatniroenu 
at  every  inHtant  is  formed.  These  tr»ccs  indicate  the  variatiun 
of  the  three  rectangular  components  of  the  force  from  tbeir 
standard  values.  The  d«>clinometcr  gives  the  force  tovrartls 
mean  magnetic  west,  the  bililar  magnetometer  gives  the  varia- 
tion of  the  force  towarda  magnetic  north,  and  the  fa«lancr 
magnetometer  gives  the  variation  of  the  vertical  force.  The 
standard  values  of  these  furciit.  or  tlicir  values  when  thear 
instruments  indicate  their  sevei-al  zeros,  are  deduced  by  frv- 
quent  observations  of  tho  absolute  declination,  horitonta)  fortr. 
and  dip. 


CHAPTER  VIII. 


ON   TERRESTRIAL   MAGNETISM. 


465.]  OuB  knowledge  of  Terrestrial  Magnetism  is  derived 
from  the  study  of  the  distribution  of  magnetic  force  on  the 
earth's  surface  at  any  one  time,  and  of  the  changes  in  that 
^listribution  at  different  times. 

The  magnetic  force  at  any  one  place  and  time  is  known  when 
its  three  coordinates  are  known.  These  coordinates  may  be 
given  in  the  form  of  the  declination  or  azimuth  of  the  force, 
the  dip  or  inclination  to  the  horizon,  and  the  total  intensity. 

The  most  convenient  method,  however,  for  investigating  the 
general  distribution  of  magnetic  force  on  the  earth's  surface 
^  to  consider  the  magnitudes  of  the  three  components  of  the 
force, 

X  =  If  cos  6,  directed  due  north, 

F  =  If  sin  6,  directed  due  west,  \  (1) 

Z  =  if  tan  d,  directed  vertically  downwards, 
'^"^re  H  denotes  the  horizontal  force,  h  the  declination,  and  6 
^^^  dip. 

^f  V  is  the  magnetic  potential  at  the  eaith's  surface,  and  if 
^'^  Consider  the  earth  a  sphere  of  radius  a,  then 

X^^l^^         7= L_^J,         Z=  —  .  (2) 

adl   '  a  COB  I  dK^  dr  ' 

^^Qre  I   is  the   latitude,  A  the  longitude,  and  r  the  distance 
^tii  the  centre  of  the  earth. 

A  knowledge  of  V  over  the  surface  of  the  earth  may  be 
^^^tained  from  the  observations  of  horizontal  force  alone  as 
follows. 

Let  T^  be  the  value  of  V  at  the  true  north  pole,  then,  taking 
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the  linvintegiml  alon;;  uiy  meridiut,  m  find, 

for  tbfl  valae  of  the  potontUl  oo  th«t  meriduD  at  kUtude  /. 

Thus  the  potential  mmy  be  found  for  uty  point  on  the  e«th'a 
•urfaoe  provided  we  know  the  value  of  X,  the  nortberly 
oomponeot  at  every  point,  and  1^,  the  value  of  F  at  the  pole. 

Since  the  foroett  depend  not  on  the  absolute  value  of  V  bat 
on  ita  derivatives,  it  w  not  necessary  to  fix  any  partioular  value 
fori;. 

The  value  of  V  at  any  point  may  be  asoertaioed  if  we  know 
the  value  of  X  along  any  given  meridian,  and  also  Utat  of  Y 
over  the  whole  aortaoe. 

Let  V^=-af'xdl+V^,  (♦) 

where  the  integration  is  performed  along  the  given  meridian 
fn)iii  the  pole  to  the  parallel  I,  then 

V=V,-arreMtdk,  (5> 

where  the  intc^^ration  is  performed  along  the  parallel  t  from  tb« 
given  meridian  A,  to  the  required  point. 

These  methods  imply  that  a  complete  magnetic  sarrey  of  tb« 
earth's  surface  has  been  made,  so  that  the  valuea  of  X  M'  of  }' 
or  of  both  are  known  for  every  point  of  tbe  earth*!  torfaee  at  a 
given  epoch.  What  we  actually  know  are  the  magnetic  com- 
ponenbi  at  a  certain  number  of  stations.  In  the  civilised  paru 
of  the  earth  these  stations  are  comparatively  numerous ;  in  other 
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whence  X  =  A^  +  B^l-^  B^K  (7) 

FcosZ  =  A^-^B^l  +  B^X.  (8) 

Let  there  he  n  stations  whose  latitudes  are  /i,  ^2*  •••  ^'  ^^^ 
longtitudes  A^,  Xj,  &c.,  and  let  X  and  Y  be  found  for  each  station. 

Let  «o=^2(Z),    andAo=l2(X),  (9) 

Iq  and  Aq  may  he  called  the  latitude  and  longitude  of  the  central 
station.    Let 

-ro  =  i2(Z),     and     FoCosZo  =  ~2(FcosZ),  (10) 

then  Xq  and  Tq  are  the  values  of  X  and  T  at  the  imaginary 
central  station,  then 

X  =  Xo  +  5,(Z-g  +  52(^-U  00 

rcosZ=  IJ  cos  Zo  +  5jj(Z-Zo)  + ^3(^-^0)-  (12) 

We  have  n  equations  of  the  form  (11)  and  n  of  the  form 
(12).  If  we  denote  the  probable  error  in  the  determination  of 
X  by  f,  and  in  that  of  F  cos  I  by  r;,  then  we  may  calculate  f  and 
T7  on  the  supposition  that  they  arise  from  errors  of  observation 
of  H  and  d. 

Let  the  probable  error  of  iT  be  A,  and  that  of  b,  A,  then  since 

dX  =  cos  b .  d  H—H  Bin  b .  db, 

^  =  A^  cos*6  +  A^  iP  sm«  b. 

Similarly  i;«  =  h^  sin^ b-^A^  H^  cos*  6. 

If  the  variations  of  X  and  F  from  their  values  as  given 
by  equations  of  the  form  (11)  and  (12)  considerably  exceed  the 
probable  errors  of  observation,  we  may  conclude  that  they  are 
due  to  local  attractions,  and  then  we  have  no  reason  to  give 
the  ratio  of  f  to  r;  any  other  value  than  unity. 

According  to  the  method  of  least  squares  we  multiply  the 
equations  of  the  form  (11)  by  rj,  and  those  of  the  form  (12) 
^y  f  to  make  their  probable  error  the  same.  We  then  multiply 
®wh  equation  by  the  coeflScient  of  one  of  the  unknown  quan- 
tities fij,  5^,  or  -83  and  add  the  results,  thus  obtaining  three 
equations  from  which  to  find  B^,B^,B^,  viz. 

Q.,=  B.,b^  +^363; 
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in  which  we  write  for  coDeiMoeaa, 

ft,  =  2(/»)-«V.     h^=S(U)-iU^,     i,  =  2(A»)-i»V. 

^  =  i{\X)-n\„x„.      Q,  =  s(Ar«>«/)-  i.A,i;c«i/,. 

By  c&lcuUling  A,,  it,,  and  it,,  muI  aabBtituting  in  equatioiu 
(II)  ant]  (12),  we  can  obtain  the  values  of  X  and  Kat  any  point 
within  the  limita  of  the  survey  free  &om  tlie  local  diaturbanee* 
which  are  found  to  exist  where  the  rock  near  the  station  is 
nufjnetio,  as  mo<it  igneous  rocks  are. 

Sur\-eya  of  this  kind  can  bu  made  only  in  eountriea  when 
magoetio  iuatnimenta  can  be  carried  about  and  set  up  in  a  fmat 
many  slationa.  For  other  parts  of  the  world  we  must  be  oontcot 
to  lind  the  distribution  of  the  magnetic  elements  by  intt-rpolation 
between  their  values  at  a  few  stations  at  great  distances  from 
each  other. 

467.]  Let  ut  now  suppose  that  by  prooeasM  of  this  kind, 
or  by  the  equivalent  graphical  prooeae  of  constructing  charts 
of  the  lince  of  equal  values  of  the  magnetic  elements,  the  values 
of  A*  and  Y,  and  thence  of  the  potential  V,  are  known  over  the 
whole  eur&oe  of  the  globe.  Tlie  next  step  is  to  expand  V  in 
tbe  form  of  a  series  of  spherical  surface  harmonics. 

If  the  earth  were  magnetised  uniformly  and  in  the  Mixke 
direction  throughout  its  interior,  V  would  be  a  harmcmie  of 
the  firat  degree,  the  magne6c  meridians  would  be  great  ciicka 
paiwing  through  two  magnetic  poles  diametrically  oppoaite,  tbe 
magnetic  equator  would  bo  a  great  circle,  the  horituntal  forv« 
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on  the  surface  of  the  earth  is  a  maximum  or  minimum,  or  is 
stationary. 

At  any  point  where  the  potential  is  a  minimum  the  north  end 
of  the  dip-needle  points  vertically  downwards,  and  if  a  compass- 
needle  be  placed  anywhere  near  such  a  point,  the  noi-th  end  will 
point  towards  that  point. 

At  points  where  the  potential  is  a  maximum  the  south  end 
of  the  dip-needle  points  downwards,  and  in  the  neighbourhood 
the  south  end  of  the  compass-needle  points  towai-ds  the  point 

If  there  are  p  minima  of  V  on  the  earth's  surface  there  must 
be/)— 1  other  points,  where  the  north  end  of  the  dip-needle 
points  downwards,  but  where  the  compass-needle,  when  carried 
in  a  circle  round  the  point,  instead  of  revolving  so  that  its  north 
end  points  constantly  to  the  centre,  revolves  in  the  opposite 
<lirection,  so  as  to  turn  sometimes  its  north  end  and  sometimes 
its  south  end  towards  the  point. 

If  we  call  the  points  where  the  potential  is  a  minimum  true 

north  poles,  then  these  other  points  may  be  called  false  north 

poles,  because  the  compass-needle  is  not  true  to  them.   If  there 

&re  f  true  north  poles,  there  must  be  />— 1  false  north  poles, 

And  in  like  manner,  if  there  are  q  true  south  poles,  there  must 

^9—1  false  south  poles.     The  number  of  poles  of  the  same 

nune  must  be  odd,  so  that  the  opinion  at  one  time  prevalent, 

that  there  are  two  north  poles  and  two  south  poles,  is  erroneous. 

-According  to  Gauss  there  is  in  fact  only  one  true  north  pole 

A^d  one  true  south  pole  on  the  earth's  surface,  and  therefore 

there  are  no  false  poles.    The  line  joining  these  poles  is  not 

^  diameter  of  the  earth,  and  it  is  not  parallel  to  the  earth's 

'"^etic  axis. 

^9.]  Most  of  the  early  investigators  into  the  nature  of  the 
^'^h's  magnetism  endeavoured  to  express  it  as  the  result  of  the 
*^''oti  of  one  or  more  bar  magnets,  the  positions  of  the  poles  of 
whicli  were  to  be  determined.  Gauss  was  the  first  to  express 
^^6  clistribution  of  the  earth's  magnetism  in  a  perfectly  general 
^*y  by  expanding  its  potential  in  a  series  of  solid  harmonics, 
^^  Ooefficients  of  which  he  determined  for  the  first  four  degrees. 
Ih^fi^  coefficients  are  24  in  number,  3  for  the  first  degree,  5  for 
^^  second,  7  for  the  third,  and  9  for  the  fourth.  All  these 
^rUiB  are  found  necessary  in  order  to  give  a  tolerably  accurate 
^presentation  of  the  actual  state  of  the  earth's  magnetism. 
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Tiijind  u-/uil  I'urt  itf  the  i>brerved  Magndie  Fum  ia  Jtte 
to  Extmuil  and  what  to  Intertud  CVitwea. 

470.]  Let  OS  now  suppose  that  wi»  bmve  obt4UDed  an  exp«n- 
ition  of  thtf  magoetic  puteotUI  of  the  earth  io  apharical  bar- 
loonicB,  ooiuistent  with  the  actual  direetimi  and  tiiat{iiUii<lp 
of  the  horizontal  force  at  eveiy  point  on  the  eaitha  surface, 
then  QauSB  has  shewn  bow  to  determine,  from  tbv  obaerred 
vertical  force,  whether  the  magnetic  forces  aru  doe  to  cauae*. 
Nucb  as  magnetization  or  electric  cuireDts,  within  the  earth's 
surface,  or  whether  any  part  in  directly  due  to  causes  exterior 
to  the  earth's  surface. 

Let  V  be  the  actual  potenUal  expanded  in  a  doable  seriea  uf 
spherical  harmonica. 

K=^,'"+fcc.  +  ^((-)'  + 


+  B,(^)"'  +  to  +  i,(^)"      '+., 


The  first  series  reprcttents  the  part  of  the  potential  due  to 
causes  exterior  to  the  earth,  and  the  second  surieH  repreaeots 
the  part  duo  to  caused  within  the  earth. 

The  observations  of  horizontal  force  give  us  the  sum  of  these 
Hvriea  when  r  =  u.  the  radiuit  of  the  earth.  The  term  of  the 
vr.ler.  w  \:=A,  +  B^. 

The  obaur\'ations  of  vertical  force  give  us 
■IV 
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of  tliiB  mean  valoe  appears  to  be  due  to  causes  external  to  the 
earth. 

471.]  We  do  not  yet  know  enough  of  the  form  of  the  ex- 
pansion of  the  solar  and  lunar  parts  of  the  variations  of  V 
to  determine  by  this  method  whether  any  part  of  these  variations 
arises  from  magnetic  force  acting  from  without.  It  is  certain, 
however,  as  the  calculations  of  MM.  Stoney  and  Chambers  have 
shewn,  that  the  principal  part  of  these  variations  cannot  arise 
from  any  direct  magnetic  action  of  the  sun  or  moon,  supposing 
these  bodies  to  be  magnetic  *. 

472.]  The  principal  changes  in  the  magnetic  force  to  which 
attention  has  been  directed  are  as  follows. 


I.     The  more  ReguLar  Variations. 

(1)  The  Solar  vai-iations,  depending  on  the  hour  of  the  day 
and  the  time  of  the  year. 

(2)  The  Lunar  variations,  depending  on  the  moon's  hour  angle 
and  on  her  other  elements  of  position. 

(3)  These  variations  do  not  repeat  themselves  in  different 
years,  but  seem  to  be  subject  to  a  variation  of  longer  period 
of  about  eleven  years. 

(4)  Besides  this,  there  is  a  secular  alteration  in  the  state  of 
the  earth's  magnetism,  which  has  been  going  on  ever  since 
magnetic  observations  have  been  made,  and  is  producing  changes 
of  the  magnetic  elements  of  far  greater  magnitude  than  any 
of  the  variations  of  small  period. 

IL     The  Disturbances. 

473.]  Besides  the  more  regular  changes,  the  magnetic  elements 
are  subject  to  sudden  disturbances  of  greater  or  less  amount 
It  is  found  that  these  disturbances  are  more  powerful  and 
frequent  at  one  time  than  at  another,  and  that  at  times  of  great 
disturbance  the  laws  of  the  regular  variations  are  masked,  though 

*  Professor  Homitein  of  Pngae  has  discovered  a  periodic  change  in  the  magnetic 
elements,  the  period  of  which  is  26*83  days,  almost  exactly  equal  to  that  of  the 
synodic  revolution  of  the  sun,  as  deduced  firom  the  observation  of  sun-spots  near  his 
equator.  This  method  of  discovering  the  time  of  rotation  of  the  unseen  solid  body  of 
the  sun  by  its  effects  on  the  magnetic  needle  is  the  first  instalment  of  the  repayment 
by  Magnetism  of  its  debt  to  Astronomy.  Anteiger  der  k.  Akad,,  Wien,  June  15^ 
1871.    See  Proo.  B,  S.,  Nov.  16,  1871. 
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Ui«y  am  v«r;  diatinet  *t  times  of  small  distorhwiee.  Heoer 
great  sttentiun  has  been  paid  to  these  dixturbuioea,  and  it 
has  been  found  that  diitturbanocH  of  a  pdriieular  kind  are  morr 
likely  to  occur  at  certain  times  of  the  day,  and  at  eettaiB 
seasons  and  intervals  of  tirae,  though  e«eh  individual  distorb- 
ance  appeare  quit«  im-gular.  Besides  these  more  ordinary 
disturbances,  there  are  occasionally  tines  of  exeesaiTe  di^nrti- 
anee.  in  which  the  magnetism  is  strongly  disturbed  for  a  day 
or  two.  These  are  called  Magnetic  Storms.  IndtTidna)  dW 
turbances  have  been  Mometimes  observed  at  the  same  inatuit 
in  stations  widely  distant, 

Mr.  Airy  has  found  that  a  large  propoition  of  the  distorti- 
ancee  at  Qret'nwich  correspond  with  the  eleetrio  currenu 
collected  by  electrodes  placed  in  the  earth  in  the  aeigfaboorhuod. 
and  are  Huch  as  would  be  directly  produced  in  the  magnet  if 
the  earth-current,  retaining  its  actual  direction,  were  oondncte<l 
through  a  wire  placed  uiHlernmth  the  magnet. 

It  has  l>oen  found  that  there  is  an  epoch  of  maximum  dis- 
turbaneo  every  eleven  yean,  and  that  this  appeara  to  coincide 
with  the  epoch  of  maximum  number  of  spots  in  the  sun. 

474.]  The  field  of  investigation  Into  which  we  are  introduor*! 
by  the  study  of  terrestrial  magnetism  is  as  profound  as  it  i« 
extensive. 

We  know  that  the  son  and  moon  act  on  the  earth's  magnetism. 
It  has  been  proved  that  this  action  cannot  be  ex[»lained  by  sup- 
posbg  these  bodies  magnets.     The  action  is  therefore  indirect. 

In  the  case  of  the  sun  part  of  it  may  be  thermal  action,  but 
in  the  case  of  the  uioon  we  cannot  attribute  it  to  this  ( 
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oar  Bieel  magnets,  these  immeDse  changes  in  so  large  a  body 
foiroe  us  to  conclude  that  we  are  not  yet  acquainted  with  one 
of  the  most  powerful  agents  in  nature,  the  scene  of  whose  ac- 
tivity lies  in  those  inner  depths  of  the  earth,  to  the  knowledge 
of  which  we  have  so  few  means  of  access'*'. 

^  {Balfbnr  Stewart  loggested  that  the  diamal  variations  are  due  to  electric 
earrent  indaoed  In  the  rarified  air  in  the  upper  regiong  of  the  atmosphere  as  it  moves 
acroaa  the  earth*8  lines  of  force.  Schuster,  Fhil.  Tratu,  A,  1889,  p.  467,  by  applying 
6»oas'a  method,  has  lately  shewn  that  the  greater  part  of  theae  disturbances  have 
their  origin  above  the  sur&oe  of  the  earth. } 


PART  IV. 

ELECTRO  MAGNETISM. 
CHAPTER  I. 

KLECTTROVAGNETIC   PORTE. 

47S.]  It  had  been  noticvtl  )iy  many  ditfvrent  obsorvets  that  in 
certain  cason  nuLgnetiain  is  prrxlucol  or  destroyed  in  neMW  l>y 
vlcctric  diachargen  through  tbt>iu  or  near  them,  and  eoDJectora 
of  various  kinds  had  Iiecn  made  as  to  the  relation  between  mag* 
netixm  and  t-K-ctricity,  hut  the  laws  of  thene  phenomena,  and  th^ 
fonn  of  these  relations,  remained  entirely  unknown  till  Hans 
Christian  Orstetl*,  at  a  private  lecture  to  a  few  advanced  sta- 
dents  »t  Copenhagen,  observed  that  a  wir«  ooniieeting  the  end* 
of  a  voltaic  liattery  stfected  a  magnet  in  its  vicinity.  This 
discovery  he   puhlishe<l  in  a  tract  entitled  Kx/ifrimenln  eimt 
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same  luoid  always  pointing  forwards  as  the  magnet  is  moved 
round  the  wire. 

476.]   It  appears  therefore  that  in  the  space  surrounding  a 
wire  transmitting  an  electric  current  a  magnet  is  acted  on  by 
forces  dependent  on  the  position  of  the  wire  and  on  the  strength 
of  the  current.    The  space  in  which  these  forces  act  may  there- 
fore be  considered  as  a  magnetic  field,  and  we  may  study  it  in 
the  same   way  as  we  have  already  studied  the  field  in  the 
neighbourhood  of  ordinary  magnets,  by  tracing  the  course  of 
the  lines  of  magnetic  force,  and  measuring  the   intensity  of 
the  force  at  every  point. 

477,]  Let  us  begin  with  the  case  of  an  indefinitely  long 
straight  wire  carrying  an  electric  current.  If  a  man  were  to 
place  himself  in  imagination  in  the  position  of  the  wire,  so  that 
the  current  should  flow  from  his  head  to  his  feet,  then  a  magnet 
snspeDded  freely  before  him  would  set  itself  so  that  the  end 
which  points  north  would,  under  the  action  of  the  current, 
point  to  his  right  hand. 

The  lines  of  magnetic  force  are  everywhere  at  right  angles  to 
planes  drawn  through  the  wire^  and  are 
therefore  circles  each  in  a  plane  perpen- 
dicular to  the  wire,  which  passes  through 
its  centre.  The  pole  of  a  magnet  which 
points  north,  if  carried  round  one  of  these 
circles  from  left  to  right,  would  experience 
A  force  acting  always  in  the  direction  of 
its  motion.  The  other  pole  of  the  same 
magnet  would  experience  a  force  in  the 
opposite  direction. 

478.]  To  compare  these  forces  let  the 
wire  be  supposed  vertical,  and  the  current 
&  descending  one,  and  let  a  magnet  be 
placed  on  an  apparatus  which  is  free  to 
rotate  about  a  vertical  axis  coinciding 
with  the  wire.  It  is  found  that  under 
these  circumstances  the  current  has  no  effect  in  causing  the 
rotation  of  the  apparatus  as  a  whole  about  itself  as  an  axis. 
Hence  the  action  of  the  vertical  current  on  the  two  poles  of  the 
magnet  is  such  that  the  statical  moments  of  the  two  forces 
about  the  current  as  an  axis  are  equal  and  opposite.     Let  m^ 


Fig.  21. 
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sDd  in.  be  the  ttrenffthB  ot  the  two  polm,  r,  tod  r,  tlt^r  db' 
taocc8  from  the  ucis  of  the  wire,  7,  and  T^  the  intenajtiei  et  the 
uikgnetic  foroe  due  tu  the  eun-ent  At  Uw  two  poles  wpeciiTrijr. 
then  the  force  on  nt,  is  m,7'| ,  *nd  since  it  U  at  right  aiigle*  lo 
the  axia  iU  moment  ia  >",7'ii',.  i^Umilarly  that  of  tbe  ftnve  on 
the  other  pole  ia  m^T^r^,  and  since  there  is  no  motion  obMrred, 
v^^T^r,-^mJ'^rJ  =  0. 

Itiit  we  knuw  tliat  in  all  tna^cti 

m,  +  Ml,  =  0. 

Henee  y^r,  =  T^r^, 

or  the  electromagnetic  force  due  to  a  stnugfat  current  of  infiaitv 
length  in  perpendicular  to  the  current,  and  varies  invuvely  as  the 
diHtancL-  from  it 

479.]  Since  the  product  Tr  depends  <m  the  strength  of  the 
current  it  may  be  employeil  as  a  measure  of  the  current.  This 
method  of  measurement  is  different  from  that  foattded  opMt 
electroutatic  phenomena,  and  as  it  depends  on  th«  naunetie 
I^enomena  produced  by  electric  currents  it  is  called  the  Elee- 
trouagnetic  system  of  measurement.  In  the  eleotrom^iHiie 
Hysti'm  if  I  is  the  current,      ff.  _  2i. 

480.]  If  the  wire  be  taken  for  the  axis  of:,  then  the  rectangular 
componenta  of  T  are 


Here  Xtlx  t  I'tfy  +  Zdz  is  a  complete  differential,  being  that  ot 
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of  Uu8  expenditure  were  accurately  known,  it  might  be  suspected 
HkBA,  part  of  the  energy  of  the  battery  was  employed  in  caus- 
ing w<^k  to  be  done  on  a  magnet  moving  in  a  cycle.    In  feu^t, 
if  a  magnetic  pole,  m,  moves  round  a  closed  curve  which  em- 
braces the  wire,  work  is  actually  done  to  the  amount  of  4irmi. 
It  is  only  for  dosed  paths  which  do  not  embrace  the  wire  that 
the  line-integral  of  the  force  vanishes.      We  must  therefore  for 
the  present  consider  the  law  of  force  and  the  existence  of  a 
potential  as  resting  on  the  evidence  of  the  experiment  already 
deeeribed. 

481.]  If  we  consider  the  space  surrounding  an  infinite  straight 
line  we  shall  see  that  it  is  a  cyclic  space^  because  it  returns  into 
itoelf.  If  we  now  conceive  a  plane^  or  any  other  surface,  com- 
mencing at  the  straight  line  and  extending  on  one  side  of  it 
to  infinity,  this  surface  may  be  regarded  as  a  diaphragm  which 
reduces  the  cyclic  space  to  an  acyclic  one.  If  from  any  fixed 
point  lines  be  drawn  to  any  other  point  without  cutting  the 
diaphragm,  and  the  potential  be  defined  as  the  line -integral  of 
the  force  taken  along  one  of  these  lines,  the  potential  at  any 
point  will  then  have  a  single  definite  value. 

The  magnetic  field  is  now  identical  in  all  respects  with  that 
doe  to  a  magnetic  shell  coinciding  with  this  surface,  the  strength 
of  the  shell  being  i.  This  shell  is  bounded  on  one  edge  by  the 
infinite  straight  line.  The  other  parts  of  its  boundary  are  at  an 
infinite  distance  from  the  part  of  the  field  under  consideration. 

482.]  In  all  actual  experiments  the  current  forms  a  closed 
cinmit  of  finite  dimensions.  We  shall  therefore  compare  the 
niAgnetic  action  of  a  finite  circuit  with  that  of  a  magnetic  shell  of 
which  the  circuit  is  the  bounding  edge. 

It  has  been  shewn  by  numerous  experiments,  of  which  the 
earliest  are  those  of  Ampere,  and  the  most  accurate  those  of 
Weber,  that  the  magnetic  action  of  a  small  plane  circuit  at 
distances  which  are  great  compared  with  the  dimensions  of  the 
^^^'^it  is  the  same  as  that  of  a  magnet  whose  axis  is  normal 
^  the  plane  of  the  circuit,  and  whose  magnetic  moment  is 
^ual  to  the  area  of  the  circuit  multiplied  by  the  strength  of 
the  current*. 

(Ampere,  TIUoHe  da  pkinomimss  dUctrodynamiques,  1826 ;  Weber,  EUklrody- 
^^Uekt  Maashettimmungen  {Abhandlungen  der  kdniglich  Scicka,  GtMlUchuft  zu 
^Ptigy  1850-1852.) } 
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IT  the  circuit  be  loppoeed  to  be  filled  np  by  •  wattmot  boonded 
by  tlio  circuit  and  thus  forming  a  diaphrm^m,  and  if  a  raagnetie 
Bbetl  of  Htreogth  t  ooineiding  with  this  snrfaoe  be  aubBtitated  for 
the  eleoiric  euTTent,  then  the  magnetic  action  of  the  abell  oo  til 
distant  points  will  be  identical  with  that  of  the  oanrent 

483.]  Hitherto  we  have  supposed  the  dimenaioDa  of  the  eireait 
to  be  small  oomp«red  with  the  distance  of  any  part  of  it  from 
the  part  of  the  field  examined.  We  shall  now  suppose  the  eirenit 
to  be  of  any  form  and  size  whatever,  and  examine  ita  aetton  •! 
any  point  P  not  in  the  conducting  wir»  itaelf.  Tbe  following 
method,  which  haa  important  geometrical  applieations,  wma  in- 
troduced by  Ampire  for  this  purpose. 

Conceive  any  surfaee  S  bounded  by  the  eireait  and  not  passing 
through  the  point  P.  On  this  surface  draw  two  series  of  Unas 
crossing  each  other  so  as  to  divide  it  into  elementary  portions, 
the  dimensions  of  which  are  small  compared  with  their  ***■*»**— 
from  P,  and  with  the  radii  of  curvature  of  the  surface. 

Round  each  of  these  elements  conceive  a  current  of  straigtli 
i  to  flow,  tbe  direction  of  circulation  being  the  same  in  all  the 
eleniL-nta  as  it  is  in  the  original  circuit 

Along  every  line  forming  the  division  between  two  eontagaoos 
elemeot«  two  equal  currents  of  strvngth  >  fiow  in  oi^msite  diree- 
tions. 

The  effect  of  two  equal  and  opponite  currents  in  the  same  place 
IK  atiAolutely  zero,  in  whatever  aspect  we  consider  the  eamnta. 
Hence  their  magnetic  effect  is  zero.  Tlie  only  portions  of  the 
olementAf}'  circuits  which  are  not  neutralized  in  this  way  are 
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It  is  manifest  that  the  action  of  the  circuit  is  independent 
of  the  form  of  the  surface  S,  which  was  di*awn  in  a  perfectly 
arbitrary  manner  so  as  to  fill  it  up.  We  see  from  this  that  the 
action  of  a  magnetic  shell  depends  only  on  the  form  of  its  edge 
and  not  on  the  form  of  the  shell  itself.  This  result  we  obtained 
before,  in  Art.  410,  but  it  is  instructive  to  see  how  it  may  be 
deduced  from  electromagnetic  considerations. 

The  magnetic  force  due  to  the  circuit  at  any  point  is  therefore 
identical  in  magnitude  and  direction  with  that  due  to  a  magnetic 
shell  bounded  by  the  circuit  and  not  passing  through  the  point, 
the  strength  of  the  shell  being  numerically  equal  to  that  of  the 
current.  The  direction  of  the  current  in  the  circuit  is  related  to 
the  direction  of  magnetization  of  the  shell,  so  that  if  a  man  were 
to  stand  with  his  feet  on  that  side  of  the  shell  which  we  call  the 
positive  side,  and  which  tends  to  point  to  the  north,  the  current 
in  front  of  him  would  be  from  right  to  left. 

485.]  The  magnetic  potential  of  the  circuit,  however,  diflTers 
from  that  of  the  magnetic  shell  for  those  points  which  are  in  the 
substance  of  the  magnetic  shell. 

If  0)  is  the  solid  angle  subtended  at  the  point  P  by  the  mag- 
netic shell,  reckoned  positive  when  the  positive  or  austral  side 
of  the  shell  is  next  to  P,  then  the  magnetic  potential  at  any 
point  not  in  the  shell  itself  is  a><^,  where  <^  is  the  strength  of  the 
shell.  At  any  point  in  the  substance  of  the  shell  itself  we  may 
suppose  the  shell  divided  into  two  parts  whose  strengths  are 
^j  and  <^2>  where  <f>^  +  (l>^  =  <^,  such  that  the  point  is  on  the 
positive  side  of  <^i  and  on  the  negative  side  of  </>2.     The  potential 

at  this  point  is  / ,       ^  \     .    . 

a)(0j  +  <pj;  — 47102. 

On  the  negative  side  of  the  shell  the  potential  becomes 
<^(a>— 47r).  In  this  case  therefore  the  potential  is  continuous, 
and  at  every  point  has  a  single  determinate  value.  In  the  case 
of  the  electric  circuit,  on  the  other  hand,  the  magnetic  potential 
at  every  point  not  in  the  conducting  wire  itself  is  equal  to  io), 
where  i  is  the  strength  of  the  current,  and  a>  is  the  solid  angle 
subtended  by  a  circuit  at  the  point,  and  is  reckoned  positive 
when  the  current,  as  seen  from  P,  circulates  in  the  direction 
opposite  to  that  of  the  hands  of  a  watch. 

The  quantity  toi.is  a  function  having  an  infinite  series  of  values 
whose  common  difierence  is  4iri.    The  differential  coefficients  of 
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i«  with  mpect  to  the  coordioatM  ha,ve.  however,  tingle  aad  de- 
terminate values  for  every  pc»nt  of  spaee'. 

486.]  If  a  long  thin  flexible  eolenoidal  magnet  were  placed  in 
the  neighbourhood  of  an  electric  circuit,  the  north  and  math 
ends  of  the  solenoid  would  tend  to  move  in  opposite  diieetioM 
round  the  wire,  and  if  they  were  free  to  obey  the  magnetic  forae 
the  magnet  would  finally  become  wound  round  the  wire  is  a 
cloned  coil.  If  it  were  potuible  to  obtain  a  magnet  having  ooly 
one  pole,  or  poles  of  unequal  Btrength.  auch  a  magnet  woald  be 
moved  round  and  round  the  wire  continually  in  one  direction, 
but  mince  the  pole*  of  every  magnet  are  equal  and  opposite,  this 
result  oan  never  occur.  Faraday,  however,  has  shewn  bow  to 
prodnoe  the  continuous  rotation  of  one  pole  of  a  magnet  roaaA 
an  electric  current  by  making  it  posiuble  for  one  pole  to  go  roand 
and  round  the  current  while  ttio  other  pole  does  not  That  this 
process  may  be  repeated  indefinitely,  the  body  of  the  magnei 
must  be  transferred  from  one  side  of  the  ourrait  to  the  other 
ODC«  in  each  revolution.  To  do  this  without  interrupting  the 
flow  of  electricity,  the  current  is  split  into  two  braoches.  so  that 
when  one  branch  is  opened  to  let  the  maj^et  pass  the  corrent 
continues  to  flow  through  the  other.  Faraday  used  Gar  this 
purpose  a  circular  trough  of  mercury,  an  shewn  in  Fig.  2S. 
Art.  191.  The  current  enters  the  trough  through  the  wire  AB, 
it  is  divided  at  B,  and  after  flowing  tlirougb  the  ares  B(JP  and 
UUP  it  unites  at  P.  and  leaves  the  trough  through  the  wire  PO, 
the  cup  of  mcrcurj'  0,  and  a  vertical  wire  beneath  0,  down  whieh 
the  current  flows. 

T'.        ■,  -.      ■       3,-        ]..V.-T.     ]U     •',.-     r]^',:.'-      .-      I,.::.-.r.     1         .       !!.    to    U 
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work  done  by  the  electromagnetic  force  in  a  complete  revolution 

where  ra  is  the  strength  of  either  pole,  and  i  the  strength  of  the 
current  *. 

487.]  Let  us  now  endeavour  to  form  a  notion  of  the  state  of 
the  magnetic  field  near  a  linear  electric  circuit. 

Let  the  value  of  co,  the  solid  angle  subtended  by  the  circuit, 
be  found  for  every  point  of  space,  and  let  the  surfaces  for  which 
c#  is  constant  be  described.  These  surfaces  will  be  the  equipo- 
iential  surfaces.  Each  of  these  surfaces  will  be  bounded  by  the 
circuit,  and  any  two  surfaces,  (o^  and  co^,  will  meet  in  the  circuit 
at  an  angle  \  (coj  —  wg)  t- 

*  [This  problem  may  be  discaBsed  m  follows  :  Referring  to  Fig.  28,  Art  491,  let 
m  take  OP  in  any  poation  and  introduce  imaginary  balancing  carrents  i  along  BO 
and  X,  y  along  OB,  Aa  the  magnet  attached  to  OP  is  carried  through  a  complete 
revelation  no  work  is  done  on  the  south  pole  by  the  current  t,  supposed  to  pass  along 
ABOZy  tliat  pole  descril>ing  a  closed  curve  which  does  not  embrace  the  current. 
The  north  pole  however  describes  a  closed  curve  which  does  embrace  the  current,  and 
the  work  done  upon  it  is  4  vmi.  We  have  now  to  estimate  the  effects  of  the  currents 
z  in  the  circait  BPOB  and  y  in  the  circuit  BBPOB,  The  potential  of  the  north 
pole  which  is  below  the  planes  of  those  circuits  will  be 

—  mxofg  +  my  (w — o;^)   and,  of  the  south,     —mxot'0  —  my  ( — «'  +  0;'^), 

where  w^  and  c/^  denote  the  solid  angles  subtended  at  the  two  poles  by  BOP,  and  v, 
%f  those  subtended  by  the  circular  trough.    The  resultant  potential  is 

w  y  («  +  «;')  —  m t  (o;^  +  cu'^). 

Hence  as  OP  revolves  from  OP  in  the  direction  NE8W  back  to  OP  aeain  the 
potential  will  change  by  —mi  (ju  +  ea^.  The  work  done  by  the  currents  is  therefore 
that  giren  in  the  text.  J 

(llie  following  is  a  slightly  different  way  of  obtaining  this  result: — The  currents 
through  the  wires  and  the  mercury  trough  are  equivalent  to  a  circular  current  t  —  d? 
round  the  trough,  a  current  %  round  the  circuit  POB  and  a  current  i  through  AB^  BO, 
and  the  verticid  wire  OZ.  The  circular  current  will  evidently  not  produce  any  force 
tjm<iing  to  make  either  pole  travel  round  a  circle  co-axial  with  the  circuit  of  the 
current.  The  North  pole  threads  the  circuit  ABy  BO,  and  the  vertical  OZ,  once  in 
each  rerolation,  the  work  done  on  it  in  therefore  4  «tm.  If  H  and  H'  are  the  numerical 
ralnea  of  the  solid  angle  subtended  by  the  circuit  POB  at  the  north  and  south  poles  of 
the  magnet  respectively,  then  the  potential  energy  of  the  magnet  and  circuit  is 
— «f  (n  •(-  CI').  Hence  if  0  is  the  angle  POB,  the  work  done  on  the  magnet  in  a  com- 
plete revolution  is 


-A'*"'^* 


d0 

Henoe  the  whole  work  done  on  the  magnet  is 

mt{4»-(«  +  «/)}}- 
t  {  Thin  can  be  deduced  as  follows : — Consider  a  point  P  on  the  surface  v^  near  the  line 
of  intersection  of  the  two  equipotential  surfaces,  let  O  be  a  point  on  the  line  of 
intersection  near  P,  then  describe  a  sphere  of  nnit  radius  with  centre  0.  The  solid 
angle  subtended  at  P  by  the  circuit  will  be  measured  by  the  area  cut  off  the  nnit 
nphere  by  the  tangent  plane  at  O  to  the  surface  Wj^,  and  by  an  irregulariy  shaped  cone 
deienniiied  by  the  shape  of  the  circuit  at  some  distance  from  O.  Now  consider  a 
point  Q  on  the  second  surface  cu,  near  to  0,  the  solid  angle  subtended  by  the  circuit  at 
this  point  will  be  measured  by  the  area  cut  off  the  unit  sphere  with  centre  0  by  the 
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Figiiro  XVIII,  &t  the  eD<l  of  this  volume,  repnMnto  k  1 
of  the  equipolontial  surracoa  iluc  to  a  circular  curroiit.  The  ■nuJI 
circle  represents  «  Hcction  of  the  coii<luctiiig  wire,  sjul  the  bori' 
zootsl  line  st  tb»  trattoin  uf  tlic  figure  is  the  perpeodicuUr  to  tb» 
pluie  of  the  ciroulsr  current  through  its  centre.  The  equipoteotul 
Hurfscefi,  24  of  which  are  drawn  corresponding  to  a  series  of  Taloes 

of  w  ilitTt-ring  by     >  are  surfaces  of  revolution,  having  this  lioe  for 

their  common  axin.  They  arc  evidently  oblato  tigures,  being 
flattenc<l  in  the  direction  of  the  siia.  They  meet  each  other  in 
the  line  of  the  circuit  at  sntr'*^  *>f  '  '*■ 

The  force  acting  on  a  magnetic  pole  placed  at  any  point  of  an 
equi potential  surface  is  perpendicular  to  this  surface,  and  varies 
invenvly  as  the  distance  between  consecutive  e<)uipot#ntial  sur- 
facea.  The  clust-d  curves  surrounding  the  section  of  the  wire  in 
Fig.  XVIII  are  the  lim-s  of  force.  They  are  copied  from  Sir  W. 
Tlionisou'd  I'aper  on  ■  Vortex  Sfution  *.'    See  also  Art.  TOl. 

Ai-tion  ii/an  Kleitri--  Cinutt  on  »iiiy  Maijnet'u  S^ntem. 

4flH.]  Wo  are  now  able  to  dolucc  the  action  of  an  electric 
circuit  on  any  ma^^etic  HVHtem  in  itfl  neighbourhood  from  the 
theory  of  magnetic  xbelU.  For  if  we  construct  a  magnetic  shell. 
whose  tttrt-ngth  is  numerically  mgual  to  the  strength  of  the 
current,  and  whose  e^lge  coioci<les  in  position  with  the  circuit, 
while  the  ithell  itself  does  not  pass  through  any  part  of  the 
magnetic  Hyntem,  the  action  of  the  shell  on  the  magnetic  system 
will  be  identical  with  that  of  the  electric  currenL 


489-]  POECE   ON  THE   CIBCUIT.  147 

in  a  field  of  magnetic  force  of  which  the  potential  is  V,  is,  by 

where  2,  tti,  n  are  the  direction-cosines  of  the  normal  drawn 
from  the  positive  side  of  the  element  dS  of  the  shell,  and  the 
integration  is  extended  over  the  surface  of  the  shell. 
Now  the  surface-integral 


J\r=  ff{la  +  mb  +  nc)dS, 


where  a,  b,  c  are  the  components  of  the  magnetic  induction,  re- 
presents the  quantity  of  magnetic  induction  through  the  shell, 
or,  in  the  language  of  Faraday,  the  number  of  lines  of  magnetic 
induction,  reckoned  algebraically,  which  pass  through  the  shell 
from  the  negative  to  the  positive  side,  lines  which  pass  through 
the  shell  in  the  opposite  direction  being  reckoned  negative. 

Remembering  that  the  shell  does  not  belong  to.  the  magnetic 
system  to  which  the  potential  V  is  due,  and  that  the  magnetic 
force  is  therefore  equal  to  the  magnetic  induction,  we  have 

"^       dx  "       dy  '  dz 

and  we  may  write  the  value  of  if, 

if=  -it>K 

If  bXj^  represents  any  displacement  of  the  shell,  and  Xj  the 
force  acting  on  the  shell  so  as  to  aid  the  displacement,  then  by 
the  principle  of  conservation  of  energy, 

Zi«iCi  +  Sif=0, 

We  have  now  determined  the  nature  of  the  force  which  cor- 
responds to  any  given  displacement  of  the  shell.  It  aids  or 
resists  that  displacement  accordingly  as  the  displacement  in- 
creases or  diminishes  N,  the  number  of  lines  of  induction  which 
pass  through  the  sheU. 

The  same  is  true  of  the  equivalent  electric  circuit.  Any  dis- 
placement of  the  circuit  will  be  aided  or  resisted  according  as 
it  increases  or  diminishes  the  number  of  lines  of  induction  which 
pass  through  the  circuit  in  the  positive  direction. 

L  2 
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We  must  remember  tb&t  the  poeitire  direction  of  »  Une  oT 
magnetic  induction  iB  the  direction  in  which  the  pole  of  a  nugort 
which  points  north  tends  to  move  along  the  line,  and  that  a  line 
of  induction  pasHes  through  the  circuit  in  the  positive  direetioo. 
when  the  direction  of  the  line  of  induction  is  related  to  Ibe 
direction  of  the  current  of  vitreoua  electricity  in  the  cireait  as 
the  longitudinal  to  the  rotational  motion  of  a  right-handed 
screw.     See  Art  23. 

490,]  It  LB  manifest  that  the  foroe  oomsponding  to  may  dis- 
placement of  the  circuit  as  a  whole  majr  be  deduced  at  onoe  from 
the  theory  of  the  magnetic  shell.  But  this  is  not  alL  If  a 
portion  of  the  circuit  in  flexible,  so  that  it  may  be  diaplaeol 
independently  of  the  reet.  wo  may  make  the  edge  of  tbe  shell 
capable  of  the  same  kind  of  displacement  by  eatting  up  the 
■urface  of  the  shell  into  «  sufficient  number  of  portions  eon- 
nected  by  flexible  joints.  Hence  we  eonolude  that  if  by  the 
displacement  of  any  portion  of  the  circuit  in  a  given  direction 
the  number  of  lines  of  induction  which  pass  through  tbe  eifvnit 
can  be  increased,  this  dispUoement  will  be  aided  by  tbe  aleetro- 
magnetio  force  acting  on  the  circuit. 

Every  portion  of  the  circuit  therefore  Is  acted  on  by  a  force 
ui^ng  it  aorona  the  lines  of  ma^etic  induction  so  as  to  include 
a  greater  number  of  these  lines  within  the  embrace  of  the  cireait. 
and  tbe  work  done  by  tbe  force  during  this  displaoement  is 
numerically  eijual  to  the  number  of  the  additional  lines  of  in- 
duction  multiplied  by  the  strength  of  the  current 

Let  the  element  i/o  of  a  circuit,  in  which  a  current  of  strcogth 

's  flowing,  be  moved  parallel  to  itself  through  a  space  fix.  it  will 
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of  a  watch*       Tha  volome  of  this  parallelopiped  iB  equal  to 
Xbx. 

If  0  is  the  angle  betveen  da  and  33,  the  area  of  the  parallelo- 
gram whose  sides  are  da  and  SQ  is  ds.SQ&inO,  and  if  ij  is  the 
angle  which  the  displaoement  bx  makes  with  the  Dormal  to  this 
psraUel(^ram,  the  volume  of  the  parallelopiped  is 
da .  S  sin  rt .  8a:  COB  >j  =  B  Jf. 

Now  Xlx  =  iiN  =  ids.  ^  sin  aix  COB  T), 

and  X  =  ida.^BinS  cos  ti 

ia  the  force  which  urges  da,  resolved  in  the  direction  bx. 

The  direction  of  thie  force  is  therefore  perpendicular  to  the 
parallelogram,  and  ite  magnitude  is  equal  to  i  .ds.^Bia$, 

This  is  the  area  of  a  parallelogram  whose  sides  represent  in 
magnitude  and  direction  ids  and  SB.  The  force  acting  on  da  is 
therefore  represented  in  magnitude  by  the  area  of  this  parallel 
ogram,  and  in  direction  by  a  normal  to  ita  plane  drawn  in  the 
direction  of  the  longitudinal  motion  of  a  right-handed  screw,  the 
handle  of  which  is  turned  from  the  direction  of  the  current  idn 
to  that  of  the  magnetic  induction  93. 

We  may  express  in  the  language  of 
Quaternions,  hoth  the  direction  and 
the  magnitude  of  this  force  by  saying 
that  it  is  the  vector  part  of  the  result 
of  multiplying  the  vector  ids,  the 
element  of  the  current,  by  the  vector 
9,  the  magnetic  induction. 

491.]  We  have  thus  completely  de- 
termined the  force  which  acts  00  any 
portion  of  an  electric  circuit  placed 
in  a  magnetic  field.  If  the  circuit  is 
moved  in  any  way  so  that,  after  assuming  various  forms  and 
positions,  it  returns  to  its  original  place,  the  strength  of  the 
current  remaining  constant  during  the  motion,  the  whole  amount 
of  work  done  by  the  electromagnetic  forces  will  be  rero.  Since 
this  is  true  of  any  cycle  of  motions  of  the  circuit,  it  follows  that 
it  is  impossible  to  maintain  by  electromagnetic  forces  a  motion 
of  continuous  rotation  in  any  pai't  of  a  linear  circuit  of  constant 
strength  against  the  resistance  of  friction,  &c. 
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It  is  pouible,  however,  to  produce  conttnnoua  roUtioD  prorided 
that  at  iKtpe  part  of  the  course  of  the  clcetrie  current  the  curreot 
paxsee  from  one  conductor  which  elides  or  glide*  over  another. 

When  in  a  circuit  there  ia  sliding  contact  of  a  ooodoetor  over 
the  surface  of  a  smooth  solid  or  a  fluid,  the  circuit  can  no  liHiger 
l>c  considered  as  a  Mingle  linvar  circuit  of  constant  atrengtb,  bat 
must  )«  regarded  an  a  system  of  two  or  nf  eome  greater  number 
of  circuits  of  variable  strength,  the  current  being  so  distnbat«d 
among  them  that  thoiie  for  which  JV  is  increasing  have  currents 
in  the  positive  direction,  while  those  for  which  N  is  dimlniahing 
have  currents  in  the  negative  direction. 

Thus,  in  the  apparatus  represented  in  Fig.  23,  0/'  is  a  nrnve- 
able  conductor,  one  end  of  which  rests  in  a  cup  of  mercury  O, 
while  the  other  dips   into  a 
circular   trough    of   merenry 
concentric  with  0. 

The  current  i  raters  along 
AB,  and  divides  in  th«  cir- 
cular trough  into  two  patta, 
one  of  which,  x,  flows  along 
the  are  BQP,  while  the  other. 
y.  flows  along  BRP.  These 
currents,  uniting  a(  P,  Bow 
along  the  moveable  oondoetor 
P()  and  the  electrode  OZ  to  the  xino  end  of  the  batter^-.  The 
strength  of  the  current  along  7*0  and  OZ  is  .r  +  y  or  i. 

Here  we  have  two   circuits,  AliQl*OZ,  the  strength  of  the 
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depending  only  on  the  strength  of  the  current  in  PO.  Hence,  if 
i  is  maintained  constant,  the  arm  OP  will  be  carried  tound  and 
round  the  circle  with  a  uniform  force  whose  moment  is  \  i.0P^.3d. 
If,  as  in  northern  latitudes,  $  acts  downwards,  and  if  the  current 
is  inwards,  the  rotation  will  be  in  the  negative  direction,  that  is, 
in  the  direction  PQBR. 

492.]  We  are  now  able  to  pass  from  the  mutual  action  of 
magnets  and  currents  to  the  action  of  one  circuit  on  another. 
For  we  know  that  the  magnetic  properties  of  an  electric  circuit 
Cj,  with  respect  to  any  magnetic  system  M.^,  are  identical  with 
those  of  a  magnetic  shell  S^,  whose  edge  coincides  with  the  cir- 
cuit, and  whose  strength  is  numerically  equal  to  that  of  the 
electric  current.  Let  the  magnetic  system  M^  he  a,  magnetic 
shell  ^29  ^^^^  ^^^  mutual  action  between  Si  and  S2  is  identical 
with  that  between  Sj  and  a  circuit  C.^,  coinciding  with  the  edge 
of  ^2  tuid  equal  in  numerical  strength,  and  this  latter  action  is 
identical  with  that  between  Cj  and  C^. 

Hence  the  mutual  action  between  two  circuits  Cj  and  C.^  is 
identical  with  that  between  the  corresponding  magnetic  shells  &\ 
and  S.^. 

We  have  already  investigated,  in  Art.  423,  the  mutual  action 
of  two  magnetic  shells  whose  edges  are  the  closed  curves  8^  and  8,^. 

If  we  make  M  =        1 ds.  dso, 

Jo  Jo      r        ^2 

where  €  is  the  angle  between  the  directions  of  the  elements  d8i 
and  d82,  and  r  is  the  distance  between  them,  the  integrations  being 
extended  one  round  82  and  one  round  8^,  and  if  we  call  M  the 
potential  of  the  two  closed  curves  8^  and  ^2,  then  the  potential 
energy  due  to  the  mutual  action  of  two  magnetic  shells  whose 
strengths  are  i^  and  tj  bounded  by  the  two  circuits  is 

-  ii  h  ^^» 
and  the  force  X,  which  aids  any  displacement  bx,  is 

.    .  dM 
'^'--di' 

The  whole  theory  of  the  force  acting  on  any  portion  of  an 
electric  circuit  due  to  the  action  of  another  electric  circuit  may 
be  deduced  from  this  result. 

493.]  The  method  which  we  have  followed  in  this  chapter  is 
that  of  Faraday.    Instead  of  beginning,  as  we  shall  do,  following 
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Amp^,  in  the  next  chapter,  with  the  direct  aetion  of  «  poition 
of  one  circuit  on  a  portion  of  another,  we  shew,  first,  tbat  a 
circuit  produces  the  same  etfect  on  a  magnet  as  a  magnetic  tbell, 
or,  in  other  words,  we  determine  the  nature  of  the  magnetie  field 
due  to  tbe  cireuit.  We  nhew,  secondly,  that  a  circuit  when 
placed  in  any  magnetic  Geld  eipericnoes  the  eame  foree  aa  a 
magnetic  shell.  We  thun  dt-termine  the  forae  acting  on  the 
circuit  placed  in  any  magnetic  field.  Lastly,  by  supposing  the 
magnetic  field  to  be  due  to  a  second  electric  circuit  we  determine 
tbe  action  of  one  circuit  on  tbe  whole  or  any  portion  of  tbe 
other. 

494.]  Let  ua  apply  this  method  to  tbe  ease  of  a  straight 
current  of  infinite  length  acting  on  a  portion  of  a  parallel  straight 
conductor. 

Let  us  suppose  that  a  current  i  in  the  first  condootor  is  flowii^ 
vertically  downwards.  In  this  case  the  end  of  a  magnet  whiah 
points  north  will  point  to  the  rigbt-hand  of  a  man  (with  hia  feK 
downwards)  looking  at  it  from  the  axis  of  the  current. 

The  lines  of  magnetic  induction  are  therefore  borixootal  eireka. 
having  their  centres  in  the  axis  of  the  current,  and  their  poaittve 
direction  is  north,  east,  south,  west 

Let  another  desoeoding  vertical  current  be  plaoed  due  weat  of 
the  GnL  The  lines  of  magnetic  induction  due  to  the  first  earrent 
are  here  directed  towards  the  north.  The  direction  of  the  force 
acting  on  tbe  seoond  circuit  is  to  be  determined  by  turning  tbe 
handle  of  a  right-handed  screw  from  the  nadir,  the  direction  of 
the  current,  to  tbe  north,  tbe  direction  of  the  magnetic  induction. 
The  screw  will  then  move  towards  the  east,  that  ia,  the  focc* 
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towards  the  first  with  a  force 

r 

where  a  is  the  length  of  the  portion  considered,  and  r  is  its 
distance  from  the  first  conductor. 

Since  the  ratio  of  a  to  r  is  a  numerical  quantity  independent 
of  the  absolute  value  of  either  of  these  lines,  the  product  of  two 
carrents  measured  in  the  electromagnetic  system  must  be  of  the 
dimensions  of  a  force,  hence  the  dimensions  of  the  unit  current 

496.]  Another  method  of  determining  the  direction  of  the 
force  which  acts  on  a  circuit  is  to  consider  the  i*elation  of  the 
magnetic  action  of  the  current  to  that  of  other  currents  and 
magnets. 

If  on  one  side  of  the  wire  which  carries  the  current  the  mag- 
netic action  due  to  the  current  is  in  the  same  or  nearly  the  same 
direction  as  that  due  to  other  currents,  then,  on  the  other  side  of 
the  wire,  these  forces  will  be  in  opposite  or  nearly  opposite 
directions,  and  the  force  acting  on  the  wire  will  be  from  the  side 
on  which  the  forces  strengthen  each  other  to  the  side  on  which 
they  oppose  each  other. 

Thus,  if  a  descending  current  is  placed  in  a  field  of  magnetic 
force  directed  towards  the  north,  its  magnetic  action  will  be  to 
the  north  on  the  west  side,  and  to  the  south  on  the  east  side. 
Hence  the  forces  strengthen  each  other  on  the  west  side  and 
oppose  each  other  on  the  east  side,  and  the  circuit  will  therefore 
be  acted  on  by  a  force  from  west  to  east.     See  Fig.  22,  p.  149. 

In  Fig.  XVII  at  the  end  of  this  volume  the  small  circle 
represents  a  section  of  the  wire  carrying  a  descending  current^ 
and  placed  in  a  uniform  field  of  magnetic  force  acting  towards 
the  left-hand  of  the  figure.  The  magnetic  force  is  greater  below 
the  wire  than  above  it.  It  will  therefore  be  urged  from  the 
bottom  towards  the  top  of  the  figure. 

497.]  If  two  currents  are  in  the  same  plane  but  not  parallel, 
we  may  apply  this  principle.  Let  one  of  the  conductors  be  an 
infinite  sti*aight  wire  in  the  plane  of  the  paper,  supposed  hori- 
zontal.   On  the  right  side  of  the  cuiTent*  the  magnetic  force  acts 

^   { The  right  tide  of  the  current  ii  the  right  of  an  observer  with  his  back  against 
the  paper  placed  to  that  the  cturent  enters  at  his  head  and  leaves  at  his  feet. } 
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downwards  and  on  the  left  iiiilo  it  acta  lipwards.  The  budc  i« 
true  of  the  tiia^^utic  force  due  to  any  short  portion  of  a  am'oimI 
current  in  the  mhiiu  plane.  If  the  second  current  is  on  the  ri^^bt 
»ii\e  of  the  firet,  the  iiiagnotic  forceH  will  titren{^lten  each  other  on 
ita  right  Hi<)o  and  (ip]>ose  each  other  on  it^  h^ft  side.  Hence  the 
circuit  conveying  the  sr-cond  current  will  bo  acted  on  by  a  fom- 
uriiing  it  from  ibi  right  side  to  ita  left  side.  The  nia^itade  at 
this  furce  depends  only  on  the  pottition  of  the  second  eurn-ot  and 
not  on  its  direction.  If  the  second  circuit  is  on  the  left  aide  of  the 
lirat  it  will  he  urged(froni  left  to  right. 
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498.]  Let  us  now  bring  together  the  magnetic  phenomena  of 
the  electric  circuit  so  far  as  we  have  investigated  them. 

We  may  conceive  the  electric  circuit  to  consist  of  a  voltaic 
battery,  and  a  wire  connecting  its  extremities,  or  of  a  thermo- 
electric arrangement,  or  of  a  charged  Leyden  jar  with  a  wire 
connecting  its  positive  and  negative  coatings,  or  of  any  other 
arrangement  for  producing  an  electiic  current  along  a  definite 
path. 

The  current  produces  magnetic  phenomena  in  its  neighbour- 
hood. 

If  any  closed  curve  be  drawn,  and  the  line-integral  of  the 
magnetic  force  taken  completely  round  it,  then,  if  the  closed  curve 
is  not  linked  with  the  circuit,  the  line-integral  is  zero,  but  if  it 
is  linked  with  the  circuit,  so  that  the  cuiTent  i  flows  through  the 
closed  curve,  the  line- integral  is  4  tti,  and  is  positive  if  the  direction 
of  integration  round  the  closed  curve  would  coincide  with  that 
of  the  hands  of  a  watch  as  seen  by  a  person  passing  through  it 
in  the  direction  in  which  the  electric  current  flows.  To  a  person 
moving  along  the  closed  curve  in  the  direction  of  integration,  and 
passing  through  the  electric  circuit,  the  direction  of  the  current 
would  appear  to  be  that  of  the  hands  of  a  watch.  We  may 
express  this  in  another  way  by  saying  that  the  relation  between 
the  diiections  of  the  two  closed  curves  may  be  expressed  by 
describing  a  right-handed  screw  round  the  electric  cii'cuit  and  a 
right-handed  screw  round  the  closed  curve.  If  the  direction  of 
rotation  of  the  thread  of  either,  as  we  pass  along  it,  coincides  with 
the  positive  direction  in  the  other,  then  the  line-integral  will  be 
positive,  and  in  the  opposite  case  it  will  be  negative. 

499.]  Note, — The  line-integral  4  7ri  depends  solely  on  the 
quantity  of  the  current,  and  not  on  any  other  thing  whatever.  It 
does  not  depend  on  the  nature  of  the  conductor  through  which 
the  current  is  passing,  as,  for  instance,  whether  it  be  a  metal 
or  an  electrolyte,  or  an  impeijfect  conductor.  We  have  reason 
for  believing  that  even  when  there  Ls  no  proper  conduction,  but 
merely  a  variation  of  electric  displacement,  as  in  the  glass  of  a 
Leyden  jar  during  charge  or  discharge,  the  magnetic  effect  of  the 
electric  movement  is  precisely  the  same. 

Again,  the  value  of  the  line-integral  i-ni  does  not  depend  on 
the  nature  of  the  medium  in  which  the  closed  curve  is  drawn. 
It  is  the  same  whether  the  closed  curve  is  drawn  entirely  through 
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lir,  or  puacfl  through  a  magnet,  or  sofi  iron,  or  any  othor  sab- 
hUuicc,  whether  paramagnetic  or  diamagnetic. 

500.]  When  a  circuit  it  placed  in  a  magnetic  field  the  mntoal 
action  hetween  the  current  and  the  other  constttueDta  of  th«  flcM 
depends  on  the  surface-integral  of  the  magnetie  induction  thtiM^ 
any  surface  hounded  by  that  circuit.  If  by  any  gives  motion  of 
the  circuit,  or  of  part  of  it,  this  surface^int^cral  can  be  inmamJ. 
there  will  be  a  mechanical  force  tending  to  move  the  ooodoetor 
or  the  portion  of  the  conductor  in  the  given  manner. 

The  kind  of  motion  of  the  conductor  which  increases  the  sorlMie- 
int^ial  is  motion  of  the  conductor  perpendicular  to  the  direotioo 
of  the  current  and  across  the  lines  of  induction. 
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magDetic  induction.     It  is  that  line  to  which  the  force  on  the 
conductor  is  always  perpendicular. 

It  may  also  be  defined  as  a  line  along  which,  if  an  electric 
current  be  transmitted,  the  conductor  carrying  it  will  experience 
no  force. 

501.]  It  must  be  carefully  remembered,  that  the  mechanical 

force  which  urges  a  conductor  carrying  a  current  across  the  lines 

of  magnetic  force,  acts,  not  on  the  electric  current,  but  on  the 

conductor  which  carries  it.     If  the  conductor  be  a  rotating  disk 

or  a  fluid  it  will  move  in  obedience  to  this  force,  and  this  motion 

may  or  may  not  be  accompanied  by  a  change  of  position  of  the 

electric  current  which  it  carries.    [But  if  the  current  itself  be  free 

to  choose  any  path  through  a  fixed  solid  conductor  or  a  network 

of  wires,  then,  when  a  constant  magnetic  force  is  made  to  act  on 

the  system,  the  path  of  the  current  through  the  conductors  is  not 

permanently  altered,  but  after  certain  transient  phenomena,  called 

induction  currents,  have  subsided,  the  distribution  of  the  current 

will  be  found  to  be  the  same  as  if  no  magnetic  force  were  in 

action.]  * 

The  only  force  which  acts  on  electric  cuiTents  is  electromotive 
force,  which  must  be  distinguished  from  the  mechanical  force 
which  is  the  subject  of  this  chapter. 

*  {Mr.  Hall  has  diecovered  {Phil.  Mag.  iz.  p.  225,  x.  p.  301,  1880)  that  a  iteady 
magnetic  field  does  Rlightly  alter  the  distribution  of  cnrreDts  in  most  conductors,  so 
that  the  statement  in  brackets  must  be  regarded  as  only  approximately  true. } 
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elbctbio  cdrben'ts. 


503.]  We  have  conaiderod  in  the  last  chapter  the  nature  of 
the  maginetic  6e1tl  produced  by  an  electric  current,  and  (be 
mechanical  action  on  a  conductor  carrying  an  electric  current 
placed  in  a  magnetic  field.  From  thta  we  irent  on  to  eonaider 
the  action  of  one  electric  circuit  upon  another,  hy  determining 
the  action  on  the  first  due  to  the  magnetic  field  produced  hj 
the  second.  But  the  action  of  one  circuit  upon  another  was 
originally  investigated  in  a  direct  manner  by  Ampirv  almoat 
immediately  afler  the  publication  of  Onted's  diaoovery.  We 
shall  therefore  give  an  outline  of  Ampere's  method,  reauming 
the  method  of  this  treatiae  in  the  neit  chapter. 

The  ideas  which  guided  Ampere  belong  to  the  sj-stem  which 
admits  direct  action  at  a  diatance,  and  we  shall  find  that  a 
remarkable  coume  of  npeculation  and  investigation  founded  on 
those  ideas  has  been  carried  on  by  Gauss,  Weber,  ¥.  E.  Neumann. 
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503.]  Ampfere's  theory  of  the  mutual  action  of  electric  currents 
is  founded  on  four  experimental  facts  and  one  assumption. 

Ampere's  fundamental  experiments  are  all  of  them  examples 
of  what  has  been  called  the  null  method  of  comparing  forces. 
See  Art.  214.  Instead  of  measuring  the  force  by  the  dynamical 
effect  of  communicating  motion  to  a  body,  or  the  statical  method 
of  placing  it  in  equilibrium  with  the  weight  of  a  body  or  the 
elasticity  of  a  fibre,  in  the  null  method  two  forces^  due  to  the 
same  source,  are  made  to  act  simultaneously  on  a  body  already 
in  equilibrium,  and  no  efiect  is  produced^  which  shews  that  these 
forces  are  themselves  in  equilibrium.  This  method  is  peculiarly 
valuable  for  comparing  the  effects  of  the  electric  current  when  it 
passes  through  circuits  of  different  forms.  By  connecting  all  the 
conductors  in  one  continuous  series,  we  ensure  that  the  strength 
of  the  cuiTent  is  the  same  at  every  point  of  its  course,  and  since 
the  current  begins  everywhere  throughout  its  course  almost  at 
the  same  instant,  we  may  prove  that  the  forces  due  to  its  action 
on  a  suspended  body  are  in  equilibrium  by  observing  that  the 
body  is  not  at  all  affected  by  the  starting  or  the  stopping  of  the 
current. 

504.]  Ampere's  balance  consists  of  a  light  frame  capable  of 
revolving  about  a  vertical  axis,  and  carrying  a  wire  which  forms 
two  circuits  of  equal  area,  in  the  same  plane  or  in  parallel 
planes^  in  which  the  cuiTent  flows  in  opposite  directions.  The 
object  of  this  arrangement  is  to  get  rid  of  the  effects  of  teiTestrial 
magnetism  on  the  conducting  wire.  When  an  electric  circuit 
is  free  to  mover  it  tends  to  place  itself  so  as  to  embrace  the 
largest  possible  number  of  the  lines  of  induction.  If  these  lines 
are  due  to  terrestrial  magnetism,  this  position,  for  a  circuit  in 
a  vertical  plane,  will  be  when  the  plane  of  the  circuit  is  mag- 
netic east  and  west,  and  when  the  direction  of  the  current  is 
opposed  to  the  apparent  course  of  the  sun. 

By  rigidly  connecting  two  circuits  of  equal  area  in  parallel 
planes,  in  which  equal  cuixents  run  in  opposite  directions,  a 
combination  is  formed  which  is  unaffected  by  terrestrial  mag- 
netism, and  is  therefore  called  an  Astatic  Combination,  see  Fig. 
26.  It  is  acted  on,  however,  by  forces  arising  from  currents  or 
magnets  which  are  so  near  it  that  they  act  differently  on  the  two 
circuits. 

505.]  Ampere's  first  experiment  is  on  the  effect  of  two  equal 
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curreDtM  close  together  in  opposite  direeUowL  A  win  eovwed 
with  insulatiDg  material  is  doubled  on  itself,  and  placed  near  one 
of  the  ctrcuiU  of  the  astatic  balance.  When  a  oarrent  ia  made 
to  pam  through  the  wire  and  the  balance,  the  equilibrium  <^  the 
balance  remains  undisturbed,  shewing  that  two  equal  oomnu 
close  together  in  opposite  directions  neutralize  each  other.  If. 
instead  of  two  wires  side  by  side,  a  wire  be  insulated  in  the 
middle  of  a  metal  tube,  and  if  the  current  pass  through  the  wire 
and  back  by  the  tube,  the  action  outside  the  tube  is  not  only 
approximately  but  accurately  null.  This  principle  is  of  great 
importance  in  the  construction  of  electric  apparatus,  as  it  aflorda 
the  means  of  conveying  the  current  to  and  from  any  galvano- 


meter or  other  instrument  in  such  a  way  that  no  electromagnetic 
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the  same  carrent  miming  in  the  straight  line  joining  its  ex- 
tromities,  proYided  the  crooked  line  is  in  no  part  of  its  course  far 
from  the  straight  one.  Hence  any  small  element  of  a  circuit  is 
equivalent  to  two  or  more  component  elements,  the  relation 
between  the  component  elements  and  the  resultant  element 
being  the  same  as  that  between  component  and  resultant 
displacements  or  velocities. 

507.]  In  the  third  experiment  a  conductor  capable  of  moving 
only  in  the  direction  of  its  length  is  substituted  for  the  astatic 
balance.  The  current  enters  the  conductor  and  leaves  it  at  fixed 
pointo  of  space,  and  it  is  found  that  no  closed  circuit  placed  in 
the  neighbourhood  is  able  to  move  the  conductor. 


Fig.  27. 

The  conductor  in  this  experiment  is  a  wire  in  the  form  of  a 
circular  arc  suspended  on  a  frame  which  is  capable  of  rotation 
about  a  vertical  iaxis.  The  circular  arc  is  horizontal,  and  its 
centre  coincides  with  the  vertical  axis.  Two  small  troughs  are 
filled  with  mercury  till  the  convex  surface  of  the  mercury  rises 
above  the  level  of  the  troughs.  The  troughs  are  placed  under 
the  circular  arc  and  adjusted  till  the  mercury  touches  the  wire, 
which  is  of  copper  well  amalgamated.  The  current  is  made  to 
enter  one  of  these  troughs,  to  traverse  the  part  of  the  circular 
arc  between  the  troughs,  and  to  escape  by  the  other  trough. 
Thus  part  of  the  circular  arc  is  traversed  by  the  current,  and  the 
arc  is  at  the  same  time  capable  of  moving  with  considerable 

VOL.  IL  M 
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freedom  in  the  direction  of  lU  length.  Any  doaed  eorrenU  or 
magnets  may  now  be  madt;  to  approach  the  moveable  conductor 
without  producing  the  slightest  tendency  to  more  it  in  Ike 
direction  of  ita  length. 

S08.]  In  the  fourth  experiment  with  the  astatic  balance  two 
(ureuita  are  employed,  each  aimilar  to  one  of  those  in  tW 
balance,  but  one  of  tbetn,  C,  having  dimensions  n  times  grestcr. 
and  the  other,  A,  n  times  less.  These  are  placed  00  opponte 
udes  of  the  circuit  of  the  balance,  which  we  shall  call  B,  so  that 
they  are  sinularly  placed  with  respect  to  it,  the  distanee  of  V 
from  B  being  »  times  greater  than  the  distance  of  B  from  A. 
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bni  the  distance  and  dimensions  of  C^  and  B^  are  n  times  the 
distance  and  dimensions  of  By^  and  A^^  respectively.  If  the  law 
of  electromagnetic  action  is  a  function  of  the  distance,  then  the 
action,  whatever  be  its  form  or  quality,  between  B^  and  A^^  may 
be  written  p  ^  ^^    A,f(B^)  ab, 

and  that  between  C^  and  B^ 

r=c,.Bj{c;B,)bc, 

where  a,  6,  c  are  the  strengths  of  the  currents  in  -4,  J5,  C.  But 
ni?i  =  Cj,  tiilj  =  -Bj,  nBj^  A^  =  C^  B^^  and  a  =  c.    Hence 

F'^Ti'B^.AJinR^A^ab, 
and  this  is  equal  to  ^  by  experiment,  so  that  we  have 

«y(Tii;50=/(I^B,); 
or,  the  force  varies  inversely  as  the  square  of  the  distance^. 

509.]  It  may  be  observed  with  reference  to  these  experiments 
that  every  electric  current  forms  a  closed  circuit  The  currents 
used  by  Ampere,  being  produced  by  the  voltaic  battery,  were  of 
course  in  closed  circuits.  It  might  be  supposed  that  in  the  case 
of  the  current  of  discharge  of  a  conductor  by  a  spark  we  might 
have  a  current  forming  an  open  finite  line,  but  according  to  the 
views  of  this  book  even  this  case  is  that  of  a  closed  circuit.  No 
experiments  on  the  mutual  action  of  unclosed  currents  have  been 
made.  Hence  no  statement  about  the  mutual  action  of  two 
elements  of  circuits  can  be  said  to  rest  on  purely  experimental 
grounds.  It  is  true  we  may  render  a  portion  of  a  circuit 
moveable,  so  as  to  ascertain  the  action  of  the  other  currents 
upon  it,  but  these  currents,  together  with  that  in  the  moveable 
portion,  necessarily  form  closed  circuits,  so  that  the  ultimate 
result  of  the  experiment  is  the  action  of  one  or  more  closed 
currents  upon  the  whole  or  a  part  of  a  closed  current, 

510.]  In  the  analysis  of  the  phenomena,  however,  we  may  re- 
gard the  action  of  a  closed  circuit  on  an  element  of  itself  or  of 
another  circuit  as  the  resultant  of  a  number  of  separate  forces, 
depending  on  the  separate  parts  into  which  the  first  circuit  may 
be  conceived,  for  mathematical  purposes,  to  be  divided. 


^  { Another  proof  that  this  experiment  leadi  to  the  Uw  of  the  inrerse  eqnare  in 
girep  in  Art.  523,  and  the  reader  will  probably  find  it  simpler  and  more  convincing 
than  the  preceding.  | 

M  7, 
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Thin  is  »  merely  nmtbeauUioU  uudTsia  of  the  aetioD,  And  m 
tb«rarore  perfectly  legitunkto,  whether  then  foroet  mn  rattlljr  ad 
aepuately  cr  not. 

611.]  We  shftll  begin  by  eonsideritig  tbe  purely  geomcCrieal 
reUtioDii  between  two  lim-s  in  Bpaee  representing  tbe  oirenita, 
•utl  between  elementary  p«>rtions  of  theae  lineii. 

Let  there  be  two  curvett  in  space  in  each  of  which  a  fixed 
point  is  taken,  from  which  the  area  are  measured  in  a  defined 
^  direction  along  tbe  car?ea.     Let 

A,  A'  be  Uieae  points.  Let  /^l 
and  J^i/  be  elementM  of  tbe  twv 
curves. 

L«t  JP  =  s,    A'P'=/.   i 

and  let  the  distance  PP  be  de- 
noted by  r.  Let  tbe  angle  PfM 
be  denoted  by  9,  and  PF<^  by  ff,  and  let  tLe  angle  betweeo  the 
pUnea  of  these  angles  be  denoted  by  i;. 

Tbe  ntlative  position  of  tbe  two  elements  is  sufficiently  de- 
fined by  their  distance  r  and  the  three  angles  9,  t,  and  q,  for  if 
these  be  given  tbeir  relative  position  is  as  completely  determined 
as  if  they  formed  part  of  the  same  rigid  body. 

512.]  If  we  use  rectangular  ooonlinaten  and  make  x,  y.  s  the 
eoordinatfls  of  P,  and  if,  y\  t'  those  of  /'',  and  if  we  denot«  by 
/,  f»,  n  and  by  V,  v\',  n'  the  direction -cosines  of  PH.  and  of  P'^ 
respectively,  then 


Flf.  ». 
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dr 


dx 


<^y 


whence        r^^  =-(a:'-a;);^  -  (t/'-y);£  -  («'-0) 


ds         ^"^     "^^ds 


ds 


dz 
da 


Sim^^^y  ^^.=   (^-^)^  +  (y'-y)^+(^-^)£^* 


ds' 


=  — rcos^; 
dr 


(6) 


and  differentiatLDg  r  -7-  with  respect  to  s\ 

d^r       drdr  ^      dxdaf      dydyf      dzdz 
dsdj      dsds'"  "  dsds'  ^  ^^'  ^  dsd^ 

=  —  cos  €. 


(7) 


We  can  therefore  express  the  three  angles  0^  ^,  and  17,  and  the 
aaxiliary  angle  e  in  terms  of  the  differential  coefficients  of  r  with 
respect  to  s  and  s'  as  follows, 


dr 

cos^  = i-> 

ds 

' 

,         dr 

C08d'=       ^, 

d'r 

drdr 
dsdv'' 

(8) 


sin^sin^cosry  =  ^r 


d«r 


513.]  We  shall  next  consider  in  what  way  it  is  mathematically 
conceivable  that  the  elements  PQ  and  P'Q'  might  act  on  each 
other,  and  in  doing  so  we  shall  not  at  first  assume  that  their 
mutual  action  is  necessarily  in  the  line  joining  them. 

We  have  seen  that  we  may  suppose  each  element  resolved  into 
other  elements,  provided  that  these  components,  when  combined 
according  to  the  rule  of  addition  of  vectors,  produce  the  original 
element  as  their  resultant. 

We  shall  therefore  consider  ds  as  resolved  into  cos  Bds  =  a 
in  the  direction  of  r,  and  ^  /r       y' 

sin  Ods  =  /9  in  a  direction  \/^ ^v^/* 

perpendicular  to    r  in    the  '^  •  "'^ 

plane  P'PQ.  ^'  *^' 

We  shall  also  consider  ds'  as  resolved  into  cos^(Z«'=  a  in 
the  direction  of  r  reversed,  8in^'cosi7ci«'=  )3'  in  a  direction 
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parallel  to  that  in  which  ^  was  meuureil,  aod  ■iiif'uni|</«'=  y 
ID  a  direction  perpendicular  to  a  and  ^. 

Let  UB  coDsider  the  action  between  the  oomponent*  a  and  d  on 
the  one  hand,  and  a',  ^',  y  on  the  other. 

(1)  a  and  d'  are  in  the  same  Ktraight  line.  The  force  between 
them  must  thererore  be  in  ihia  line.  We  shall  suppoM  it  to  be 
an  attnctioD  -  jj  oa'i  *', 

where  ^  is  a  function  of  r,  aod  i,  i'  are  the  intenaitiei  of  the 
currents  in  d»  aod  d«'  respectively.  This  expression  satis&e* 
the  condition  of  <'t'»nging  sign  with  i  and  with  i'. 

(2)  ^  and  3'  are  parallel  to  eacb  other  and  perpendicular  to 
the  line  joining  them.    The  action  between  tbem  may  be  written 

This  foroe  is  evidently  in  the  line  joining  /}  and  fl,  for  it  nnst 
be  in  the  plane  in  which  they  both  lie,  aod  if  we  were  to  measore 
^  and  ^  in  the  reversed  direction,  the  value  of  this  ezpressioQ 
would  remain  the  same,  which  shews  that,  if  it  represents  a  foror. 
that  foree  has  no  component  in  the  directioo  of  /3,  and  most 
therefore  be  directed  along  r.  Let  us  sssume  that  this  expreasioa. 
when  positive,  repreeenta  an  attraction 

(3)  ^  and  y  are  perpendicular  to  each  other  and  to  the  line 
joining  tbem.  The  only  Action  possible  between  elements  to 
related  is  a  couple  whose  axis  is  parallel  to  r  We  are  at  praaent 
engaged  with  foreee,  so  we  shall  leave  this  out  of  account  *. 

(1)  The  action  of  a  aod  ^,  if  they  act  on  eacb  other,  most  be 
cxpreesed  by  Cafi'ii'. 

The   sign  of  this  expression  is  revcncd   if  we    reverse  the 


(10) 
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We  have  for  the  same  reason  a  force 

acting  on  a  in  the  direction  of  /,  and  a  force 

acting  on  /3  in  the  direction  opposite  to  that  in  which  /3  is  measured. 
614.]  Collecting  our  results,  we  find  that  the  action  on  ds  is 
compounded  of  the  following  forces, 

X  =  (Aaa  -I-  Bfi^)ii'  in  the  direction  of  rA 
Y=C{a^-a'^)ii'm  the  direction  of  fi,     i  (9) 

and  Z  =  Cayii^  in  the  direction  of  y.  J 

Let  us  suppose  that  this  action  on  ds  is  the  resultant  of  three 
forces,  Rii^dsds'  acting  in  the  direction  of  r,  Sii'dsda'  acting  in 
the  direction  of  ds^  and  S^ii'dsds'  acting  in  the  direction  of  ds' ; 
then  in  terms  of  Oy  tfy  and  r\, 

R  =     .4  +  2(7cosdcosd'  +  jB8indsin^cosi7, 
5  =  -(7cos^,  8^=0  cos  6. 

In  terms  of  the  differential  coefficients  of  r 

iJ  =  ^  +  2(7;T-Ty-  ^^T-^Tj' 

asdif  dads    ,  . 

dr  dT    '  '     ' 

ds  ds 

In  terms  of  Z,  m,  n,  and  l\  m\  n\ 

i  =  ^{A  +  2  (7+  5)  \m+rarj  +  nf)  (f'f + m'ly  +  n'C)  +  B{ll'  +  mm'  +  nn')^ 

where  f,  ry,  C are  written  for  ocf  —  x^y'^y,  and  2^—0  respectively. 

515.]  We  have  next  to  calculate  the  force  with  which  the 
finite  current  a'  acts  on  the  finite  current  a.  The  current  a 
extends  from  A,  where  9  =  0,  to  P,  where  it  has  the  value  8. 
The  current  s'  extends  from  A\  where  «'=  0,  to  P',  where  it 
has  the  value  8.  The  coordinates  of  points  on  either  current 
are  functions  of  8  or  of  s'. 

If  P  is  any  function  of  the  position  of  a  point,  then  we  shall 
use  the  subscript  («  q)  to  denote  the  excess  of  its  value  at  P  over 
that  at  A ,  thus  F(,^  o)=Fp-'Fa. 

Such  functions  necessarily  disappear  when  the  circuit  is  closed. 
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Let  the  components  of  the  tot«l  foroe  with  whieb  A'f'  Mta  on 
AP\m  ii'X,  uT,  and  H'Z.    Tlien  the  componeDt  p«nlle)  to  X 


HeDoo 


=  R^+St  +  Sl'. 


(13) 


Sabstituting  the  values  of  H,  S,  sod  S"  from  (12),  remembering 

that  tlr 

I'S  +  m'n  +  n'C^r^.  (11) 

and  arranging  the  terms  with  respect  to  /,  m,  n,  we  find 

Sinee  J,  B,  and  C  are  fuoctions  of  r,  we  may  write 

P^j   (A+2C+B)^dr.       Q^J  CJr.  (181 

the  integration  being  taken  between  r  and  x  because  A.  B.  (' 
vanish  when  r  =  ac  . 

Hence         (J  +  B)^--^^.     and     C  =  -'^^-  (Kl 

616.]  Now  we  know,  by  Amp^'s  third  csm  of  equilibrium, 
that  when  e  is  a  closed  circuit,  the  force  acting  on  c/0  is  p<:r- 
pendicular  to  tlio  direction  of  <U,  or,  in  other  wonls,  the  t 
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When  (f  iBA  closed  circuit  this  expression  must  be  zero.  The 
first  term  will  disappear  of  itself.  The  second  term,  however, 
will  not  in  general  disappear  in  the  case  of  a  closed  circuit 
unless  the  quantity  under  the  sign  of  integration  is  always  zero. 
Hence,  to  satisfy  Ampere's  condition,  we  must  put 

^  =  ^(^  +  <^-  (20) 

517.]  We  can  now  eliminate  P,  and  find  the  general  value  of 
dX 

When  8^  is  a  closed  circuit  the  first  term  of  this  expression 
Vanishes,  and  if  we  make 


^r-B-Cn'r,-m'C       ^ 


Jo 
Jo 


0        2  r 

2  r 


d8\ 


(22) 


2  r 

>?rhere  the  integration  is  extended  round  the  closed  circuit  «',  we 
-may  write  dX 


ds 


=  my -^710. 


dY 
Similarly  -r—  :=  na—ly^ 


ds 
dZ 


=  l^^ma. 


(23) 


ds 

The  quantities  q^,  ^,  y  are  sometimes  called  the  determinants 
of  the  circuit  s'  referred  to  the  point  P.  T^eir  resultant  is  called 
by  Ampere  the  directrix  of  the  electrodynamic  action. 

It  is  evident  from  the  equation,  that  the  force  whose  com- 
ponents are  — r-  ck,  -=—  ds^  and  -j-  da  is  perpendicular  both  to  ds 

and  to  this  directrix,  and  is  represented  numerically  by  the  area 
of  the  parallelogram  whose  sides  are  da  and  the  directrix. 

In  the  language  of  quaternions,  the  resultant  force  on  ds  is  the 
vector  part  of  the  product  of  the  directrix  multiplied  by  ds. 

Since  we  already  know  that  the  directrix  is  the  same  thing  as 
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tlie  magnetio  foroe  due  to  &  unit  current  in  the  eirenit  Z,  we 
sh&ll  henceforth  spe&k  of  the  diroctiix  kb  the  magnetic  force  due 
to  the  oircuiL 

518.]  We  shall  now  complete  the  calculation  of  the  componenU 
of  the  force  acting  Itctween  two  finite  cnrrenta,  whether  eloaed 
or  open. 

Let  p  be  a  new  function  of  r,  aueh  that 


then  by  (17)  and  (20) 


P=\f'{B-C)dT, 


^+B=r-^{Q  +  p)~ 


-JQ+p), 


and  equatiooB  (11)  become 
dr 


-i«- 


(J«l 


With  these  values  of  the  component  foroee,  equation  (13) 
becomes 

519.]  Let 

F^f'lptU,  0=l'mpdi.  II=j\,<U,        (2») 
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which,  when  the  circuits  are  closed,  becomes  their  mutual  poten- 
tial, then  (27)  may  be  written 

520.]  Integrating,  with  respect  to  a  and  8^,  between  the  given 

limits,  we  find 

^      dM      d    J         J  - 

+  iV-^^,-i?'p+^,  (33) 

where  the  subscripts  of  L  indicate  the  distance,  r,  of  which  the 
quantity  X  is  a  function,  and  the  subscripts  of  F  and  F  indicate 
the  points  at  which  their  values  are  to  be  taken. 

The  expressions  for  Y  and  Z  may  be  written  down  from  this. 
Multiplying  the  three  components  by  dx,  dy,  and  dz  respectively, 
we  obtain 

Xdx+  Ydy  +  Zdz  =  DM'^D{Lpp0'-Lap'—La'p-{-Laa) 

-  {Fdx  +  O'dy  -f  H'dz\p^A) 
+  (Fdx  +Gdy  +  H  dz^p^.A^,  (34) 

where  D  is  the  symbol  of  a  complete  differential. 

Since  Fdx+Gdy  +  Hdz  is  not  in  general  a  complete  dif- 
ferential of  a  function  of  x,  y,  z,  Xdx-\-Ydy  +  Zdz  is  not  in 
general  a  complete  differential  for  currents  either  of  which  is  not 
closed. 

521.]  If,  however,  both  currents  are  closed,  the  terms  in  Z,  F, 
G,  Hy  F^  G\  H'  disappear,  and 

Xdx  +  Ydy  +  Zdz  =  DM,  (36) 

where  M  is  the  mutual  potential  of  two  closed  circuits  carrying 
unit  currents.  The  quantity  M  expresses  the  work  done  by  the 
electromagnetic  forces  on  either  conducting  circuit  when  it  is 
moved  parallel  to  itself  from  an  infinite  distance  to  its  actual 
position.  Any  alteration  of  its  position,  by  which  M  is  increased, 
will  be  assisted  by  the  electromagnetic  forces. 

It  may  be  shewn,  as  in  Arts.  490,  596,  that  when  the  motion 
of  the  circuit  is  not  parallel  to  itself  the  forces  acting  on  it  are 
still  determined  by  the  variation  of  if,  the  potential  of  the  one 
circuit  on  the  other. 

522.]  The  only  experimental  fact  which  we  have  made  use  of 
in  this  investigation  is  the  fact  established  by  Amp^  that  the 
action  of  a  closed  circuit  on  any  portion  of  another  circuit  is 
perpendicular  to  the  direction  of  the  latter.     Every  other  part  of 
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tbe  inTcfltigation  dcpenila  on  purely  matbeinfttical  eonaideratioo* 
depending  iin  the  properties  of  lines  io  Hp«ce.  The  rGftK>iiitit[ 
therefore  may  he  preiient«<l  in  a  maeh  more  eondetwed  umI 
ftpproprinte  form  hy  the  use  of  t)i«  idcw  and  langumge  of  the 
uatheinatical  method  specially  adapted  to  the  expretaioD  of  aueli 
geometrical  relatiooa — the  (Juutemioiu  of  Hamilton. 

This  has  been  done  by  ProfemorTait  io  iht<  QuaHfHy  Jourmil 
tif  Malhrtiuitiffi,  18G6,  and  in  bis  treatise  on  Qwiternuntu,  ^  }!<!•. 
for  Ampi-re's  original  investigation,  and  the  student  can  eaaily 
adapt  the  same  method  to  the  somewhat  mora  general  inverti- 
gation  given  here. 

523.]  Hitherto  we  have  made  no  assumption  with  mpe«t  to 
tbe  qaantities  A,  B,  C,  except  that  they  are  fonetioos  of  r,  tbi- 
tlistanoe  between  the  elemeofai.  We  have  next  to  aaeertain  the 
form  of  ibew  functiomi,  and  for  this  purpose  we  make  um  of 
Ampfera'a  fourth  case  of  equilibriitin,  Art.  B0%,  in  which  it  i> 
shewn  that  if  all  the  linear  dimensions  and  distances  of  a  system 
of  two  circuits  be  altered  in  tbe  same  proportion,  the  curreote 
remaimog  the  same,  the  force  between  the  two  dreuit«  will 
remain  tbe  same. 

Now  tbe  force  between  the  circuits  for  unit  currents  is   -j-  • 

<u 

and  since  this  is  independent  of  the  dinienHions  of  the  system,  it 

must  be  a  numerical  qaaotity.     Hence  M  itaelf,  tbe  oueflicieai 

of  tbe  mutual  potential  of  tbe  circuits,  must  be  a  quantity  of  the 

dimotiHioDH  of  a  line.     It  followR,  from  i*<]uation  (3 1 ),  that  ^  must 

he  tbe  recipruoa)  of  a  line,  and  therefore  by  {21),  A-C  must  In- 

the   invene   square   of  a  line.     But  since  h  and  C  are   both 
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directioiL     Adopting  this  as  the  numerical  value  of  if,  and 
comparing  with  (31),  we  find 

P  =  l'   and    B^C=^^^'  (37) 

525.]  We  may  now  express  the  components  of  the  force  on  ds 
arising  from  the  action  of  de^  in  the  most  general  form  consistent 
with  experimental  facts. 

The  force  on  da  is  compounded  of  an  attraction 

U-—  -  2r-^Mi'd8ds'4-r  ^^ 
Adsd^      ^'  dsda'r'''^'^-^''d^ 

in  the  direction  of  r, 

S  iVds  ds'=i^  -7-7  ii'ds  dsf  in  the  direction  of  t28,  /    '     ^ 

da  * 

and  Sii'dsds'=^  —riVdsda'  in  the  direction  of  cfo', 

where  Q  =  /    Gdr^  and  since  C  is  an  unknown  function  of  r,  we 

know  only  that  Q  is  some  function  of  r. 

526.]  The  quantity  Q  cannot  be  determined,  without  assump- 
tions of  some  kind,  from  experiments  in  which  the  active  current 
forms  a  closed  circuit.  K  we  suppose  with  Ampere  that  the 
action  between  the  elements  ds  and  cb'  is  in  the  line  joining 
them,  then  8  and  S  must  disappear,  and  Q  must  be  constant,  or 
zero.    The  force  is  then  reduced  to  an  attraction  whose  value  is 

Ampere,  who  made  this  investigation  long  before  the  magnetic 
system  of  units  had  been  established,  uses  a  formula  having  a 
numerical  value  half  of  this,  namely 

Here  the  strength  of  a  current  is  measured  in  what  is  called 
electrodynamio  measure.  If  i,  V  are  the  strengths  of  the  currents 
in  electromagnetic  measure,  and  j^j'  the  same  in  electrodynamic 
measure,  then  it  is  plain  that 

jf;'=  2ii\    or   3-  y/2i.  (41) 

Hence  the  unit  current  adopted  in  electromagnetic  measure  is 
greater  than  that  adopted  in  electrodynamic  measure  in  the  ratio 
of  ^2  to  1. 
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The  only  title  of  the  eleetrodynKtnio  anit  to  eoiLBid«ntioit  i* 
that  it  WM  originally  a(lopU><l  by  Anip^,  the  diacoverer  ut  the 
Isw  of  actioD  between  currents.  The  continu&l  recurrenee  of  ^2 
in  calculatiana  founded  on  it  is  inconvenient,  and  the  electro- 
magnetic Rystem  has  the  great  advantage  of  coinciding  nomeri- 
cally  with  all  our  magnetic  formulae.  Aa  it  ia  difficult  for  th* 
student  to  bear  in  mind  whether  he  ia  to  multiply  or  to  divide 
by  \^.  we  shall  henceforth  use  only  the  electromagnetic  ayatem, 
as  adopted  by  Weber  and  most  other  writera. 

Since  the  form  and  value  of  Q  have  no  efleet  on  any  of  the 
experiments  hitherto  made,  in  which  the  active  current  at  least 
is  always  a  closed  one,  we  may,  if  we  please,  adopt  any  valoe  of 
i^  which  appears  to  us  to  simplify  the  formulae. 

Thus  Amp^re  assumes  that  the  force  between  two  elements  is 
in  the  line  joining  them.     This  givce  Q  =  0, 

fli.'d,d,'=l(gJ-2r_J^)i.i,d.-,    S=0,   S'=0.    («) 

Grassmann  *  assumes  that  two  elements  in  the  saine  straight 
line  have  no  mutual  action.    This  gives 

We  might,  if  we  pleased,  assume  that  the  attraction  between 
two  elements  at  *  (riven  distance  is  proportional  to  the  oonoe  of 
the  angle  between  them.     In  this  case 

«  =  -;■  "'^^  "'-l^'  ^-}^-      '-' 

Finally,  we  might  assume  that  the  attraction  and  the  oblique 
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ON   THE    INDUCTION   OP   ELECTRIC   CUEEENTS. 

528.]  The  discovery  by  Orsted  of  the  magnetic  action  of  an 
electric  current  led  by  a  direct  process  of  reasoning  to  that  of 
magnetization  by  electric  currents,  and  of  the  mechanical  action 
between  electric  currents.  It  was  not,  however,  till  1831  that 
Faraday,  who  had  been  for  some  time  endeavouring  to  produce 
electric  currents  by  magnetic  or  electric  action,  discovered  the 
conditions  of  magneto-electric  induction.  The  method  which 
Faraday  employed  in  his  researches  consisted  in  a  constant 
appeal  to  experiment  as  a  means  of  testing  the  truth  of  his  ideas, 
and  a  constant  cultivation  of  ideas  under  the  direct  influence  of 
experiment.  In  his  published  researches  we  find  these  ideas 
expressed  in  language  which  is  all  the  better  fitted  for  a  nascent 
science,  because  it  is  somewhat  alien  from  the  style  of  physicists 
who  have  been  accustomed  to  establish  mathematical  forms  of 
thought. 

The  experimental  investigation  by  which  Ampere  established 
the  laws  of  the  mechanical  action  between  electric  currents  is  one 
of  the  most  brilliant  achievements  in  science. 

The  whole,  theory  and  experiment,  seems  as  if  it  had  leaped, 
full  grown  and  full  armed,  from  the  brain  of  the  *  Newton  of  elec- 
tricity.' It  is  perfect  in  form,  and  unassailable  in  accuracy,  and 
it  is  summed  up  in  a  formula  from  which  all  the  phenomena  may 
be  deduced,  and  which  must  always  remain  the  cardinal  formula 
of  electro-dynamics. 

The  method  of  Ampere,  however,  though  cast  into  an  inductive 
form,  does  not  allow  us  to  trace  the  formation  of  the  ideas  which 
guided  it.  We  can  scarcely  believe  that  Ampere  really  dis- 
covered the  law  of  action  by  means  of  the  experiments  which  he 
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describca.  Weareled tofluspect,whftt,iDdee<],h« tAUsiuhinuelf*, 
that  be  discovered  tho  Uw  by  Boms  prooeM  wbich  be  has  not 
shewn  us,  uid  th&t  when  be  b«d  aftenrards  built  up  a  perfect 
demooBtntioD  he  removed  all  tntoee  of  the  soaflbldiitg  by  wbieb 
be  bad  raised  it. 

Faraday,  od  the  other  hand,  shews  us  his  unsucoesaral  as  wril 
as  his  successful  experiments,  and  his  crude  ideas  as  well  as  his 
developed  ones,  and  the  reader,  however  inferior  to  him  in  induc- 
tive power,  feels  sympathy  even  more  than  admiration,  and  is 
tempted  to  believe  that,  if  he  had  the  opportunity,  be  too  woald 
be  a  discoverer.  Every  student  should  therefore  read  Ampiic's 
reeeareb  as  a  splendid  example  of  scientific  style  in  the  statement 
of  a  disoovery.  but  be  sboald  also  study  Faraday  for  tJw  caltiva> 
tion  of  a  scientifie  spirit,  by  means  of  the  action  and  reaetioB 
which  will  take  plaice  between  the  newly  discovered  fkeU  as 
introdnaed  to  him  by  Faraday  and  the  naseent  ideas  in  his  own 
mind. 

It  was  porfaafa  for  the  advantage  of  sdence  that  Fanday, 
tbongb  thoranghly  eonscioos  of  the  fundamental  forma  of  spaee. 
time,  and  force,  was  not  a  professed  matbematioian.  He  was 
not  tempted  to  enter  into  the  many  interesting  reaeardiea  in  pan 
mathetaatics  which  hli  diseoveriee  would  have  su^eated  if  tbey 
bad  been  exhibited  in  a  mathematical  form,  and  be  did  not  (M 
called  npoD  either  to  force  bis  results  into  a  shape  aeeepfatble 
to  the  mathematical  taste  of  the  time,  or  to  oxpnm  then  in 
a  form  which  mathematicians  might  attack.  Ue  wm  UtM 
left  at  leisure  to  do  his  proper  work,  to  ouordinate  his  i<leas 
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that  of  any  individual  thing.  Hence  there  may  be  a  mathematical 
method  in  which  we  proceed  from  the  whole  to  the  parts  instead 
of  from  the  parts  to  the  whole.  For  example,  Euclid,  in  his 
first  book,  conceives  a  line  as  traced  out  by  a  point,  a  surface 
as  swept  out  by  a  line,  and  a  solid  as  generated  by  a  surface. 
But  he  also  defines  a  surface  as  the  boundary  of  a  solid,  a  line 
as  the  edge  of  a  surfSa^e,  and  a  point  as  the  extremity  of  a  line. 

In  like  manner  we  may  conceive  the  potential  of  a  material 
system  as  a  function  found  by  a  certain  process  of  integration 
with  respect  to  the  masses  of  the  bodies  in  the  field,  or  we  may 
suppose  these  masses  themselves  to  have  no  other  mathematical 

meaning  than  the  volume-integrals  of  — -  V^^f,  where  ^  is  the 
potential. 

In  electrical  investigations  we  may  use  formulae  in  which  the 
quantities  involved  are  the  distances  of  certain  bodies,  and  the 
electrifications  or  currents  in  these  bodies,  or  we  may  use  formulae 
which  involve  other  quantities,  each  of  which  is  continuous 
through  all  space. 

The  mathematical  process  employed  in  the  first  method  is  in- 
tegration along  lines,  over  surfaces,  and  throughout  finite  spaces, 
those  employed  in  the  second  method  are  partial  differential 
equations  and  integrations  throughout  all  space. 

The  method  of  Faraday  seems  to  be  intimately  related  to  the 
second  of  these  modes  of  treatment.  He  never  considers  bodies 
as  existing  with  nothing  between  them  but  their  distance,  and 
acting  on  one  another  according  to  some  function  of  that  distance. 
He  conceives  all  space  as  a  field  of  force,  the  lines  of  force  being 
in  general  curved,  and  those  due  to  any  body  extending  from  it 
on  all  sides,  their  directions  being  modified  by  the  presence  of 
other  bodies.  He  even  speaks  *  of  the  lines  of  force  belonging  to 
a  body  as  in  some  sense  pai*t  of  itself,  so  that  in  its  action  on 
distant  bodies  it  cannot  be  said  to  act  where  it  is  not.  This, 
however,  is  not  a  dominant  idea  with  Faraday.  I  think  he 
would  rather  have  said  that  the  field  of  space  is  full  of  lines 
of  force,  whose  arrangement  depends  on  that  of  the  bodies  in  the 
field,  and  that  the  mechanical  and  electrical  action  on  each  body  is 
determined  by  the  lines  which  abut  on  it. 

*  Exp,  Bes,,  voL  ii.  p.  293 ;  toI.  iii.  p.  447. 
VOL.  II.  N 
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niENOMRXA   OF  MAaSETO-ELETTRIC   ISDl'mOS  *. 

530.]  1.  Imlvctiun  hy  Vit nut um  of  the  I'rinuiTy  Current. 

Let  there  be  two  coniluctiD)|[  circuits,  the  PrunkT}'  and  ttx- 
Secondary  circuit.  The  primary  circuit  it  ooaDMited  wiib  a 
vultaic  battery  by  which  the  primary  currcnt  Duy  bv  prodvc«<l. 
inaintaiiK'd,  stoppvd,  ur  revtreed.  Thu  secondary  circuit  ineludc* 
a  galvanometer  to  indicate  any  curruntit  which  may  be  fonned  in 
it.  This  galvanometer  h  pUce<l  at  Huch  a  distance  from  all  pans 
of  the  primaiy  circuit  that  the  primary  current  has  no  Masible 
direct  inBuenoe  on  iu  indicationH. 

Let  part  of  the  primary  circuit  consist  of  a  straight  wire,  and 
part  of  the  secondary  circuit  of  a  atraigbt  wire  near  and  parallrl 
to  the  finit,  the  other  i>arts  of  the  circuits  being  at  a  greater 
distance  from  each  other. 

It  is  found  that  at  the  instant  of  sending  a  current  through 
the  straight  wire  of  the  primary-  circuit  the  galvanometer  of  tlw 
secondary  drcuit  indicates  a  current  in  the  secondary  straight 
wire  in  the  opixmite  din-ction.  Tliis  is  called  the  induced  currvnt. 
If  the  primary  current  is  maintained  constant,  the  induce*!  eunvut 
soon  disappears  and  the  primary  current  appears  to  pro<lucf  o" 
effect  on  the  secondary  circuit.  If  now  the  primary  currvot  m 
tttopped,  a  DCGondary  current  in  ulwer\-e4l,  which  is  in  the  niiht 
direction  as  the  primary  current.  Kvery  variation  of  the 
primary  current  producer  eh^trumotive  force  in  the  secondary 
circuit.  When  the  priinsry  curn-ut  incix'aacs,  the  electromotive 
force  is  in  the  opposite  direction  to  the  current.  When  it  di> 
iiiininbuit,  the  eli-ctrumutivc  force  is  in  the  Mime  direction  an  the 
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Now  let  the  primary  current  be  maintained  constant,  but  let 
the  primary  straight  wire  be  made  to  approach  the  secondary 
straight  wire.  During  the  approach  there  will  be  a  secondary 
current  in  the  opposite  direction  to  the  primary. 

If  the  primary  circuit  be  moved  away  from  the  secondary, 
there  will  be  a  secondary  current  in  the  same  direction  as  the 
primary. 

3.  Induction  by  Motion  of  the  Secondary  Circuit, 

If  the  secondary  circuit  be  moved,  the  secondary  current  is 
opposite  to  the  primary  when  the  secondary  wire  is  approaching 
the  primary  wire,  and  in  the  same  direction  when  it  is  receding 
from  it. 

In  all  cases  the  direction  of  the  secondary  current  is  such  that 
the  mechanical  action  between  the  two  conductors  is  opposite  to 
the  direction  of  motion,  being  a  repulsion  when  the  wires  are 
approaching,  and  an  attraction  when  they  are  receding.  This 
very  important  fact  was  established  by  Lenz  *. 

4.  Induction  by  the  Relative  Motion  of  a  Magnet  and  the 

Secondary  Circuit. 

If  we  substitute  for  the  primary  circuit  a  magnetic  shell, 
whose  edge  coincides  with  the  circuit,  whose  strength  is  numer* 
ically  equal  to  that  of  the  current  in  the  circuity  and  whose 
austral  face  corresponds  to  the  positive  face  of  the  circuit,  then 
the  phenomena  produced  by  the  relative  motion  of  this  shell  and 
the  secondary  circuit  are  the  same  as  those  observed  in  the  case 
of  the  primary  circuit. 

531.]  The  whole  of  these  phenomena  may  be  summed  up  in 
one  law.  When  the  number  of  lines  of  magnetic  induction 
which  pass  through  the  secondary  circuit  in  the  positive  direction 
is  altered,  an  electromotive  force  acts  round  the  circuit,  which 
is  measured  by  the  rate  of  decrease  of  the  magnetic  induction 
through  the  circuit. 

532.]  For  instance,  let  the  rails  of  a  railway  be  insulated  from 
the  earth,  but  connected  at  one  terminus  through  a  galvano- 
meter, and  let  the  circuit  be  completed  by  the  wheels  and  axle 
of  a  railway  carriage  at  a  distance  x  from  the  terminus. 
Neglecting  the  height  of  the  axle  above  the  level  of  the  rails, 

*  Pogg.,  Ann.  xxxi.  p.  483  (1884). 
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the  induction  through  the  seeonduy  circuit  ia  dm  to  tLt 
vertical  cumponent  of  the  e&nli*B  iiiA^«tic'  force,  whkh  t» 
northern  Utitudes  is  directed  downwu-da.  Henoe,  if  6  ie  tLt 
gau);e  of  the  railway,  tlte  honEontal  are*  of  the  eirovit  ia  be* 
and  the  sDrface-intp(;ra]  of  the  mafn>«tio  indocUoD  thronith  U  ia 
Zhx,  where  Z  in  the  vertical  component  of  the  magnetic  fbfca 
of  the  earth.  Since  Z  is  downwards,  the  lower  faoa  of  tbe 
circuit  iH  to  be  reckoned  positive,  and  the  positive  direction  of 
the  circuit  itmlf  is  north,  east,  nouth.  we^t,  that  is,  in  tbe 
direction  of  the  sun's  apparent  diurnal  course. 

Now  let  the  carriage  bo  set  in  motion,  then  x  will  vwy.  utd 
there  will  be  an  electromotive  force  in  the  circuit  wboM  Taliie 

If  z  is  increasing,  that  is,  if  the  carriage  ia  moving  away  from 
the  terminus,  this  electromotive  force  is  in  the  nc^tive  diieetka. 
or  north,  west,  south,  eaat.  Hence  tbe  direction  of  this  foree 
through  the  axle  ia  from  right  to  l«ft.  If  x  were  diroiniafaing, 
the  absolute  direction  of  the  force  would  be  reversed,  but  ainee 
the  direction  of  the  motion  of  the  carriage  is  also  reverted,  tbe 
electromotive  force  on  the  axle  is  still  from  right  to  left,  the 
oboerver  in  the  carriage  being  alwayn  supposed  to  move  face 
forwardii.  In  southern  latitudes,  where  the  south  end  of  tbe 
n«e<lle  diptt,  tbe  electromotive  force  on  a  moving  body  is  from 
left  to  right. 

Hence  we  have  the  following  rule  for  determining  the  electro- 
motive f<>r».-  on  a  wire  moving  through  a  field  of  magnetic  forer. 
Plao-,  in  imagination,  your  head  and  feet  in  the  positions  occupif) 


Fig.  31. 
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Uien   be   an   electromotive   force  along  the   moving  qTisdrant, 
acting  from  the  pole  towards  the  equator. 

The  electromotive  force  will  he  the  same  whether  we  snppoBe 
the  earth  at  rest  and  the  quadrant  moved  from  east  to  west,  or 
whether  we  auppose  the  quadrant 
at  rest  and  the  earth  turned  from 
west  to  east.  If  we  suppose  the 
earth  to  rotate,  the  electromotive 
force  will  be  the  same  whatever 
be  the  form  of  the  pai-t  of  the  cir- 
cuit fixed  in  space  of  which  one 
end  touches  one  of  the  poles  and 
the  other  the  equator.  The  cur- 
rent in  this  part  of  the  circuit  is 
from  the  pole  to  the  equator. 

The  other  part  of  the  circuit, 
which  is  fixed  with  respect  to  the 
earth,  may  also  be  of  any  form, 
and  either  within  or  without  the 
earth.  In  this  part  the  current  is  from  the  equator  to  eithei- 
pole. 

534.3  '^^  intensity  of  the  electromotive  force  of  magneto- 
electric  induction  is  entirely  independent  of  the  nature  of  the 
substance  of  the  conductor  in  which  it  acts,  and  also  of  the 
nature  of  the  conductor  which  carries  the  inducing  current. 

To  shew  this,  Faraday*  made  a  conductor  of  two  wires  of 
different  metals  insulated  from  one  another  by  a  silk  covering, 
but  twisted  together,  and  soldered  together  at  one  end.  The 
other  ends  of  the  wires  were  connected  with  a  galvanometer. 
In  this  way  the  wires  were  similarly  situated  with  respect  to 
the  primary  circuit,  but  if  the  electromotive  force  were  stronger 
in  the  one  wire  than  in  the  other  it  would  produce  a  current 
which  would  be  indicated  by  the  galvanometer.  He  found, 
however,  that  such  a  combination  may  be  exposed  to  the  most 
powerful  electromotive  forces  due  to  induction  without  the 
galvanometer  being  affected.  He  also  found  that  whether  the 
two  branches  of  the  compound  conductor  consisted  of  two 
metals,  or  of  a  metal  and  an  electrolyte,  the  galvanometer  was 
not  affected  f. 

■  £/p.  at*.,  195.  t  ii>»  200. 
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Hence  the  electromotive  force  on  sny  conductor  tlepenb  onljr 
on  the  fonn  and  the  motion  of  that  conductor,  together  with  the 
titrengtb,  form,  uid  motion  of  the  electric  curreotB  in  the  field. 

53&.]  Another  ui^tive  property  of  electromotive  foree  ia  that 
it  baa  of  itself  no  tendency  to  oauae  the  mechanical  motion  of 
any  budy,  bat  only  to  cauoo  a  current  of  electricity  within  iL 

if  it  actually  produoea  a  current  in  tbo  body,  there  will  be 
mechanical  action  due  to  that  current,  but  if  we  prevent  th« 
ourrent  from  being  formed,  there  will  be  no  mechanical  action  on 
the  body  itaelf.  If  the  body  ui  eloctrilied,  however,  the  electro- 
motive force  will  move  the  body,  aa  we  have  deaeribed  in 
Electrostatioa. 


536.]  The  experimental  inveatigation  of  the  laws  of  the  indue- 
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Then,  if  the  induction  of  -4  on  X  is  equal  to  that  of  B  on  F, 
the  galvanometer  will  indicate  no  induction  current  when  the 
battery  circuit  is  closed  or  broken. 

The  accuracy  of  this  method  increases  with  the  strength  of  the 
primary  current  and  the  sensitiveness  of  the  galvanometer  to  in- 
stantaneous currents,  and  the  experiments  are  much  more  easily 
performed  than  those  relating  to  electromagnetic  attractions, 
where  the  conductor  itself  has  to  be  delicately  suspended. 

A  very  instructive  series  of  well-devised  experiments  of  this 
kind  is  described  by  Professor  Felici  of  Pisa  *. 

I  shall  only  indicate  briefly  some  of  the  laws  which  may  be 
proved  in  this  way. 

(1)  The  electromotive  force  of  the  induction  of  one  circuit  on 
another  is  independent  of  the  area  of  the  section  of  the  conductors 
and  of  the  material  of  which  they  are  made  f. 

For  we  can  exchange  any  one  of  the  circuits  in  the  experiment 
for  another  of  a  different  section  and  material^  but  of  the  same 
form,  without  altering  the  result. 

(2)  The  induction  of  the  circuit  A  on  the  circuit  X  is  equal  to 
that  of  X  upon  A. 

For  if  we  put  A  in  the  galvanometer  circuit,  and  X  in  the  bat- 
tery circuit,  the  equilibrium  of  electromotive  force  is  not  disturbed. 

(3)  The  induction  is  proportional  to  the  inducing  cuiTent. 
For  if  we  have  ascertained  that  the  induction  of  ^  on  JT  is 

equal  to  that  of  B  on  F,  and  also  to  that  of  C  on  Z,  we  may  make 
the  battery  cuiTent  first  flow  through  A,  and  then  divide  itself  in 
any  proportion  between  B  and  C.  Then  if  we  connect  Xreversed, 
F  and  Z  direct,  all  in  series,  with  the  galvanometer,  the  electro- 
motive force  in  X  will  balance  the  sum  of  the  electromotive  forces 
in  F  and  Z. 

(4)  In  pairs  of  circuits  forming  systems  geometrically  similar 
the  induction  is  proportional  to  their  linear  dimensions. 

For  if  the  three  pairs  of  circuits  above  mentioned  are  all 
similar,  but  if  the  linear  dimension  of  the  first  pair  is  the  sum 
of  the  corresponding  linear  dimensions  of  the  second  and  third 
pairs,  then,  if  Ay  B,  and  C  are  connected  in  series  with  the 

•  Annaleg  de  Chimie,  xxxiv.  p.  64  (1862),  and  Nvovo  Cimento,  ix.  p.  345  (1869). 

t  {This  statement  is  not  necesnarily  strictly  true  if  one  or  more  of  the  materials  is 
magnetic,  for  in  this  case  the  distribution  of  the  lines  of  magnetic  force  are  disturbed 
by  the  magnetism  induced  in  the  wires. } 
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battery,  and  if  X  reversed,  F  aod  Z  an  in  serie*  with  (ha  gal- 
vanoDieter,  there  will  be  e(|uilibriaDi. 

{&)  The  electromutive  force  priHlucod  in  a  coil  of  n  winding 
by  a  current  in  a  coil  of  m  windings  is  proportiooal  to  tbe 
product  m  ». 

537.]  For  experimeniB  of  the  kind  we  have  been  oonaideriag 
tbe  galvanometer  shonld  be  as  senutive  aa  poMible,  and  iu  needle 
tm  li^bt  as  poeailile.  ho  bh  to  give  a  sensible  indication  of  a  -rtrj 
•mall  tnuuient  eurrent.  I'be  experiment*  on  induction  due  to 
motion  roquira  the  needle  to  have  a  somewhat  longer  period  of 
vibration,  so  that  there  may  be  time  to  effect  certain  motiooa 
of  tlic  conductors  wbile  the  ncetlle  is  not  far  from  it«  poaition 
of  Gquilibrinm.  In  the  former  experiments,  the  eleetromotive 
forces  in  the  galvanometer  circuit  were  in  equilibrium  daring 
tbe  whulf  time,  so  that  no  current  passed  tbroogh  the  galvano- 
meter coil.  In  those  now  to  be  described,  tbe  electromotive  force* 
act  first  in  one  direction  and  then  in  tbe  other,  so  as  to  prodaea 
in  BucceBttion  two  currents  in  opposite  direeUons  through  tlie 
galvanometer,  and  we  have  to  show  that  the  impnlses  on  tbe 
galvanometer  needle  due  to  theee  successive  ourrt-ntH  are  in  certain 
cases  equal  and  opposite. 

The  theurj'  of  the  application  of  tlie  galvanometer  to  tbp 
meatturcnieiit  of  transient  currents  will  be  coDsiderad  more  at 
length  in  Art.  748.  At  present  it  is  sufficient  fur  our  porpgae  to 
oli«er%'e  that  as  lonj;  an  the  galvanometer  needle  is  near  it* 
IMwition  of  equilibrium  the  deflecting;  foree  of  the  current  i> 
proportional  to  the  current  itself,  and  if  tbe  whole  time  of  actiMi 
of  tlie  current  is  small  compared  with  the  period  of  vibration  o( 
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the  galvanometer  in  the  secondary  circuit  indicates,  at  the  time 
of  making  contact,  a  transient  current  in  the  opposite  direction 
to  the  primary  current.  If  contact  be  maintained,  the  induction 
current  simply  passes  and  disappears.  If  we  now  break  contact, 
another  transient  current  passes  in  the  opposite  direction  through 
the  secondary  circuit,  and  the  galvanometei*  needle  receives  an 
impulse  in  the  opposite  direction. 

But  if  we  make  contact  only  for  an  instant,  and  then  break 
contact,  the  two  induced  currents  pass  through  the  galvanometer 
in  such  rapid  succession  that  the  needle,  when  acted  on  by  the 
first  current,  has  not  time  to  move  a  sensible  distance  from  its 
position  of  equilibrium  before  it  is  stopped  by  the  second,  and,  on 
account  of  the  exact  equality  between  the  quantities  of  these 
transient  currents,  the  needle  is  stopped  dead. 

If  the  needle  is  watched  carefully,  it  appears  to  be  jerked 
suddenly  from  one  position  of  rest  to  another  position  of  rest 
very  near  the  first 

In  this  way  we  prove  that  the  quantity  of  electricity  in  the 
induction  current,  when  contact  is  broken,  is  exactly  equal  and 
opposite  to  that  in  the  induction  current  when  contact  is  made. 

538.]  Another  application  of  this  method  is  the  following, 
which  is  given  by  Felici  in  the  second  series  of  his  Researches, 

It  is  always  possible  to  find  many  different  positions  of  the 
secondary  coil  B,  such  that  the  making  or  the  breaking  of  contact 
in  the  primary  coil  A  produces  no  induction  current  in  B.  The 
positions  of  the  two  coils  are  in  such  cases  said  to  be  conjugate 
to  each  other. 

Let  J3j  and  B^  be  two  of  these  positions.  If  the  coil  B  be 
suddenly  moved  from  the  position  B^  to  the  position  B^,  the 
algebraical  sum  of  the  transient  cun-ents  in  the  coil  B  is  exactly 
zero,  so  that  the  galvanometer  needle  is  left  at  rest  when  the 
motion  of  B  is  completed. 

This  is  true  in  whatever  way  the  coil  B  is  moved  from  B^  to 
B^y  and  also  whether  the  current  in  the  primary  coil  A  be 
continued  constant,  or  made  to  vary  during  the  motion. 

Again,  let  B^  be  any  other  position  of  B  not  conjugate  to  A^ 
so  that  the  making  or  breaking  of  contact  in  A  produces  an 
induction  current  when  B  is  in  the  position  i^. 

Let  the  contact  be  made  when  J3  is  in  the  conjugate  position 
J?j,  there  will  be  no  induction  current.    Move  B  to  R,  there 
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will  bo  ui  ioduetioD  curreot  due  to  the  motion,  hut  if  B  is 
iitoved  rapidly  to  If,  and  the  primary  contact  then  )>rok<«,  the 
induction  current  duo  to  breaking  contact  will  exactly  annul  th>- 
effect  of  that  due  to  the  motion,  ho  that  the  galvanometer  nre>ilv 
will  l>e  left  at  rest.  Hence  the  current  due  to  the  motion  from  a 
<-onjugat*'  poKition  to  any  other  poution  in  equal  and  opposite  Vt 
the  cum-nt  due  to  bn-aking  contact  in  the  latter  position. 

Since  tbo  effect  of  making  contact  is  e^jQal  and  opposite  to  that 
of  breaking  it.  it  follows  that  the  effect  of  making  contact  when 
the  coil  Bin  in  any  position  R  is  equal  to  that  of  bringing*  the 
o»il  from  any  conjugate  poitition  B^Xo  If  while  the  current  is 
flowing  through  A. 

If  the  change  of  the  relative  position  of  the  coils  is  made  by 
moving  the  primary'  circuit  instead  of  the  seoondary,  the  rcnult  is 
found  to  bo  the  same. 

530.]  It  follows  from  these  experiments  that  the  total  induction 
current  in  B  daring  the  simultsDeoas  motion  of  A  from  j1,  to  .4,. 
and  of  B  bom  B,  to  B^,  while  the  current  in  A  changes  from  y, 
to  y,.  depi'nds  only  on  the  initial  state  A^,  A,,  y,,  and  the  final 
state  A^,  Bf,  y,,  and  not  at  all  on  the  nature  of  die  intermediate 
states  throogb  which  the  system  may  pass. 

Hence  the  value  of  the  total  induction  current  most  be  of  the 

'°™  F{A,.B„r,)-FiA„B,.rO. 

where  J"  is  a  function  of  ^ ,  B,  and  y. 

With  t\-spect  to  the  form  of  this  function,  we  know,  by  Art. 
sa6,  that  when  there  is  no  motion,  and  tbvrefore  A,  =  A,  and 
if,  =  B^.  the  induction  current  is  proportional  to  the  primary- 
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These  experiments,  therefore,  shew  that  the  total  current  of 
induction  depends  on  the  change  which  takes  place  in  a  certain 
quantity,  My^  and  that  this  change  may  arise  either  from 
variation  of  the  primary  current  y,  or  from  any  motion  of  the 
primary  or  secondary  circuit  which  alters  M. 

540.]  The  conception  of  such  a  quantity,  on  the  changes  of 
which,  and  not  on  its  absolute  magnitude,  the  induction  current 
depends,  occurred  to  Faraday  at  an  early  stage  of  his  Researches  *. 
He  observed  that  the  secondary  circuity  when  at  rest  in  an  electro- 
magnetic field  which  remains  of  constant  intensity,  does  not 
shew  any  electrical  effect,  whereas,  if  the  same  state  of  the  field 
had  been  suddenly  produced,  there  would  have  been  a  current. 
Again,  if  the  primary  circuit  is  removed  from  the  field,  or  the 
magnetic  forces  abolished,  there  is  a  current  of  the  opposite  kind. 
He  therefore  recognised  in  the  secondary  circuit,  when  in  the 
electromagnetic  field,  a  *  peculiar  electrical  condition  of  matter,' 
to  which  he  gave  the  name  of  the  Electrotonic  State.  He  after- 
wards found  that  he  could  dispense  with  this  idea  by  means  of 
considerations  founded  on  the  lines  of  magnetic  force  f,  but  even 
in  his  latest  Researches  {,  he  says,  *  Again  and  again  the  idea  of  an 
electrotonic  state  §  has  been  forced  on  my  mind.' 

The  whole  history  of  this  idea  in  the  mind  of  Faraday,  as 
shewn  in  his  published  Researches,  is  well  worthy  of  study.  By 
a  course  of  experiments,  guided  by  intense  application  of  thought, 
but  without  the  aid  of  mathematical  calculations,  he  was  led  to 
recognise  the  existence  of  something  which  we  now  know  to  be  a 
mathematical  quantity,  and  which  may  even  be  called  the  funda- 
mental quantity  in  the  theory  of  electromagnetism.  But  as  he 
was  led  up  to  this  conception  by  a  purely  experimental  path,  he 
ascribed  to  it  a  physical  existence,  and  supposed  it  to  be  a 
peculiar  condition  of  matter,  though  he  was  ready  to  abandon 
this  theory  as  soon  as  he  could  explain  the  phenomena  by  any 
more  familiar  forms  of  thought. 

Other  investigators  were  long  afterwards  led  up  to  the  same 
idea  by  a  purely  mathematical  path,  but,  so  far  as  I  know,  none 
of  them  recognised,  in  the  refined  mathematical  idea  of  the 
potential  of  two  circuits,  Faraday's  bold  hypothesis  of  an  electro- 
tonic state.    Those,  therefore,  who  have  approached  this  subject 

*  Exp,  Ren,,  series  i.  60.  t  lb.,  8269. 

t  lb.,  aeries  ii.  242.  §  lb.,  60, 1114, 1661, 1729,  17S3. 
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in  tbc  way  pointetl  out  I>y  tboM  eminent  invMtigston  wbo  first 
rL-ducfid  iu  lawa  to  a  niathomatical  form,  have  aometimes  foond 
it  difficult  to  appreciate  thu  scienUfic  accuracy  of  the  ntatetnrnta 
of  lawB  »hicli  Faradav,  in  blie  first  two  aerit-s  of  bin  ReMiink*a. 
baa  given  with  such  wonderful  conipletaneaa. 

The  scit-ntific  valu<-  of  Faraday's  eonception  of  an  electrotonic 
Btate  voiiHisUi  in  \U  directing  the  mind  to  lay  hold  of  a  eotain 
quantity,  oo  the  changen  of  wbieh  the  actual  pht-nomeoa  de- 
jiend.  Without  a  much  greater  degree  of  development  than 
Faraday  gave  it,  this  eonception  does  not  easily  lend  itaelf  to 
the  explanation  of  the  pLonomena.  We  shall  return  to  thi* 
Hubject  agun  in  Art.  884. 

541.]  A  method  which,  in  Faraday's  bands,  was  far  more 
powerful  is  that  in  which  be  makes  use  of  those  lines  of  tOM^- 
netic  force  which  were  alwayu  in  bis  mindn  eye  when  coo- 
tvuiplating  bin  magnets  or  electric  eurrenta,  and  the  delineation 
of  which  by  means  of  iron  filing)*  he  ri^tly  regarded  *  as  a  most 
valuable  aid  to  the  ex  peri  mental  int. 

Faraday  looked  on  these  linea  as  expreeaing,  not  only  by  their 
direction  that  of  the  magnetic  force,  but  by  their  number  an<l 
concentration  the  intensity  of  that  force,  and  in  bts  lat^*  Re- 
tean/tee^  be  shews  how  to  conceive  of  unit  linea  of  force.  I 
liBVt'  explaine<l  in  various  parts  of  this  treattm  the  relation 
U-tween  tlie  proi>ertie0  wbieh  Faraday  recognised  in  tlie  liws  of 
furcv  and  thu  nuubematical  conditions  of  eloetric  and  niaguetie 
furot-s,  and  bow  Faraday's  notion  of  unit  lines  and  of  the  nuniln-r 
of  lines   witbin  certain   limits  may    \>e   made  mathematically 
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the  moving  conductor,  as  it  cuts  the  lines  of  force,  sums  up  the 
action  due  to  an  area  or  section  of  the  lines  of  force.  This, 
however,  appears  no  new  view  of  the  case  after  the  investigations 
of  the  second  series  *  have  been  taken  into  account. 

The  conception  which  Faraday  had  of  the  continuity  of  the 
lines  of  force  precludes  the  possibility  of  their  suddenly  starting 
into  existence  in  a  place  where  there  were  none  before.  If,  there- 
fore, the  number  of  lines  which  pass  through  a  conducting 
circuit  is  made  to  vary,  it  can  only  be  by  the  circuit  moving 
across  the  lines  of  force,  or  else  by  the  lines  of  force  moving 
across  the  circuit.  In  either  case  a  current  is  generated  in  the 
circuit. 

The  number  of  the  lines  of  force  which  at  any  instant  pass 
through  the  circuit  is  mathematically  equivalent  to  Faraday  s 
earlier  conception  of  the  electrotonic  state  of  that  circuit,  and  it 
is  repi-esented  by  the  quantity  My, 

It  is  only  since  the  definitions  of  electromotive  force,  Arts.  69, 
274,  and  its  measurement  have  been  made  more  precise,  tnat 
we  can  enunciate  completely  the  true  law  of  magneto-electric 
induction  in  the  following  terms : — 

The  total  electromotive  force  acting  round  a  circuit  at  any 
instant  is  measured  by  the  rate  of  decrease  of  the  number  of 
lines  of  magnetic  force  which  pass  through  it. 

When  integrated  with  respect  to  the  time  this  statement 
becomes : — 

The  time-integral  of  the  total  electromotive  force  acting  round 
any  circuit,  together  with  the  number  of  lines  of  magnetic  force 
which  pass  through  the  circuit,  is  a  constant  quantity. 

Instead  of  speaking  of  the  number  of  lines  of  magnetic  force, 
we  may  speak  of  the  magnetic  induction  through  the  circuit, 
or  the  surface-integral  of  magnetic  induction  extended  over  any 
surface  bounded  by  the  circuit. 

We  shall  return  again  to  this  method  of  Faraday.  In  the  mean- 
time we  must  enumerate  the  theories  of  induction  which  are 
founded  on  other  considerations. 

Lenz's  Law. 

542.]  In  1834,  Lenzf  enunciated  the  following  remarkable 
relation   between  the  phenomena  of  the  mechanical  action  of 

♦  Exp.  Bes.,  217,  Ac.  t  I*«gg-»  ^f^  "xi.  p.  488  (1884). 
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i-lcctric  eurrcntH,  u  dotined  by  Amjit-rc'H  fonnuU,  uid  th«  id* 
(luctiun  of  electric  curreobt  hy  tbe  rvUtive  motiun  of  cud- 
tluctont.  An  earlier  attempt  at  a  8tat«muot  of  nueh  a  n-la- 
tinD  wafl  ^ven  l>y  Ritchie  in  tbe  I'hiioivjJtiriil  Stugmin*  fur 
January  of  the  itaine  year,  but  t)i«  directioo  of  the  in<luce«) 
ouTTent  waa  Ln  every  caiw  stated  wrongly.  Leoz's  law  U  an 
follows : — 

If  aeoniiantrurTtntfiimv  in  Uie itrimnry  i-irtmit  A, aiul  i/,l"t 
the  motion  of  A,  or  of  the  tecondary  cirruit  B,  n  current  t* 
intlvLttd  in  B,  the  direitioii  ifthtu  iiulucttl  current  wilt  '•<  f^'A 
that,  liy  ite  tlectromaijiietic  mlion  on  A,  it  tentU  to  o/'/fiv  tht 
relative  nation  </  the  cin-uHn. 

On  tliin  law  F.  E.  Neumann  *  founded  his  mathematical  theon- 
of  iuduction.  in  which  be  entaldiahed  the  matbeuiaticml  laws  of  tbe 
induceil  cumnits  due  to  tbe  motion  of  the  primary  or  secontlan- 
oonductor.  He  shewed  that  the  quantity  if,  which  we  ha%'e  called 
tbe  potential  of  the  one  eiroait  on  tbe  other,  is  the  same  as  tlie 
vlectromat^netio  potential  of  ttie  one  circuit  on  the  other,  which 
we  have  already  investigated  in  connection  with  Amp^'s  formula. 
We  may  regard  F.  E.  Nouroann,  tlierefore,  as  having  completed 
for  tbe  induction  of  eurrenu  tbe  mathematical  treatment  which 
Ampbre  bad  applied  to  their  uieohauical  action. 

643.]  A  »tep  of  still  grvat«r  noientitic  importance  wb«  soon 
after  made  by  Helmholtx  iu  his  Kumiy  on  the  Contemition  nf 
For\e  t,  and  by  Sir  W.  Thomium  J,  w-orkin}^  sutitewhat  later.  Itut 
indepetiilently  of  Helmholtx.  They  shewed  that  the  imluction  of 
electric  currents  discovered  hy  Faraday  could  be  mathematically 
deduced  from  tbe  electromagnetic  aclious  dittcovered  by  United 
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dty  the  eneigy  communicated  to  the  magnet  by  the  electromagnetic 

action  is  I---dt. 
dt 

The  work  done  in  generating  heat  in  the  circuit  is,  by  Joule's 

law,  Art.  242,  PRdty  and  the  work  spent  by  the  electromotive 

force  A,  in  maintaining  the  current  I  during  the  time  dt,  is  A  Idt 

Hence,  since  the  total  work  done  must  be  equal  to  the  work  spent, 

Aldt^PRdt  +  I^dt, 

dt 

whence  we  find  the  intensity  of  the  current 

A        ^^ 

Now  the  value  of  A  may  be  what  we  please.     Let,  therefore, 
-4  =  0,  and  then  I  ^y 


/  =  - 


Rdt 


or,  there  will  be  a  current  due  to  the  motion  of  the  magnet,  equal 

dV 

to  that  due  to  an  electromotive  force 7—* 

dt 

The  whole  induced  current  during  the  motion  of  the  magnet 
from  a  place  where  its  potential  is  F^  to  a  place  where  its  po- 
tential is  K,  is    r  1    rdV  1 

and  therefore  the  total  current  is  independent  of  the  velocity  or 
the  path  of  the  magnet,  and  depends  only  on  its  initial  and  final 
positions. 

Helmholtz  in  his  original  investigation  adopted  a  system  of 
units  founded  on  the  measurement  of  the  heat  generated  in  the 
conductor  by  the  current.  Considering  the  unit  of  current  as 
arbitrary,  the  unit  of  resistance  is  that  of  a  conductor  in  which 
this  unit  current  generates  unit  of  heat  in  unit  of  time.  The 
unit  of  electromotive  force  in  this  system  is  that  required  to 
produce  the  unit  of  current  in  the  conductor  of  unit  resistance. 
The  adoption  of  this  system  of  units  necessitates  the  introduction 
into  the  equations  of  a  quantity  a,  which  is  the  mechanical 
equivalent  of  the  unit  of  heat.  As  we  invariably  adopt  either 
the  electrostatic  or  the  electromagnetic  system  of  units,  this  factor 
does  not  occur  in  the  equations  here  given. 

544.]  Helmholtz  also  deduces  the  current  of  induction  when  a 
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oundueting  circuit  uwl  a  circuit  orryiDg  b  conatant  enrrait  are 
iii»dc  to  mow  relatively  to  one  another  *, 

Let  R,,  /fj  )>c  the  resiHtancen,  /,,  l,  the  currents,  .4,,  .4,  tlie 
external  cicctrutnotive  forcee,   an<l    V  the  potential  of  the   one 

*  [Thr  pmolt  gtrta  in  ArU.  Hi  *a<l  SU  >ra  bit  iMiAcUrr,  ma  Umt  D^Wt  tmj 
varUiHitii  which  Bkjooniria  tbarumDU  *ti>l  klmuij  chuitt*  shiirh  out  '«nrta  Ik* 
Kinrtic  Korricy  ■I"*  l»  the  ni»ti<in  i>f  th«  cirniita  It  ti  in  Ikct  ■■  iDpoubU  to  iladw 
thr  rqiulJoBt  of  imloctii-u  nf  two  rirculu  'rum  thr  prlacipb  ul  tha  ('■«MrtMi'«  -t 
Knrrit*  kloo*  M  it  wiiuld  hv  In  ilatlnw  llw  FqDkti<>a*  o(  notion  of  ■  ■>***<"  *>tl>  t*'' 
drt(rHi  of  frmlom  Bithout  a*tn|[  mi;  pripcipla  twiroad  thkt  "f  Uv  < '>-<Mrr*Mi(J«  ••( 

It  wa  Biiply  th*  [inBcipl*  uT  th*  Voamtrttuta  nf  EDMn  la  tk«  om*  af  !«•>  norvnt^ 
<■•  KM  (Mia  aiiiutiui).  which  wr  mty  itxliiov  M  t-llnvt :  — Lat  /..  if.  .V  hr  iha  nwHkrinl 
of  arlf-inilactioa  iif  th*  fir>t  <:itm>l,  tha  nwflb-iml  nf  muiiul  inliirtl'in  nf  th*  i*  ■ 
eimiu  *»d  tha  •alf-iaditetina  of  tha  ■Hnul  einuil  miwatlral;  Art.  ST?).  ^  T. 
br  th*  Kinatic  Vjarr^  di»  In  thr  cumnu  rouwl  th*  riru.iit^  wd  let  th*  tnl  of  Ih* 
nutation  b*  th*  Mm*  w  io  Art.  StI.     Tlwn  (Art.  578) 

r.  -  iZ.VtJlf/,/,.t.V/,', 

-■T,  ,    _rfr. 


J/, 


■". 


larinuit. 


KabtnctiBt  (1)  frcin    3>,  w*  kH 


•  r, . 


»•""• 


•IT. 


-S' 


•"•.. 


Uut       *U  iha  foraa  of  tj|«  f  acting^oa  Iba  (jda-i 
altaraal  Ibm  acta  an  th*  intwa,  £  '-y^  I'  will 
r.  >1m  tn  th*  notloa  M  tlif  iTntMa.  bnw*  (S^  gin 
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eircait  on  the  other  due  to  unit  current  in  each,  then  we  have, 
as  before,  _      ^  ^  dV 

If  we  suppose  /j  to  be  the  primary  current,  and  I^  so  much  less 
than  /j,  that  it  does  not  by  its  induction  produce  any  sensible 

alteration  in  /j,  so  that  we  may  put  /j  =  ^ ,  then 


h 

A,- 

-h 

dV 

• 

dt 

R, 

a  result  which  may  be  interpreted  exactly  as  in  the  case  of  the 
magnet. 

If  we  suppose  I^  to  be  the  primary  current,  and  I^  to  be  very 
much  smaller  than  I^,  we  get  for  /|, 

This  shews  that  for  equal  currents  the  electromotive  force  of 
the  first  circuit  on  the  second  is  equal  to  that  of  the  second  on 
the  first,  whatever  be  the  forms  of  the  circuits. 

Helmholtz  does  not  in  this  memoir  discuss  the  case  of  induc- 
tion due  to  the  strengthening  or  weakening  of  the  primary  current, 
or  the  induction  of  a  current  on  itself.  Thomson  *  applied  the 
same  principle  to  the  determination  of  the  mechanical  value  of 
a  current,  and  pointed  out  that  when  work  is  done  by  the  mutual 
action  of  two  constant  currents,  their  mechanical  action  is  in- 
creased  by  the  same  amount,  so  that  the  battery  has  to  supply 
double  that  amount  of  work,  in  addition  to  that  required  to  main- 
tain the  currents  against  the  resistance  of  the,  circuits  f. 

545.]  The  introduction,  by  W.  Weber,  of  a  system  of  absolute 
units  for  the  measurement  of  electrical  quantities  is  one  of  the 
most  important  steps  in  the  progress  of  the  science.  Having 
already,  in  conjunction  with  Qauss,  placed  the  measurement  of 
magnetic  quantities  in  the  first  rank  of  methods  of  precision, 
Weber  proceeded  in  his  Electrodynamic  Mea^.urenients  not  only 
to  lay  down  sound  principles  for  fixing  the  units  to  be  employed, 

*  Mechftiucftl  Theory  of  Electroljdi,  PhiL  Mag.,  Deo.  1851. 
t  Nichori  Cyclopaedia  of  PhyHcal  Science ^  ed.  I860,  Article  '  Magnetiim,  Djrn^ 
micftl  Relatione  of,'  and  Meprint,  §  571. 
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but  to  ntftke  determinktioai  of  pArtiooUr  elfletricftl  quntitm 
ID  temu  of  tbeae  tmiU,  with  a  degree  of  koeurmey  praTiotnly 
UDatt«mpt«d.  Both  the  elaetromagDetie  and  the  eleetnwUtie 
■^Btema  of  unite  owe  their  development  and  practical  applica- 
tion to  these  reeearchea. 

Weber  has  also  formed  a  general  theory  of  electric  aotion  from 
whiob  be  dedooea  both  eleotroetatie  and  electromagnetic  fore«. 
and  also  the  indnction  of  electric  eurrenta.  We  shall  consider 
this  theory,  with  some  of  its  mot«  recent  developments,  in  a 
separate  chi^>ter.    See  Art.  846. 


CHAPTER  IV. 


ON  THE   INDUCTION   OF  A   CUBBBNT   ON   ITSELF. 

546.]  Fabadat  baa  devoted  the  ninih  series  of  his  Researches 
to  the  investigation  of  a  class  of  phenomena  exhibited  by  the 
cnrrent  in  a  wire  which  forms  the  coil  of  an  electromagnet. 

Mr.  Jenkin  has  observed  that,  although  it  is  impossible  to  pro- 
duce a  sensible  shock  by  the  direct  action  of  a  voltaic  system 
consisting  of  only  one  pair  of  plates,  yet,  if  the  current  is  made 
to  pass  through  the  coil  of  an  electromagnet^  and  if  contact  is 
then  broken  between  the  extremities  of  two  wires  held  one  in 
each  hand,  a  smart  shock  will  be  felt.  No  such  shock  is  felt  on 
making  contact. 

Faraday  shewed  that  this  and  other  phenomena,  which  he  de- 
scribes, are  due  to  the  same  inductive  action  which  be  had  already 
observed  the  current  to  exert  on  neighbouring  conductors.  In 
this  case,  however,  the  inductive  action  is  exerted  on  the  same 
conductor  which  carries  the  current,  and  it  is  so  much  the  more 
powerful  as  the  wire  itself  is  nearer  to  the  different  elements  of 
the  current  than  any  other  wire  can  be. 

547.]  He  observes,  however  *,  that  *  the  first  thought  that  arises 
in  the  mind  is  that  the  electricity  circulates  with  something  like 
momentum  or  inertia  in  the  wire.'  Indeed,  when  we  consider 
one  particular  wire  only,  the  phenomena  are  exactly  analogous 
to  those  of  a  pipe  full  of  water  flowing  in  a  continued  stream.  If 
while  the  stream  is  flowing  we  suddenly  close  the  end  of  the  pipe, 
the  momentum  of  the  water  produces  a  sudden  pressure,  which  is 
much  greater  than  that  due  to  the  head  of  water,  and  may  be 
sufficient  to  burst  the  pipe. 

If  the  water  has  the  means  of  escaping  through  a  narrow  jet 
when  the  principal  aperture  is  closed,  it  will  be  projected  with  a 

♦  Erp.  Ret,,  1077. 
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velocity  muoh  gnuter  Uian  tbst  due  U>  the  head  of  wmter.  wid 
if  it  cui  escape  throogti  a  valve  into  a  chamber,  it  will  do  ao, 
even  when  the  preware  in  the  chamber  ia  (greater  than  that  doe 
to  the  heatl  of  water. 

It  is  on  this  principle  that  the  hydraalie  ram  is  constructed, 
by  which  a  small  quantity  of  water  may  be  raised  to  a  great 
height  by  means  of  a  large  quantity  flowing  down  from  a  maeh 
lower  level. 

548.]  These  efiecfai  of  the  inertia  of  the  flnid  in  the  tnbe  depend 
Holely  on  the  quantity  of  fluid  running  through  the  tulw,  on  iu 
length,  and  on  its  section  in  different  parts  of  iu  length.  They 
do  not  depend  on  anything  oatside  the  tube,  nor  on  the  form  into 
whioh  the  tube  may  bo  bent,  provided  its  It-ngth  remains  the 
saine. 

With  a  wire  convoying  a  current  thin  is  not  the  case,  for 
if  a  long  wire  is  doubled  on  itself  the  effect  is  very  small,  if 
the  two  parts  are  separated  from  each  other  it  U  grvater.  if  it 
is  coiled  up  into  a  helix  it  is  Htill  greater,  and  greatest  of  all  if. 
when  BO  coiled,  a  piece  of  soft  iron  is  placed  inside  the  coil. 

Again,  if  a  second  wire  ia  eoiled  up  with  the  fint,  but  iosu- 
lated  from  it,  then,  if  the  necond  wire  does  not  form  a  clost-d 
circuit,  the  phenomena  arv  as  Wfore.  but  if  the  second  win-  forms 
a  closed  circuit,  an  induction  current  ia  formed  in  the  sfound 
wire,  and  the  effects  of  si'lf^inductiun  in  the  first  wire  are  re- 
tarded. 

549.]  Thrac  results  shew  clearly  that,  if  the  phenomena  are 
due  to  momentum,  the  momentuui  in  certainly  iiut  that  nf  the 


55^-]  ELECTBOKINETIC   ENERGY.  197 

that  a  path  ia  before  us  leading,  sooner  or  later,  to  the  complete 
understanding  of  the  subject. 

651.]  In  the  case  of  the  electric  current,  we  find  that,  when  the 
electromotive  force  b^ins  to  act,  it  does  not  at  once  produce  the 
full  current,  but  that  the  current  rises  gradually.  What  is  the 
electromotive  force  doing  during  the  time  that  the  opposing  re- 
sistance is  not  able  to  balance  it  ?  It  is  increasing  the  electric 
current. 

Now  an  ordinary  force,  acting  on  a  body  in  the  direction  of  its 
motion,  increases  its  momentum,  and  communicates  to  it  kinetic 
energy,  or  the  power  of  doing  work  on  account  of  its  motion. 

In  like  manner  the  unresisted  part  of  the  electromotive  force 
has  been  employed  in  increasing  the  electric  current.  Has  the 
electric  current,  when  thus  produced,  either  momentum  or  kinetic 
energy? 

We  have  already  shewn  that  it  has  something  very  like  mo- 
mentum, that  it  resists  being  suddenly  stopped,  and  that  it  can 
exert,  for  a  short  time,  a  great  electromotive  force. 

But  a  conducting  circuit  in  which  a  current  has  been  set  up 
has  the  power  of  doing  work  in  virtue  of  this  current,  and  this 
power  cannot  be  said  to  be  something  very  like  energy,  for  it 
is  really  and  truly  energy. 

Thus,  if  the  current  be  left  to  itself,  it  will  continue  to  circulate 
till  it  is  stopped  by  the  resistance  of  the  circuit.  Before  it  is 
stopped,  however,  it  will  have  generated  a  certain  quantity  of 
heat,  and  the  amount  of  this  heat  in  dynamical  measure  is  equal 
to  the  energy  originally  existing  in  the  current. 

Again,  when  the  current  is  left  to  itself,  it  may  be  made  to 
do  mechanical  work  by  moving  magnets,  and  the  inductive  effect 
of  these  motions  will,  by  Lenz  s  law,  stop  the  current  sooner  than 
the  resistance  of  the  circuit  alone  would  have  stopped  it.  In  this 
way  part  of  the  energy  of  the  current  may  be  transformed  into 
mechanical  work  instead  of  heat. 

552.]  It  appears,  therefore,  that  a  system  containing  an  electiic 
current  is  a  seat  of  energy  of  some  kind  ;  and  since  we  can  form 
no  conception  of  an  electric  current  except  as  a  kinetic  pheno- 
menon*, its  energy  must  be  kinetic  energy,  that  is  to  say,  the 
energy  which  a  moving  body  has  in  virtue  of  its  motion. 

We  have  already  shewn  that  the  electricity  in  the  wire  cannot 

*  Faradfty,  Ea^,  Bei.  288. 
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be  conaidered  m  the  moring  body  in  wbiob  we  are  to  find  tltu 
energy,  for  the  energy  of  a  moving  body  does  not  depend  on 
anything  external  to  itself,  whereas  the  praSMtoe  of  other  bodiM 
near  (he  current  alters  its  energy. 

We  are  therefore  led  to  enquire  whether  there  may  not  be  some 
motion  going  on  in  the  apace  outside  the  wire,  which  is  not  oe* 
cupied  by  the  electric  current,  but  in  which  the  electromagnetic 
efli-cts  of  the  euireat  are  manifested. 

I  shall  not  at  present  enter  on  the  reasons  for  looking  in  one 
place  rather  than  another  for  such  motions,  or  for  rpgai^liog 
these  motions  as  of  one  kind  rather  than  another. 

What  I  propose  now  to  do  in  to  examine  the  oonseqnencea  of 
the  assumption  that  the  phenomena  of  the  electric  current  are 
those  of  a  moving  system,  the  motion  being  communicated  from 
one  part  of  the  system  to  another  by  forces,  the  nature  and  laws 
of  which  we  do  not  yet  even  attempt  to  define,  because  we  can 
eliminate  these  forces  from  the  equations  of  motion  by  the  method 
given  by  Lagrange  for  any  connectetl  ayst«m. 

In  the  next  five  chapters  of  this  treatise  I  propoee  to  deduce 
tbe  main  stmctare  of  the  theor>*  of  electricity  from  a  dynamioal 
hypothesis  of  this  kind,  instead  of  following  the  path  which  has 
led  Weber  and  other  Jnvestigutors  to  many  remarkable  discoverit-s 
and  experiments,  and  to  oonceptions,  some  of  which  are  as  beau- 
tiful as  they  an  bold.  I  have  chosen  this  method  because  I  wish 
to  shew  that  there  are  other  wa)'s  of  viewing  the  phenomena 
whicl)  appear  to  me  more  satin  factory,  and  at  the  same  time  are 
more  consistent  with  the  methods  followed  in  the  preceding  parts 


CHAPTER    V. 


ON   THE   EQUATIONS   OP   MOTION   OF   A   CONNECTED   SYSTEM. 

553.]  In  the  fourth  section  of  the  second  paxt  of  his  MScanique 
Analytique^  Lagrange  has  given  a  method  of  reducing  the 
ordinary  dynamical  equations  of  the  motion  of  the  parts  of  a 
connected  system  to  a  number  equal  to  that  of  the  degrees  of 
freedom  of  the  system. 

The  equations  of  motion  of  a  connected  system  have  been 
given  in  a  different  form  by  Hamilton,  and  have  led  to  a  great 
extension  of  the  higher  part  of  pure  dynamics*. 

As  we  shall  find  it  necessary,  in  our  endeavours  to  bring 
electrical  phenomena  within  the  province  of  dynamics,  to  have 
our  dynamical  ideas  in  a  state  tit  for  direct  application  to 
physical  questions,  we  shall  devote  this  chapter  to  an  exposition 
of  these  dynamical  ideas  from  a  physical  point  of  view. 

554.]  The  aim  of  Lagrange  was  to  bring  dynamics  under  the 
power  of  the  calculus.  He  began  by  expressing  the  elementary 
dynamical  relations  in  terms  of  the  corresponding  relations  of 
pure  algebraical  quantities,  and  from  the  equations  thus  obtained 
he  deduced  his  final  equations  by  a  purely  algebraical  process. 
Certain  quantities  (expressing  the  reactions  between  the  parts  of 
the  system  called  into  play  by  its  physical  connexions)  appear  in 
the  equations  of  motion  of  the  component  parts  of  the  system, 
and  Lagrange's  investigation,  as  seen  from  a  mathematical  point 
of  view,  is  a  method  of  eliminating  these  quantities  from  the 
final  equations. 

In  following  the  steps  of  this  elimination  the  mind  is  exer- 
cised in  calculation,  and  should  therefore  be  kept  free  from  the 

*  See  ProfeMor  Cayley'i '  Report  on  Theoretical  Djnamics,*  Briiith  Anocialion, 
1857 ;  and  Thomion  and  Tait't  Natural  Fhiloiopky. 
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intnuioD  of  dynamioal  ideaa.  Our  aim,  on  the  other  haod,  u  to 
cultJTste  our  ilyn&mic&l  ideu.  We  therefore  avul  ourtelvM  of 
the  htbours  of  the  tnatbeuuticiuu,  maii  retraiuUte  their  neulta 
from  the  Unguage  of  the  ealeulua  into  the  language  of  dynamics, 
so  that  oar  words  may  call  up  the  mental  image,  not  of  aoCD<- 
algebraical  prooess,  but  of  some  property  of  moving  bodia*. 

The  language  of  dynamics  baa  been  consideiably  extended  by 
thooe  who  have  expounded  in  popular  terma  the  doctrine  of  th«- 
C'onservation  of  Energy,  and  it  will  be  seen  that  much  of  tb« 
following  statement  is  suggested  by  the  investigation  in  TTiomsOD 
and  Tait's  Xatural  PkUoMphy,  especially  the  method  of  ban- 
ning with  the  theory  of  impulsive  forces. 

I  have  applied  this  method  so  as  to  avoid  the  explicit  oon- 
sideration  of  the  motion  of  any  part  of  the  system  except  the 
coordinates  or  variables,  on  which  the  motion  of  the  whole 
depends.  It  is  doubtless  important  that  the  student  should  br 
able  to  trace  the  connexion  of  the  motion  of  eaoh  part  of  the 
system  with  that  of  the  variables,  but  it  is  by  no  means 
neoessary  to  do  this  in  the  process  of  ol>taining  the  final  equa- 
tions, which  are  independent  of  the  particular  form  of  thesi- 
eonnexions. 

Tie   Variafjlen. 

555.]  The  number  of  degrees  of  freedom  of  a  system  is  the 
number  of  data  which  must  be  given  in  order  complptely  to 
determine  its  position.  Different  forms  may  he  given  to  tbeer 
data,  but  their  number  dt-penda  on  the  nature  of  the  system 
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We  shall  distinguish  the  values  of  q  corresponding  to  the  dif- 
ferent pieces  by  the  suffixes  ^i  2>  ^^-  When  we  are  dealing  with 
a  set  of  quantities  belonging  to  one  piece  only  we  may  omit  the 
suffix. 

When  the  values  of  all  the  variables  {q)  are  given,  the  position 
of  each  of  the  moveable  pieces  is  known,  and,  in  virtue  of  the 
imaginary  mechanism,  the  configuration  of  the  entire  system  is 
determined. 

The  Vdocitiea, 

556.]  During  the  motion  of  the  system  the  configuration 
changes  in  some  definite  manner,  and  since  the  configuration  at 
each  instant  is  fuUy  defined  by  the  values  of  the  variables  {q\ 
the  velocity  of  every  part  of  the  system,  as  well  as  its  configura- 
tion, will  be  completely  defined  if  we  know  the  values  of  the 
variables  (g),  together  with  their  velocities 

(^>  or,  according  to  Newton's  notation,  q\ 

The  Forces. 

557.]  By  a  proper  regulation  of  the  motion  of  the  variables, 
any  motion  of  the  system,  consistent  with  the  nature  of  the  con- 
nexions, may  be  produced.  In  order  to  produce  this  motion  by 
moving  the  variable  pieces,  forces  must  be  applied  to  these  pieces. 

We  shall  denote  the  force  which  must  be  applied  to  any 
variable  q^  by  F^,  The  system  of  forces  {F)  is  mechanically 
equivalent  (in  virtue  of  the  connexions  of  the  system)  to  the 
system  of  forces,  whatever  it  may  be,  which  really  produces  the 
motion. 

The  Momenta. 

558.]  When  a  body  moves  in  such  a  way  that  its  configura- 
tion, with  respect  to  the  force  which  acts  on  it,  remains  always 
the  same,  (as,  for  instance,  in  the  case  of  a  force  acting  on  a 
single  particle  in  the  line  of  its  motion,)  the  moving  force  is 
measured  by  the  rate  of  increase  of  the  momentum.  If  F  is 
the  moving  force,  and  p  the  momentum, 

whence  p  =    Fdt. 

The  time-integral  of  a  force  is  called  the  Impulse  of  the  force; 
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M  Uut  we  m%y  anert  that  the  momentum  is  the  impolae  of  the 
force  which  would  bring  the  body  (rom  a  iitiU«  of  reet  into  the 
given  state  of  motion. 

In  the  cam)  of  a  conneete*]  nyatem  in  motion,  the  oonGgnration 
ia  continually  changing  at  a  rate  depending  on  the  vcloeitira  (f ). 
■o  that  we  can  no  longer  aasumc  that  the  momentum  is  the 
time^int^ral  of  the  force  which  acts  on  it. 

But  the  increment  ftty  of  any  variable  cannot  hv  greatvr  than 
j'ht,  where  8/  'a  the  time  during  which  the  increment  take* 
place,  and  j'  is  the  grfateet  value  of  the  velocity  during  that 
time.  In  the  casa  of  a  system  moving  from  rest  under  the  action 
of  forces  always  in  the  same  direction,  this  is  evidently  the  tinal 
velocity. 

If  the  final  velocity  and  eonhguration  of  the  itydtem  aiv  given, 
we  may  concvivo  the  velocity  to  bu  communicated  to  the  sytrtem 
in  a  very  small  time  It,  thu  original  configuration  differing  from 
the  final  configuration  by  quantitien  87,,  itj^,  &o.,  which  an  lt«a 
than  q^lt,  j^tt,  &e.,  rcHpeetivdy. 

The  smaller  we  suppose  the  increment  of  time  it.  the  greater 
must  be  the  impressed  forces,  but  the  timt^integral.  or  impulse, 
of  each  force  will  remain  finite.  The  limiting  value  of  the  im- 
pulse, when  the  time  is  diminiflhetl  and  ultimately  vanishes.  U  d*- 
tine<l  as  the  lni4'iH(att^nui  impulse,  and  the  momMitum  />.  eorrr* 
s|>ondtng  to  any  variable  7,  is  ilefined  as  th«>  inipub«'  corrMponding 
to  that  variable,  when  the  system  is  lir(>ut;ht  instantanvously 
from  a  stat*'  of  n-Ht  into  the  given  state  of  niotiun. 

Tliis  oinccption,  that  the  momenta  arv  capable  of  lieing 
pHHluei-d  by  itiRtaittaneoun  impiilseH  on  the  HyHtt'tii  at  ivst,  iit 
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Work  done  by  a  StyioII  Impulse. 

559.]  The  work  done  by  the  force  F^  during  the  impulse  is 
the  space-integral  of  the  force,  or 

W=jF,dq„ 

K  q^  is  the  greatest  and  q-i"  the  least  valae  of  the  velocity  qi 
during  the  action  of  the  force,  W  must  be  less  than 

q,jFdt     or     q^ip^^Prl 

and  greater  than     q^'jFdt    or    ?/'(p/— pj- 

If  we  now  suppose  the  impulse  /  Fdt  to  be  diminished  without 

limit,  the  values  of  q^  and  q^'  will  approach  and  ultimately 
coincide  with  that  of  y^,  and  we  may  write  />/— jPi  =  ^Pi,  so 
that  the  work  done  is  ultimately 

or,  the  work  done  by  a  very  small  impulse  is  vZtiTnatdy  the 
product  of  the  impulse  and  the  velocity. 

Increment  of  the  Kinetic  Ertergy. 

560.]  When  work  is  done  in  setting  a  conservative  system  in 
motion,  energy  is  communicated  to 'it,  and  the  system  becomes 
capable  of  doing  an  equal  amount  of  work  against  resistances 
before  it  is  reduced  to  rest. 

The  energy  which  a  system  possesses  in  virtue  of  its  motion 
is  called  its  Kinetic  Energy,  and  is  communicated  to  it  in  the 
form  of  the  work  done  by  the  forces  which  set  it  in  motion. 

K  T  be  the  kinetic  energy  of  the  system,  and  if  it  becomes 
T-^bT,  on  account  of  the  action  of  an  infinitesimal  impulse 
whose  components  are  d/7|,  d/?,'  ^^'>  ^^  increment  bT  must  be 
the  sum  of  the  quantities  of  work  done  by  the  components  of  the 
impulse,  or  in  symbols, 

bT  =  q^bpi  +  q.^  bp^  +  &c., 

=  ^{qbp).  (1) 

The  instantaneous  state  of  the  system  is  completely  defined  if 
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the  v*mblM  uid  ths  moraeDU  ftre  given.  Henee  the  kinetic 
energy,  which  dependn  on  the  inaUntuieoua  stAte  of  the  aystem. 
eui  he  expremed  in  tenna  of  the  varubloe  {7),  and  the  roomenu 
(/i).  This  ie  the  mode  of  expreuing  T  introduced  by  Hamilton. 
When  T  is  expneecd  in  this  way  we  shall  dbtioguiah  it  by  thr 
suffix  ,.  thus.  T,. 
The  complete  variation  of  T^  w 

The  last  term  may  be  written 

x(5j|-,>,), 

which  diminishes  with  hi,  and  ultimately  vanishes  with  it  when 
the  impulse  becomes  instantaneous. 

Hence,  equating  the  coefficients  of  2/*  in  equations  (I)  and  (3), 
we  obtain  dT, 

or,  tht  vetDcily  ronvf/iinujinf;  In  the  wriahle  9  in  the  ilijfer^ 
etUial  ntfjfii'ient  0/  T^  vith  rer/iett  to  the  correnituitdin'j 
iiitmientum  />. 

We  have  arrived  at  this  rtwult  by  the  consideration  of  im- 
pulitive  furoes.  By  this  method  we  have  avoided  the  eonaidera- 
tion  of  the  change  of  oonliguration  during  the  action  of  tbf 
forces.  But  the  instantaoeoua  state  of  th<-  system  is  in  all 
respects  the  same,  whether  the  systvm  was  brought  from  a  stat« 
of  rest  to  tlie  givun  state  of  motion  by  the  transient  application 
of  impulsive  forces,  or  whether  it  arrived  at  that  state  in  any 
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Hamilton's  Equations  of  Motion. 
561.]  We  have  already  shewn  that 

Let  the  system  move  in  any  arbitrary  way,  subject  to  the 
conditions  imposed  by  its  connexions,  then  the  variations  of 
p  and  J  are  ^ 

8|)=  -^U,         hq  =  qht.  (5) 

and  the  complete  variation  of  T^  is  * 

But  the  increment  of  the  kinetic  energy  arises  from  the  work 
done  by  the  impressed  forces,  or 

hT,=  7.{Fhq).  (8) 

In  these  two  expressions  the  variations  hq  are  all  independent 
of  each  other,  so  that  we  are  entitled  to  equate  the  coefficients 
of  each  of  them  in  the  two  expressions  (7)  and  (8).     We  thus 

where  the  momentum  p^  and  the  force  F^  belong  to  the  vari- 
able q*. 

There  are  as  many  equations  of  this  form  as  there  are 
variables.  These  equations  were  given  by  Hamilton.  They 
shew  that  the  force  corresponding  to  any  variable  is  the  sum 
of  two  parts.  The  fii-st  part  is  the  rate  of  increase  of  the 
momentum  of  that  variable  with  respect  to  the  time.  The 
second  part  is  the  rate  of  increase  of  the  kinetic  energy  per  unit 
of  increment  of  the  variable,  the  other  variables  and  all  the 
momenta  being  constant. 

*  {Thii  proof  does  not  leem  concluiive  m  9q  is  Msumed  to  be  equal  to  f  8<,thati8 

to  — ^  8t,  to  that  all  we  can  legitimately  deduce  from  (7)  and  (8)  it 
dp 
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The  Kindie  Energy  exj/rtived  in  Terms  of  the  Momenta  and 
VdocUiea. 

562.]  Let  Pi,  Pf,  kc  be  the  momenta,  and  ^,,  ^„  kc  the 
Teloeities  at  a  given  instant,  and  let  p,,  p,,  &a,  (),,  qj,  to.  be 
another  ayntem  of  momenta  and  velocities,  auob  that 

p,  =  tip,,         q,  =  ny,,ftc.  (10) 

It  is  manifest  that  the  ayBt«ma  p,  q  will  be  oonsiat«nt  with 
eaeh  other  if  the  gystems  p,  q  are  so. 

Now  let  n  vary  by  S  n^     The  work  done  by  the  foreo  F^  is 

Let  n  inereaae  trom  0  to  I .  then  the  system  is  broaght  from 
a  state  of  rest  into  the  state  of  motion  (^,  p),  and  the  whole  work 
expended  in  producing  this  motion  is 

(12) 


Bot 


and  the  work  spent  in  prodoeing  the  motion  is  equivalent  to  the 
kinetie  energy.    Henoe 

rM=Hp,?,+M.+*c),  (13) 

where  7*^  denotee  the  kinetio  energy  exprcesed  in  terms  of  the 
momenta  and  veloeitiea.  The  variables  f,,  9,,  A'c.  do  not  enter 
into  this  exprenion. 

The  kinetic  energy  is  therefore  half  the  sum  of  the  prodaets  of 
the  momenta  into  their  eormponding  velooitiee. 
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564.]  It  is  manifest  that,  since  7,,  T^,  and  7^  are  three 
different  expressions  for  the  same  thing, 

or  T^  +  T^-Piqi-p2q2-&^'=0.  (14) 

Hence,  if  all  the  quantities  p,  9,  and  q  vary» 

The  variations  6/7  are  not  independent  of  the  variations  hq 
and  hq,  so  that  we  cannot  at  once  assert  that  the  coefficient 
of  each  variation  in  this  equation  is  zero.  But  we  know,  from 
equations  (3),  that 

^-?i=0,&C..  (16) 

SO  that  the  terms  involving  the  variations  hp  vanish  of  them- 
selves. 

The  remaining  variations  hq  and  hq  are  now  all  independent, 
so  that  we  find,  by  equating  to  zero  the  coefficients  of  5^^,  &c^ 

or,  the  components  of  momentum  are  the  differential  coefficient 
of  T^  with  respect  to  the  corresponding  velocities. 

Again,  by  equating  to  zero  the  coefficients  of  hq^^  &c., 

or,  the  differential  coefficient  of  the  kinetic  energy  with  respect  to 
any  variable  g^  is  equal  in  magnitude  but  opposite  in  sign  when 
T  is  expressed  as  a  function  of  the  velocities  instead  of  as  a 
/unction  of  the  momenta. 

In  virtue  of  equation  (18)  we  may  write  the  equation  of 
motion  (9),  ^         ^y 

which  is  the  form  in  which  the  equations  of  motion  were  given 
by  Lagrange. 
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565.]  In  <he  preceding  iovMligation  we  h»ve  avoiiled  the  eou- 
sideimtioD  of  the  form  of  the  function  wbieb  exprcMM  tb« 
kinetic  energy  in  Uirms  either  of  the  vt-lodties  or  of  the 
momootft.  The  only  explicit  form  which  we  have  uttignrd  to 
>*"  7w=i( />!?,+/'.?«  + 4c).  (21) 

in  which  it  ib  exprewed  la  h&lf  the  auni  of  the  pnxluetH  of  the 
momenta  each  intu  ita  corretpomling  velocity. 

We  may  express  the  velocities  in  terms  of  the  differential 
coefficiuita  of  T,  with  respect  to  the  momenta,  as  in  equation  i3). 

l22) 

This  shews  that  7*,  is  a  homogeneous  function  of  the  second 
degree  of  the  momenta  />,,  p,,  Ac. 

We  may  also  express  the  momenta  in  terms  of  T^.  and  we 


'■'='(''. 'i^+/'.t^;+*')- 


i/.'"'( 

=  '(».;j^^ 


+  Ao}, 


(23) 

which  shews  that  7*^  is  a  homogeneous  function  of  the  s««ond 
degree  with  respect  to  the  velocitie«  f,,  q^,  ice. 
If  we  write 

then,  siooe  Tf  and  Tp  are  fanctiona  of  the  Bi>cond  d^frn^  of 
9  and  }>  respectively,  both  the  !"»  and  the  Q'»  will  be  functionH 
uf  the  variablc.<4  q  only,  and  independent  «f  the  vclociliiH  and 


/f.for 


O.,for 
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We  may  extend  these  names  to  the  more  general  problem  which 
is  now  before  us,  in  which  these  quantities  are  not,  as  in  the 
case  of  a  rigid  body,  absolute  constants,  but  are  functions  of 

the  variables  ?i,  92>  *^^- 

In  like  manner  we  may  call  the  coefficients  of  the  form  Q^ 
Moments  of  Mobility,  and  those  of  the  form  Q^^  Products  of 
Mobility.  It  is  not  often,  however,  that  we  shall  have  occasion 
to  speak  of  the  coefficients  of  mobility. 

566.]  The  kinetic  energy  of  the  system  is  a  quantity  essen- 
tially positive  or  zero.  Hence,  whether  it  be  expressed  in  terms 
of  the  velocities,  or  in  terms  of  the  momenta,  the  coefficients 
must  be  such  that  no  real  values  of  the  variables  can  make  T 
negative. 

There  are  thus  a  set  of  necessary  conditions  which  the  values 
of  the  coefficients  P  must  satisfy.  These  conditions  are  as 
follows : 

The  quantities  P^^,  11^^  &c.  must  all  be  positive. 

Then— 1  deteiminants  formed  in  succession  from  the  deter- 
minant 

P       P      P  P 

■*12>      ■*22»      '*^' "^« 

"*13>       -*i}i      -*33» "*3« 

P  P  P  P 

by  the  omission  of  terms  with  suffix  1,  then  of  terms  with  either 
1  or  2  in  their  suffix,  and  so  on,  must  all  be  positive. 

The  number  of  conditions  for  n  variables  is  therefore  2  71—  1. 

The  coefficients  Q  are  subject  to  conditions  of  the  same  kind. 

567.]  In  this  outline  of  the  fundamental  principles  of  the 
dynamics  of  a  connected  system,  we  have  kept  out  of  view  the 
mechanism  by  which  the  parts  of  the  system  are  connected.  We 
have  not  even  written  down  a  set  of  equations  to  indicate  how 
the  motion  of  any  part  of  the  system  depends  on  the  variation 
of  the  variables.  We  have  confined  our  attention  to  the  variables, 
their  velocities  and  momenta,  and  the  forces  which  act  on  the 
pieces  representing  the  variables.  Our  only  assumptions  are, 
that  the  connexions  of  the  system  are  such  that  the  time  is  not 
explicitly  contained  in  the  equations  of  condition,  and  that 
the  principle  of  the  conservation  of  energy  is  applicable  to 
the  system. 

VOL    II.  P 
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Suoh  a  description  of  (he  methods  of  pure  dynnmics  is  not  an< 
neoeasftiy,  because  Lagrange  and  most  of  his  foUuwera,  to  whom 
we  are  indebted  for  those  methods,  have  in  general  confined  them- 
seh'os  to  a  demonstration  of  them,  and,  in  order  to  devote  their 
attention  to  the  symbols  before  them,  they  have  endoavoun-d  to 
banish  all  ideas  except  those  of  pure  quanUty,  so  as  not  only  to 
dispense  vith  diagrams,  but  even  to  get  rid  of  the  i<lca8  of  vclocily. 
momentum,  and  energy,  after  they  have  been  once  for  all  sup- 
planted  by  symbols  in  the  original  e<iuations.  In  order  to  be 
able  to  refer  to  the  resulla  of  this  analysis  in  ordinary  d>-namical 
language,  we  have  endeavoured  to  r«translate  the  principal  equa- 
tions uf  the  method  into  language  which  may  bo  intelligible  with- 
out the  use  of  s^'mboU. 

As  the  devtilopment  of  the  ideas  an<l  methods  of  pun-  inathe- 
inatics  has  rendered  it  possible,  by  forming  a  mathematical  theory 
of  dynamics,  to  bring  to  light  many  truths  which  could  not  have 
been  discovered  without  mathematical  training,  so.  if  we  are  to 
form  dynamical  theories  of  other  sciences,  we  must  have  our 
minds  imbued  with  thette  dynamical  truths  as  well  as  with 
mathematical  methods. 

In  forming  (he  ideas  and  words  relating  to  any  science,  which, 
like  electricity,  deals  with  forcev  and  their  etfircts,  we  roust  keep 
ooDHtaotly  in  mind  the  ideas  appropriate  to  the  fundamental 
science  of  dynamics,  so  (hat  we  may,  during  the  first  develop- 
ment of  the  science,  avoid  inoonsiutonry  with  what  is  already 
estaliliHhed,  and  also  that  when  our  views  become  dearer,  the 
lan^fuage  we  liave  adopted  may  be  a  help  to  us  and  not  a 
hindrance. 


CHAPTER    VI. 


DYNAMICAL   THEOEY   OF   ELECTR0MAGNETI8M. 

668.]  We  have  shewn,  in  Art.  662,  that,  when  an  electric 
current  exists  in  a  conducting  circuit,  it  has  a  capacity  for  doing 
a  certain  amount  of  mechanical  work,  and  this  independently  of 
any  external  electromotive  force  maintaining  the  current.  Now 
capacity  for  performing  work  is  nothing  else  than  energy,  in 
whatever  way  it  arises,  and  all  energy  is  the  same  in  kind,  how- 
ever it  may  diflFer  in  form.  The  energy  of  an  electric  current  is 
either  of  that  form  which  consists  in  the  actual  motion  of  matter, 
or  of  that  which  consists  in  the  capacity  for  being  set  in  motion, 
arising  from  forces  acting  between  bodies  placed  in  certain  posi- 
tions relative  to  each  other. 

The  first  kind  of  energy,  that  of  motion,  is  called  Kinetic  energy, 
and  when  once  understood  it  appears  so  fundamental  a  fact  of 
nature  that  we  can  hardly  conceive  the  possibility  of  resolving 
it  into  anything  else.  The  second  kind  of  energy,  that  depending 
on  position,  is  called  Potential  energy,  and  is  due  to  the  action 
of  what  we  call  forces,  that  is  to  say,  tendencies  towards  change 
of  relative  position.  With  respect  to  these  forces,  though  we  may 
accept  their  existence  as  a  demonstrated  fact,  yet  we  always  feel 
that  every  explanation  of  the  mechanism  by  which  bodies  are  set 
in  motion  forms  a  real  addition  to  our  knowledge. 

569.]  The  electric  current  cannot  be  conceived  except  as  a 
kinetic  phenomenon.  Even  Faraday,  who  constantly  endeavoured 
to  emancipate  his  mind  from  the  influence  of  those  suggestions 
which  the  words  *  electric  current '  and  '  electric  fluid '  are  too  apt 
to  carry  with  them,  speaks  of  the  electric  cun*ent  as  '  something 
progressive,  and  not  a  mere  arrangement  *J 

*  Exp.  Be$.,  283. 
P  2 
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Tbo  ofTectM  of  the  current,  such  m  elcctrolyHiit,  an')  thu  UimHfvr 
at  electrification  from  onu  l>u<ly  to  uiother,  arc  all  prugntwivo 
actions  which  rt<<)uire  time  for  their  accoinpUHhtncnt,  anil  are 
thercforv  of  the  nature  of  moiiona. 

As  to  the  velocity  of  the  current,  we  have  ihewn  that  wo  know 
nothing  about  it.  it  may  ho  the  tenth  of  an  inch  in  an  hour,  nr 
a  humlrtnl  thousand  mikii  in  a  secunJ*.  So  far  are  we  from 
knowing  ita  almotute  value  in  any  caac,  that  we  do  nut  oven 
know  whether  what  we  call  tlie  jNHtitive  direction  in  the  actual 
direction  of  the  motion  or  the  revvne. 

But  all  that  we  assume  hcrv  is  that  the  electric  current  involvf^ 
motion  of  Rome  kind.  That  which  in  the  cause  of  electric  currents 
has  been  called  Electromotive  Force.  This  name  has  lun^  Iiecn 
used  with  great  advantage,  and  has  never  le<l  to  any  inconsist- 
ency in  the  language  of  science.  Electromotive  force  is  alway  s 
to  be  understood  to  act  on  electricity  only,  not  on  the  IkmIim  in 
which  the  electricity  resides.  It  is  never  to  be  oonfoundiil  with 
ordinary  machanieal  force,  which  acts  on  bodies  only,  not  on  the 
electricity  in  them.  If  we  ever  come  to  know  the  formal  reU- 
tion  between  electricity  and  ordinary  matter,  we  shall  |intbably 
also  know  the  relation  between  electromotive  force  and  ordinary 
force. 

570.]  When  ordinary  force  acts  on  a  bo<)y.  and  when  thi^  I>oity 
yields  to  the  force,  the  work  done  by  the  force  is  mi«sured  br 
tbe  product  of  the  force  into  the  amount  by  which  the  Uxly 
yiclils.  ThuH,  in  the  case  of  water  force*!  throu);h  a  [ii[H>,  the 
work  done  at  any  section  is  measun-d  by  the  fluid  pniv-ure  at 
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Another  part  of  the  work  is  spent  in  producing  the  electromag- 
netic phenomena  observed  by  Ampere,  in  which  conductors  are 
made  to  move  by  electromagnetic  forces.  The  rest  of  the  work 
is  spent  in  increasing  the  kinetic  energy  of  the  current,  and  the 
effects  of  this  part  of  the  action  are  shewn  in  the  phenomena  of 
the  induction  of  currents  observed  by  Faraday. 

We  therefore  know  enough  about  electric  currents  to  recognise, 
in  a  system  of  material  conductors  carrying  cuiTents,  a  dynamical 
system  which  is  the  seat  of  energy,  part  of  which  may  be  kinetic 
and  part  potential. 

The  nature  of  the  connexions  of  the  parts  of  this  system  is 
unknown  to  us,  but  as  we  have  dynamical  methods  of  investiga- 
tion which  do  not  require  a  knowledge  of  the  mechanism  of  the 
system,  we  shall  apply  them  to  this  case. 

We  shall  first  examine  the  consequences  of  assuming  the  most 
general  form  for  the  function  which  expresses  the  kinetic  energy 
of  the  system. 

571.]  Let  the  system  consist  of  a  number  of  conducting  circuits, 
the  form  and  position  of  which  are  determined  by  the  values  of 
a  system  of  variables  x^,  x^^  &c.,  the  number  of  which  is  equal 
to  the  number  of  degi-ees  of  freedom  of  the  system. 

If  the  whole  kinetic  energy  of  the  system  were  that  due  to  the 
motion  of  these  conductors,  it  would  be  expressed  in  the  form 

T  =  i  (^1  ^)  ^1^  +  &c.  +  {Xy^  Xg)  ^1  ^2  +  ^c., 

where  the  symbols  {x^x^,  &c.  denote  the  quantities  which  we 
have  called  moments  of  inertia,  and  {x^  orj,  &c.  denote  the  pro- 
ducts of  inertia. 

If  X'  is  the  impressed  force,  tending  to  increase  the  coordinate 
^,  which  is  required  to  produce  the  actual  motion,  then,  by 
Lagrange's  equation,       d  dT     dT  _  ^, 

dt  da      dx^ 

WTien  T  denotes  the  energy  due  to  the  visible  motion  only,  we 
shall  indicate  it  by  the  suffix^,  thus,  T^. 

But  in  a  system  of  conductors  carrying  electric  currents,  part 
of  the  kinetic  energy  is  due  to  the  existence  of  these  currents. 
Let  the  motion  of  the  electricity,  and  of  anything  whose  motion 
is  governed  by  that  of  the  electricity,  be  determined  by  another 
set  of  coordinates  ^j,  2/21  &c.,  then  T  will  be  a  homogeneous  func- 
tion of  squares  and  products  of  all  the  velocities  of  the  two  sets 
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of  coortlin»t«a.  We  may  therefore  divido  T  into  three  portions, 
in  the  tintt  of  which,  T^,  the  velocities  of  the  coonlinaU-s  x  only 
occur,  while  in  tho  second,  T^,  tho  velociticn  of  the  counlin&tvit 
,V  only  occur,  uid  in  the  third,  T^,  each  term  contains  thv  pro- 
dut't  of  tho  velocitiee  of  two  cooniinatea  of  which  one  ia  an  j* 
and  the  other  a  y. 

Wo  havo  therefore       J*  =  7*_^  +  7*^  +  f^^ 
where  T^  =  Kir,a-,)  «,*  +  *e+(-'i*«)'i'»  +  *f«-> 

r«=(«,yi)i|>,  +  tc 

573.]  In  tho  general  dynamical  theory',  the  cocflicicnts  of 
every  term  may  be  functions  of  all  the  coonlinat«s,  lx>th  j;  and 
y.  In  the  case  of  electric  currents,  however,  it  is  eany  to  Hee 
that  the  coordinates  of  the  class  y  do  not  enter  into  the  co- 
efficients. 

For,  if  all  the  electric  currents  are  maintained  constant,  anit 
the  conductors  at  rest,  the  whole  state  of  the  Held  will  remain 
oonatonL  But  in  this  oatte  the  coordinates  y  arc  variahle,  though 
the  velocities  j  are  constanL  Hence  the  coonlinatee  y  cannut 
enter  into  the  expreasion  for  7*,  or  into  any  other  cxpresHion  of 
what  actually  takes  place. 

Besides  this,  in  virtue  of  the  equation  of  continuity,  if  the 
eondootors  are  of  tho  nature  of  linear  circuits,  only  one  varialtlo 
is  required  to  express  tho  strength  of  the  current  in  eadt 
conductor.  Let  tho  velocities  f\,ii,  &c.  reprcecnt  the  strengths 
of  the  currents  in  the  several  conductors. 

All  this  would  1)0  true,  if,  instoail  of  electric  current*,  we  hai) 
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other.  Hence  we  must  admit  the  existence  of  terms  involving 
products  of  the  form  j^i  j^2»  *^^  ^^®  involves  the  existence  of 
something  in  motion,  whose  motion  depends  on  the  strength  of 
both  electric  currents  j^|  and  y^ .  This  moving  matter,  whatever 
it  is,  is  not  confined  to  the  interior  of  the  conductors  carrying  the 
two  currents,  but  probably  extends  throughout  the  whole  space 
surrounding  them. 

573.]  Let  us  next  consider  the  form  which  Lagrange's  equa- 
tions of  motion  assume  in  thb  case.  Let  X'  be  the  impressed 
force  corresponding  to  the  coordinate  a;,  one  of  those  which 
determine  the  form  and  position  of  the  conducting  circuits.  This 
is  a  force  in  the  ordinary  sense,  a  tendency  towards  change  of 
position.     It  is  given  by  the  equation     ^ 

"  dtdx      dx 

We  may  consider  this  force  as  the  sum  of  three  parts,  corre- 
sponding to  the  three  parts  into  which  we  divided  the  kinetic 
energy  of  the  system,  and  we  may  distinguish  them  by  the  same 
suffixes.     Thus        X'  =  X'^  +  X\  +  X'^ . 

The  part  X'^  is  that  which  depends  on  ordinary  dynamical 
considerations,  and  we  need  not  attend  to  it. 

Since  T^  does  not  contain  ap,  the  first  term  of  the  expression  for 
X\  is  zero,  and  its  value  is  reduced  to 

dx 

This  is  the  expression  for  the  mechanical  force  which  must  be 
applied  to  a  conductor  to  balance  the  electromagnetic  force,  and 
it  asserts  that  it  is  measured  by  the  rate  of  dimimUion  of  the 
purely  electrokinetic  energy  due  to  the  variation  of  the  co- 
ordinate X.  The  electromagnetic  force,  JT.,  which  brings  this 
external  mechanical  force  into  play,  is  equal  and  opposite  to 
X\,  and  is  therefore  measured  by  the  rate  of  increase  of  the 
electrokinetic  energy  corresponding  to  an  increase  of  the  co- 
ordinate X.  The  value  of  X^,  since  it  depends  on  squares  and 
products  of  the  currents,  remains  the  same  if  we  reverse  the 
directions  of  all  the  currents. 

The  third  part  of  X'  is 

X'    =^^'«^'. 
^      dt  da  dx 
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The  quftDtity  T^  contains  only  produeto  of  the  form  ij.  ko  tb«t 

-  ."  is  a  linear  function  of  tho  Btrengtha  of  tbi-  currents  ^.    The 

fint  term,  therefore,  depends  on  tho  rat«  of  v&riation  of  the 
fltrengthi  of  the  currents,  «ad  intlicates  »  mechanical  force  on 
the  conductor,  which  is  zero  when  the  currents  are  ouiutant,  Mid 
which  is  positi%'c  or  ncgativo  according  as  the  currents  are  in- 
ereuing  or  decreasing  in  strength. 

The  Hecond  term  depends,  not  on  the  variation  of  the  currentA, 
but  on  their  actual  strengths.  As  it  is  a  linear  function  with 
respect  to  these  currents,  it  changes  sign  when  the  currcntu 
change  sign.  Since  every  term  involves  a  velocity  x,  it  is  Xfro 
when  the  conductors  jre  at  rest     There  are  also  tvrms  arising 

.  (/r 

from  the  time  variations  of  tho  coefficients  of  jr  in  .***:  thesf 
remarks  apply  also  to  them. 

We  may  therefore  investigate  these  terms  separately.  If  tfav 
conductors  are  at  rest,  we  have  only  the  first  term  to  deal  with. 
If  the  currents  are  constant,  we  have  only  the  second. 

574.]  As  it  is  of  great  importance  to  determine  whether  any 
part  of  the  kinetic  energy  is  of  the  form  T^,  consisting  of  pro- 
ducts of  ordinary  velocities  and  strengths  of  electric  currents,  it 
is  desirable  that  experiments  should  be  made  on  this  subj«-ct  with 
great  oare. 

The  determination  of  the  forces  acting  on  bo<lies  in  rapid 
motion  in  diffioulL  \xX  us  therefore  attend  to  the  first  tcnit. 
which  depends  on  the  variation  of  the  strength  of  the  cum-nt 

If  any  part  of  the  kinetic  energy  depends  on  the  product  i>f 
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I 


Since  the  action  of  the  horizontal  component  of  terrestrial 
magnetism  would  tend  to  turn  this  coil  round  a  horizontal  axis 
when  the  current  flows  through  it,  we  shall  suppose  that  the 
horizontal  component  of  terrestrial  magnetism 
is  exactly  neutralized  by  means  of  fixed 
magnets,  or  that  the  experiment  is  made  at 
the  magnetic  pole.  A  vertical  mirror  is 
attached  to  the  coil  to  detect  any  motion  in 
azimuth. 

Now  let  a  current  be  made  to  pass  through 
the  coil  in  the  direction  N.E.S.W.  If  elec- 
tricity were  a  fluid  like  water,  flowing  along 
the  wire,  then,  at  the  moment  of  starting 
the  current,  and  as  long  as  its  velocity  is 
increasing,  a  force  would  require  to  be  supplied 
to  produce  the  angular  momentum  of  the  fluid 
in  passing  round  the  coil,  and  as  this  must  be 
supplied  by  the  elasticity  of  the  suspending 
wire,  the  coil  would  at  first  rotate  in  the 
opposite  direction  or  W.S.E.N.,  and  this 
would  be  detected  by  means  of  the  mirror. 
On  stopping  the  current  there  would  be  another 
movement  of  the  mirror,  this  time  in  the  same  direction  as  that 
of  the  current. 

No  phenomenon  of  this  kind  has  yet  been  observed.  Such  an 
action,  if  it  existed,  might  be  easily  distinguished  from  the 
already  known  actions  of  the  current  by  the  following  pecu- 
liarities. 

(1)  It  would  occur  only  when  the  strength  of  the  current 
varies,  as  when  contact  is  made  or  broken,  and  not  when  the 
current  is  constant. 

All  the  known  mechanical  actions  of  the  current  depend  on 
the  strength  of  the  currents,  and  not  on  the  rate  of  variation. 
The  electromotive  action  in  the  case  of  induced  currents  cannot 
be  confounded  with  this  electromagnetic  action. 

(2)  The  direction  of  this  action  would  be  reversed  when  that 
of  all  the  currents  in  the  field  is  reversed. 

All  the  known  mechanical  actions  of  the  current  remain  the 
same  when  all  the  currents  are  reversed,  since  they  depend  on 
squares  and  products  of  these  currents. 


Fig.  88. 
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If  any  Kction  of  this  kind  were  dwcovcrwl,  w©  BhouM  bo  aWt* 
to  rr^r&rtl  one  of  the  Bo-caUc<l  kinds  of  electricity,  either  the 
positive  or  the  negative  kind,  as  a  real  Hubstancu,  and  we  should 
lie  alilu  to  (leflcribo  the  electric  current  as  a  true  motion  of  tluK 
ituti^tance  in  a  particular  direction.  In  fact,  if  electrical  niutionn 
were  iu  any  way  coniparablo  with  the  tnotiunti  of  ordinary 
matter,  tenna  of  the  form  7*_  would  exist,  and  their  existence 
would  !«  manift-ftted  by  the  mechanical  force  A'^, 

According  to  Fcchncr's  hypothesis,  that  an  cK-ctrio  current 
consists  of  two  equal  current*  of  positive  and  oegative  elec- 
tricity, flowing  in  opposite  directions  through  the  Hame  con- 
ductor, the  terms  of  the  second  clans  7*.,  would  vanixh,  i-acb 
term  belonging  to  the  poutivu  current  licing  accompaiiii-^l  by  an 
equal  term  of  opposite  sign  )>elunging  to  the  negative  currcnl, 
and  the  phenomena  depending  on  these  terms  would  have  no 
eziBtence. 

It  appears  to  me,  however,  that  while  wo  derive  great  ail- 
vanta(;u  from  the  recognition  of  the  many  analogies  WtwiM-n  the 
electric  eum.'nt  and  a  current  of  material  fluid,  we  must  carefully 
avoid  making  any  aasumptioo  not  warranted  by  experimental 
evidence,  and  that  tlisre  is,  as  yet,  no  experimental  evidence  to 
shew  whether  the  electric  current  ia  really  a  current  of  a  material 
substance,  or  a  double  current,  or  whether  ita  velocity  is  gn-at  or 
small  as  measured  in  feet  per  second. 

A  knowledge  of  these  things  would  amount  to  at  least  the 
beginninpi  uf  a  completo  dynamical  theory  of  electricity,  in 
which  we  should  regard  electrical  action,  not,  as  in  thix  trealiM.-. 
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Let  A,  B,  C  he  the  momento  of  inertia  of  the  electromagnet 
about  the  axis  of  the  coi],  the  horizontal  axis  BB",  and  a  third 
axis  CC  respectively. 

Let  0  be  the  angle  which  CC  makes  with  the  vertical,  0  the 
azimuth  of  the  axis  BB',  aod  'fr  a  variable  on  which  the  motion 
of  electricity  in  the  coil  depends. 


Fig.  S4. 


Then  the  kinetic  energy  T  of  the  electromagnet  may  be  written 
2T=A4>'sin'0  +  B'0'  +  Cip^GOs'6  +  B{4>imO  +  ^y, 
where  £^  is  a  quantity  which  may  be  called  the  moment  of  inertia 
of  the  electricity  in  the  coil. 

If  0  is  the  moment  of  the  impressed  force  tending  to  increase 
0,  we  have,  by  the  equations  of  dynamics, 


=  B 


<P0 


{(A-C)^^ Bin  0 0030  + E^ COB 0{<j>^0  +  ^i}}. 


By  making  *,  the  impreeaed  force  tending  to  increase  i/f,  equal 
to  zero,  we  obtain  <^  sin  ^  +  ^  =  y, 
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•  coortant.  whirh  wo  in»y  conBider  u  representing  the  ittrengtl) 
of  the  cum-nt  in  the  coil. 

If  C  'a  somewhat  greater  than  A  ;  (■>  will  be  zero,  uid  the  e4|ui- 
librium  about  the  axis  Itif  will  be  nUble  when 
■   „  ^-y 

-""'  =  , 7;i~rr*- 

Thia  value  of  6  depends  on  tlmt  of  y,  the  electric  current,  and 
i»  putiitive  or  negative  according  to  the  direction  of  the  eurreot. 

The  current  i»  paased  through  the  coil  by  its  bearings  at  li 
and  if,  which  arc  connectetl  with  the  battery  by  uieaca  of  apringn 
nibbing  on  metal  rin^s  placed  on  the  verticnl  axia. 

To  det«miiDe  the  value  of  6,  a  diftk  of  |>aper  ih  placetl  al ' ', 
divided  by  a  diameter  parallel  to  Bli"  into  two  parts,  one  of  which 
IB  painted  red  and  the  other  green. 

When  the  instrument  is  in  motion  a  ret\  circle  ia  (leen  at ' ' 
when  0  is  positive,  the  radius  of  which  indicates  roughly  the 
value  of  $.     When  6  is  negative,  a  green  circle  is  seen  at  V. 

By  means  of  nuta  working  on  screws  attached  to  the  vlectiu- 
magnet.  the  axis  CC  is  adjusted  to  be  a  principal  axis  having 
ita  moment  of  inertia  just  exceeding  that  round  the  axis  .4.  so  ai> 
tu  make  the  instrument  very  sensitive  to  the  action  of  the  force 
if  it  exinU. 

The  chief  difficulty  In  the  experimenta  aroxc  from  the  dis- 
turbing action  of  the  earth's  magnetic  force,  which  caused  the 
electromagnet  to  act  hke  a  dip-nee<lle.  Tltc  results  obtained 
were  on  thin  account  very  rough,  Imt  no  eviiUiiee  of  any  ctiange 
in  6  could  Ih'  obtaine<l  even  when  an  iron  cort'  wan  iiiH>rt4.-d  in 
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Since  there  are  no  terms  in  T  involving  the  coordinate  y,  the 
second  teim  is  zero,  and  Y  is  reduced  to  its  first  term.  Hence, 
electromotive  force  cannot  exist  in  a  system  at  rest,  and  with 
constant  currents. 

Again,  if  we  divide  Y  into  three  parts,  I^,  I^,  and  3^,, 
corresponding  to  the  three  pai*t8  of  T,  we  find  that,  since  T^ 
does  not  contain  j^,  I^  =  0. 

We  also  find  F=:_^^??. 

dT  '  dtdy 

Here  -,  -  is  a  linear  function  of  the  cun-ents,  and  this  part  of 

the  electromotive  force  is  equal  to  the  rate  of  change  of  this 
function.  This  is  the  electromotive  force  of  induction  dis- 
covered by  Faraday.  We  shall  consider  it  more  at  length 
afterwards. 

577.]  From  the  part  of  jT,  depending  on  velocities  multiplied 

by  currents,  we  find  3L  = n  —i~  • 

dT     .  "^^   "^^ 

Now — ^  is  a  linear  function  of  the  velocities  of  the  con- 

^y 

ductors.  If,  therefore,  any  terms  of  T^  have  an  actual  existence, 
it  would  be  possible  to  produce  an  electromotive  force  indepen- 
dently of  all  existing  currents  by  simply  altering  the  velocities 
of  the  conductors.  For  instance,  in  the  case  of  the  suspended 
coil  at  Art.  674,  if,  when  the  coil  is  at  rest,  we  suddenly  set  it  in 
rotation  about  the  vertical  axis,  an  electromotive  force  would  be 
called  into  action  proportional  to  the  acceleration  of  this  motion. 
It  would  vanish  when  the  motion  became  uniform,  and  be  re- 
versed when  the  motion  was  retarded. 

Now  few  scientific  observations  can  be  made  with  greater  pre- 
cision than  that  which  determines  the  existence  or  non-existence 
of  a  current  by  means  of  a  galvanometer.  The  delicacy  of  this 
method  far  exceeds  that  of  most  of  the  arrangements  for 
measuring  the  mechanical  force  acting  on  a  body.  If,  therefore, 
any  currents  could  be  produced  in  this  way  they  would  be  de- 
tected, even  if  they  were  very  feeble.  They  would  be  distin- 
guished from  ordinary  cun'ents  of  induction  by  the  following 
characteristics. 

(1)  They  would  depend  entirely  on  the  motions  of  the  con- 
ductors, and  in  no  degree  on  the  strength  cf  currents  or  magnetic 
forces  already  in  the  field. 
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(2)  They  would  depond  not  on  the  absolute  Telocitios  of  the 
conductoni,  but  on  their  Mcelor&tions,  and  on  squuM  an<) 
pruduota  of  velodtiet,  and  they  would  ohange  when  Die  accelera- 
tion becomes  a  n>t*nUtion,  though  the  abeolutu  velocity  in  the 
same. 

Now  in  all  tho  cases  actually  obserrcd,  the  induced  currcnia 
depend  altogether  on  the  strength  and  the  variation  of  ciurvnts 
in  the  6eld,  and  cannot  be  excited  in  a  field  devoid  of  magnetic 
furee  and  of  currents.  In  ao  far  aa  they  depend  on  the  motion 
of  oondoeton,  they  depend  on  the  absolute  velocity,  and  nut  on 
the  change  of  velocity  of  these  motions. 

We  have  thus  three  methods  of  ilotecting  the  existence  of  the 
tenna  of  the  form  7*^,  none  of  which  have  hitherto  led  to  any 
positive  rrsult  I  have  pointed  them  out  with  the  (^reater  can' 
l>ecause  it  appoan  to  me  important  that  we  should  attain  the 
greatest  amount  of  certitude  within  our  reach  on  a  point  bearing 
so  Htrongly  on  the  true  theory  of  electricity. 

Since,  however,  no  evidence  has  yet  been  obtained  of  nich 
t«rms,  I  shall  now  proceed  oo  the  assumption  that  they  do  not 
exist,  or  at  least  that  they  produce  no  sensible  effect,  an  assump- 
tion which  will  eonsiderably  simplify  our  dj'namical  theory. 
We  shall  have  ooca&ion.  however,  in  discussing  the  relation  of 
magnetism  to  light,  to  shew  that  the  motion  which  constitutes 
light  may  enter  aa  a  factor  into  t<.'rms  involving  the  motion 
which  conntitutes  magnetbim. 


CHAPTER    VIL 

THEORY   OF   ELECTBIC   CIRCIJITS. 

578.]  We  may  now  confine  our  attention  to  that  part  of  the 
kinetic  energy  of  the  system  which  depends  on  squares  and 
products  of  the  strengths  of  the  electric  currents.  We  may  call 
this  the  Electrokinetic  Energy  of  the  system.  The  part  de- 
pending on  the  motion  of  the  conductors  belongs  to  ordinary 
dynamics,  and  we  have  seen  that  the  part  depending  on  products 
of  velocities  and  currents  does  not  exist. 

Let  -4,,  -Ag,  &c.  denote  the  different  conducting  circuits.  Let 
their  form  and  relative  position  be  expressed  in  terms  of  the 
variables  a^,  x.,,  &c.  the  number  of  which  is  equal  to  the  number 
of  degrees  of  freedom  of  the  mechanical  system.  We  shall  call 
these  the  Geometrical  Variables. 

Let  2/,  denote  the  quantity  of  electricity  which  has  crossed 
a  given  section  of  the  conductor  Aj^  since  the  beginning  of  the 
time  t.  The  strength  of  the  current  will  be  denoted  by  j^j,  the 
fluxion  of  this  quantity. 

We  shall  call  y,  the  actual  current,  and  y^  the  integral  cur- 
rent. There  is  one  variable  of  this  kind  for  each  circuit  in  the 
system. 

Let  T  denote  the  electrokinetic  energy  of  the  system.  It  is 
a  homogeneous  function  of  the  second  degree  with  respect  to  the 
strengths  of  the  currents,  and  is  of  the  form 

T=\LJ,^-^\L,  ^,«  +  &c.  +  M,^yJ^  +  &c.,  (1 ) 

where  the  coefficients  Z,  if,  &c.  are  functions  of  the  geometrical 
variables  x^,  x.^y  &c.  The  electrical  variables  y^^  y^  do  not  enter 
into  the  expression. 

We  may  call  L^,  L^j  &c  the  electric  moments  of  inertia  of  the 
circuits  -4j,  A^,  &c.,  and  M^^  *^®  electric  product  of  inertia  of  the 
two  circuits  A^  and  A 2.    When  we  wish  to  avoid  the  language  of 
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the  (ijnamical  theorj-.  we  shall  call  L,  the  coefficient  of  nclf- 
iuduction  of  the  circuit  A,,  and  Jf„  tho  coefficient  uf  mutual 
induction uf  the  circuits  ^,and  A,.  lS,^\n  aliu  calle<l  tht-  poten- 
tial  of  the  circuit^,  with  nmpect  tOi4,.  These  (|uantities  de[M-n>l 
only  on  the  rorm  and  relative  po«itioD  of  the  circuits.  We  iihall 
find  that  in  the  eK-ctroniagnetic  syntcin  of  nieasun-mciit  they  are 
<juaotitie8  of  the  dimenaiun  of  a  line.     See  Art.  627. 

By  differentiating  T  with  respect  to  ^,  we  ohtain  the  quantity 
/>,,  which,  in  the  dynamical  tlicory,  may  be  called  the  mo* 
mentum  oorreaponding  to  j/,.  In  the  electric  theorj-  wo  nhall 
call  /),  the  electrokinetic  luomentuui  of  the  circuit  Af.  Its 
value  is  f,^  =  i,>,  +  if„>,  +  fco. 

The  electrokinetic  momentum  of  the  circuit  A^  is  therefor* 
made  up  of  the  product  of  its  own  current  into  it«  cuefficient 
of  self-induction,  together  with  the  sum  of  the  products  of  the 
currents  in  the  other  circuits,  each  into  the  coefficient  of  mutual 
induction  of  A^  and  that  other  circuit. 

Meetromolii-e  Force. 

579.]  Let  E  be  the  impreased  electromotive  force  in  the  circuit 
A,  arising  txota  some  cause,  such  as  a  voltaic  or  thermo-electric 
liattery,  which  would  produce  a  current  independently  of  mag- 
neto-electric induction. 

Let  R  )>e  the  resistance  of  the  circuit,  then,  by  Ohm's  law,  an 
electromotive  force  R^  is  required  to  overcome  the  rtviiKtance, 
leaving  an  electromotive  force  K—Rj  a%'ailalilc  fur  chan^in;;  the 
momentum  of  the  circuit.     Calling  this  force  I",  we  have,  by 
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increase  the  electromagnetic  momentum  p.  This  is  the  electro- 
motive force  which  must  be  supplied  from  sources  independent 
of  magneto-electric  induction.     The  electromotive-force  arising 

from  magneto-electric  induction  alone  is  evidently  —  ;^  >  or, 

the  rate  of  decrease  of  the  dectrokinetic  Tnomerdum  of  the  dr- 
cuit. 

Electromagnetic  Force. 

580.]  Let  X'  be  the  impressed  mechanical  force  arising  from 
external  causes,  and  tending  to  increase  the  variable  x.  By  the 
general  equations  ^,^ddT_  dT 

"^  dt  dx       dx 

Since  the  expression  for  the  electrokinetic  energy  does  not 
contain  the  velocity  («),  the  first  term  of  the  second  member 
disappeai*s,  and  we  find 

dx 

Here  X^  is  the  external  force  required  to  balance  the  forces 
arising  from  electrical  causes.  It  is  usual  to  consider  this  force 
as  the  reaction  against  the  electromagnetic  force,  which  we  shall 
call  X,  and  which  is  equal  and  opposite  to  X\ 

Hence  X  =  -5-  > 

ax 

or,  the  electromagnetic  force  tending  to  increase  any  variable  is 
equal  to  the  rate  of  increase  of  the  dectrokinetic  energy  per  unit 
increase  of  that  variablcj  the  curre^Us  being  maintained  constant. 
If  the  currents  are  maintained  constant  by  a  battery  during  a 
displacement  in  which  a  quantity,  TT,  of  work  is  done  by  electro- 
motive force,  the  electrokinetic  energy  of  the  system  will  be  at 
the  same  time  increased  by  W.  Hence  the  battery  will  be 
drawn  upon  for  a  double  quantity  of  energy,  or  2  W/m  addition 
to  that  which  is  spent  in  generating  heat  in  the  circuit.  This 
was  first  pointed  out  by  Sir  W.  Thomson*.  Compare  this 
result  with  the  electrostatic  property  in  Art.  93. 

*  Nichors  Cyclopaedia  of  the  Pkytieal  Scieneeg,  ed.  1860|  article  '  Magnetiim, 
Dymunioal  Relations  of/ 
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Cam  0/  Ttvo  Circuit: 
681.]    Let  ^,    be   cfttled   tho    Piimuy  Circuit,  and    A,   th« 
Ssoondkiy  Circvit-     The  elcctrokinetic   energy  of  tbe   ByBteni 
may  be  written 

where  L  vmI  !f  are  tbe  coeffiaents  of  aclf'iDduetion  of  tbe 
primary  and  Beoondary  eireuita  respectively,  and  M  is  the  co- 
effieieot  of  their  mutual  induction. 

Let  ua  suppose  that  no  eleotromotive  force  acta  on  tbe 
secondary  circuit  except  that  due  to  the  induction  of  the  prioiary 
current.     We  have  then 

Integrating  this  equation  with  reapeet  to  t,  we  have 
fl,y,  +  if  jr,  +  A'>,  =  (7.  a  oonsUnt, 

where  y,  is  tbe  integral  current  in  tbe  secondary  circuit. 

The  method  of  measuring  an  integral  current  of  short  duration 
will  be  deaorihed  in  Art.  748,  and  it  is  easy  in  moat  cases  to 
enaore  that  tbe  duration  of  tbe  secondary  current  shall  be  very 
abort. 

Let  the  values  of  the  variable  quantities  in  tbe  equation  at  the 
end  of  tbe  time  (  be  aceent«d,  then,  if  y,  is  the  integral  current, 
or  the  whole  quantity  of  electricity  which  flows  through  a  aectiou 
of  the  secondary  circuit  during  tbe  time  (, 

■R.y,=  Jfi.+-V/,-(Jf//+x>.'). 

If  llir   .,,-c„„l,rv   rNr->:,t    >r,-.-    .nl.rrlv   fr.™,    inilurH.M..  iU 
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The  equation  which  determines  the  secondary  integral  current 

When  the  circuits  are  placed  side  by  side,  and  in  the  same 
direction,  M'  is  a  positive  quantity.  Hence,  when  contact  is 
made  in  the  primary  circuit,  a  negative  current  is  induced  in 
the  secondary  circuit. 

When  the  contact  is  broken  in  the  primary  circuit,  the  primary 
current  ceases^  and  the  induced  integral  current  is  y^^  where 

The  secondary  current  is  in  this  case  positive. 

If  the  primary  current  is  maintained  constant,  and  the  form 
or  relative  position  of  the  circuits  altered  so  that  M  becomes  M\ 
the  integral  secondary  current  is  y^^  where 

In  the  case  of  two  circuits  placed  side  by  side  and  in  the  same 
direction  M  diminishes  as  the  distance  between  the  circuits  in- 
creases. Hence,  the  induced  current  is  positive  when  this 
distance  is  increased  and  negative  when  it  is  diminished. 

These  are  the  elementary  cases  of  induced  currents  described 
in  Art  530. 

Mechanical  Action  between  the  Two  Circuits. 

583.]  Let  X  be  any  one  of  the  geometrical  variables  on  which 
the  form  and  relative  position  of  the  circuits  depend,  the  electro* 
magnetic  force  tending  to  increase  x  is 

^      -  .  ^dL      .   .  dM     .  .  ^dN 

If  the  motion  of  the  system  corresponding  to  the  variation  of 
X  is  such  that  each  circuit  moves  as  a  rigid  body,  L  and  iVwill 
be  independent  of  x,  and  the  equation  will  be  reduced  to  the  form 

X.      .  .dM 

Hence,  if  the  primary  and  secondary  currents  are  of  the  same 
sign,  the  force  X,  which  acts  between  the  circuits,  will  tend  to 
move  them  so  as  to  increase  Jtf. 

If  the  circuits  are  placed  side  by  side,  and  the  currents  flow 
in  the  same  direction,  M  will  be  increased  by  their  being 
brought  nearer  together.  Hence  the  force  X  is  in  this  case  an 
attraction. 
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5B4.]  The  whole  of  the  phenomena  of  the  mntukl  Bctinn  o( 
two  cireuiU,  whether  the  induction  of  oorrentii  or  the  mcchMiic*! 
foroe  between  them,  depend  on  the  quantity  .V.  which  we  hftvo 
called  the  coefficient  of  mutual  induction.  The  mothol  of  calcu- 
lating  this  quantity  from  the  geometrical  relations  of  tho  eircuiin 
is  given  tn  Art.  52-1,  hut  in  the  invextiga- 
tions  of  the  next  chapter  we  nhall  not 
amume  a  knowledge  of  the  mathematical 
form  of  thii  quantity.  Wo  Rhall  consider 
it  u  deduced  from  experimenttt  on  in- 
duction, as,  for  instance,  liy  ol>serving 
the  integral  current  when  the  secondarii' 
circuit  is  suddenly  moved  fmm  a  given 
position  to  an  infinite  distance,  or  to 
sny  position  in  which  we  know  that 
M=0. 


Norm.— |TVt«  Im  ■  nwdd  iq  th*  Curvmlkh 
labaniarj  d«W|[a*d  bf  Mkiwall  which  iIImOsUb 
mv;  ciMrij  Iha  Un  of  tk*  indacUaa  of  cnnMU. 

It  k  ra(irM«eUd  in  F1)[.  U  .1.  P  tad  Q  »n  t*o 
4iifci.  lb*  ratUloa  of  P  nrprranU  thi  primary 
ctnTMkt.  that  of  Q  tha  —oaBtUry.  Thaa  ituki 
M«  euBDMtcd  loiralhw  tij  ■  difTrmdal  gymtimg- 
Tb«  bUnMdiau  wbwl  immM  a  fljr-vbHl  Um 
MOOMVI  of  iM*tia  of  <rUch  cu  1»  allM«d  b^ 
Bovlag  w«l||tiu  latnnl*  or  mt*uil>-  Tb*  rviMasM 
of  Um  •aouDiUry  nrsnll  la  r*f>n«vBUtl  )it  Uh  friett-i« 
of  ■  Hriac  paaMng  oT«r   Q  asil   kvpl   ii,;>il   by  aa 
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CHAPTER    VIIL 

EXPLORATION   OP  THE    FIELD  BY   MEANS    OP  THE   SECONDARY 

CIRCUIT. 

585.]  We  have  proved  in  Art43.  582,  583,  584  that  the  eleotro- 
magnetic  action  between  the  primary  and  the  secondary  circuit 
depends  on  the  quantity  denoted  by  M^  which  is  a  function  of 
the  form  and  relative  position  of  the  two  circuits. 

Although  this  quantity  3f  is  in  fact  the  same  as  the  potential 
of  the  two  circuits,  the  mathematical  form  and  properties  of 
which  we  deduced  in  Arts.  423,  492,  521,  539  from  magnetic 
and  electromagnetic  phenomena,  we  shall  here  make  no  reference 
to  these  results,  but  begin  again  from  a  new  foundation,  without 
any  assumptions  except  those  of  the  dynamical  theory  as  stated 
in  Chapter  VII. 

The  electrokinetic  momentum  of  the  secondary  circuit  consists 
of  two  parts  (Art.  578),  one,  Mi^^  depending  on  the  primary 
current  i|,  while  the  other,  Ni^t  depends  on  the  secondary  current 
^2.  We  are  now  to  investigate  the  first  of  these  parts,  which 
we  shall  denote  by  p,  where 

p  =  Mi,.  (I) 

We  shall  also  suppose  the  primary  circuit  fixed,  and  the 
primary  current  constant.  The  quantity  p,  the  electrokinetic 
momentum  of  the  secondary  circuit,  will  in  this  case  depend  only 
on  the  form  and  position  of  the  secondary  circuit,  so  that  if  any 
closed  curve  be  taken  for  the  secondary  circuit,  and  if  the  direc- 
tion along  this  curve,  which  is  to  be  reckoned  positive,  be  chosen, 
the  value  of  p  for  this  closed  curve  is  determinate.  If  the 
opposite  direction  along  the  curve  had  been  chosen  as  the 
positive  direction,  the  sign  of  the  quantity  p  would  have  been 
reversed. 
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686.]  Since  the  tiiuntity  p  depends  on  the  form  ami  pnaition 
of  Ute  circuit,  ve  may  Buppoae  tbat  each  portion  of  the  circuit 
eontriboteii  something  to  the  value  of  p,  and  that  the  part  con- 
tributed by  each  portion  of  the  curcait  depends  on  the  form  ami 
ponition  of  that  portion  only,  and  not  on  the  position  uf  other 
parts  of  the  circuit. 

This  assumption  is  legitimate,  because  wo  are  nut  now  con- 
sidering a  (-um-nf ,  the  part*  of  which  may,  and  indetti  do,  act  on 
one  another,  but  a  mere  cimiU,  that  is,  a  cliMud  cu^^'o  along 
which  a  current  may  flow,  and  this  is  a  purely  geometrical 
figure,  the  parts  of  which  cannot  be  concvivcnl  to  havi>  ujiy 
physical  action  on  each  otlier. 

We  may  therefore  assuuie  that  the  part  coutribut*^!  by  the 
element  da  of  the  drcuit  is  Jd»,  where  ./  ia  a  quantity  depend- 
ing on  the  position  and  direction  of  the  element  di.  Hence,  the 
viJue  of  p  may  be  expressed  as  a  line-integral 

P  =jjd,,  (2) 

where  the  integration  ia  to  be  extended  once  round  the  circuit. 

587.]     We  ba\'e  next  to  determine  the  form  of  thu  quantity  J. 

In  the  first  place,  if  (fa  is  reversed  in  direction.  J  in  reventod  in 

sign.    Hence,  if  two  circuits  ABCE^nA  AK('It 

ha%'e  the  are  AfCC  common,  l>ut  n>okomil  in 

opposite  dirootiona  in  the  two  cirruitx.  the  nuni 

of  the  values  of  /*  for  the  two  circuits  Alil'K 

•^i-  "  and  Af:CD  will  Iw  eiiual  to  the  value  <.f  /.  for 

the  circuit  A  IiCI\  which  is  made  up  of  thf  two  cireiiitH. 


c 
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sions  of  which  are  so  small  with  respect  to  the  principal  radii  of 
curvature  of  the  surface  that  the  variation  of  the  direction  of  the 
normal  within  this  portion  may  be  neglected.  We  shall  also 
suppose  that  if  any  very  small  circuit  be  carried  parallel  to 
itself  from  one  part  of  this  portion  to  another,  the  value  o{  p  for 
the  small  circuit  is  not  sensibly  altered.  This  will  evidently  be 
the  case  if  the  dimensions  of  the  portion  of  surface  are  small 
enough  compared  with  its  distance  from  the  primary  circuit. 

If  any  closed  curve  be  drawn  on  this  portion  of  the  surface^ 
the  value  of  p  vrUl  he  proportional  to  its  area. 

For  the  areas  of  any  two  circuits  may  be  divided  into  small 
elements  all  of  the  same  dimensions,  and  having  the  same  value 
of  p.  The  areas  of  the  two  cii'cuits  are  as  the  numbers  of  these 
elements  which  they  contain,  and  the  values  of  p  for  the  two 
circuits  are  also  in  the  same  proportion. 

Hence,  the  value  of  p  for  the  circuit  which  bounds  any 
element  dS  o{  a,  surface  is  of  the  foim 

Ids, 

where  /  is  a  quantity  depending  on  the  position  of  dS  and  on 

the  direction  of  its  normal.    We  have  therefore  a  new  expression 

for  »,  /» ^ 

p  =jJldS,  (3) 

where  the  double  integral  is  extended  over  any  surface  bounded 
by  the  circuit. 

589.]  Let  A  BCD  be  a  circuit,  of  which  AC  is  an  elementary 
portion,   so   small   that  it  may   be   considered 
straight.     Let  APB  and  CQB  be   small  equal 
areas  in  the  same  plane,  then  the  value  of  p  will    Prr^ 
be  the  same  for  the  small  circuits  APB  and  CQB,  ^ 

or  p{APB)  =  p{eQB). 

Hence       p(APBQCD)  =  p{ABQCD)  +p(APB), 

=  p(ABQCD)+p{CQB), 


=  p{ABCD),  ^•''- 

or  the  value  ofp  is  not  altered  by  the  substitution  of  the  crooked 
line  APQC  for  the  straight  line  AC,  provided  the  area  of  the 
circuit  is  not  sensibly  altered.  This,  in  fact,  is  the  principle 
established  by  Ampfere's  second  experiment  (Art.  606),  in  which 
a  crooked  portion  of  a  circuit  is  shewn  to  be  equivalent  to  a 
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•tnigbt  portion  provided  no  put  of  the  crooked  portion  is  at  • 
seotible  disUnce  from  the  Btraigbt  portion. 

If  tberefore  we  Bubetitute  for  the  element  <U  three  smftl) 
elements,  tU,  dy,  and  th,  drawn  in  BUoeeMion,  eo  as  to  form  a 
oontinuoQB  path  from  the  beginoiDg  to  the  end  of  the  element  ii», 
and  if  Fdx,  Ody,  and  Hds  denote  the  element*  of  the  line- 
integral  ooTreaponding  to  dx,  dy,  and  dz  iMpectively,  then 

Jd»=siFdj:  +  Giiy+Hdt.  (4) 

690.]  We  are  now  able  to  determine  the  mode  in  which  tbt> 
quantity  J  depends  on  the  direction  of  the  element  d/t.     For, 

lU  tu  da 

This  is  the  expression  for  the  reeoKed  part,  in  tho  direction  of 
da,  of  a  vector,  the  components  of  which,  res<>lve<l  in  the  din^;- 
tions  of  the  axes  of  z,  y.  and  s,  are  F,  G,  anil  //  rt-Hpectivvly. 

If  this  vector  be  denoted  by  9,  and  the  vector  from  the  origin 
to  a  point  of  the  circuit  by  p,  the  element  of  the  circuit  will  b>> 
dp,  and  the  quaternion  expretHtion  fur  JiLt  will  be 
-a.^dp. 
We  may  now  write  eqoatioD  (2)  in  the  form 

or  ps^- J S.9ldp.  (7) 

The  vector  fl  and  ita  oonstituents  F,  G.  H  depend  on  the 
position  of  da  in  the  6eld,  and  not  un  the  din-ctiou  in  which 
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591.]  Let  us  next  determine  the  value  of  j>  for  the  elementary 
rectangle  A  BCD,  of  which  the  sides  are  dy  and  dz,  the  positive 
direction  being  from  the  direction  of  the  z 

axis  of  2/  to  that  of  z. 

Let  the  coordinates  of  0,  the  centre  of 
gravity  of  the  element,  be  x^^y^^z^^  and      j 
let  Oq,  Hq  be  the  values  of  0  and  of  H 
at  this  point. 

The  coordinates  of  A,  the  middle  point 
of  the  first  side  of  the  rectangle^  are  y^ 

and  ZQ—-dz.     The  corresponding  value  of  G  is 

G^=G^o-^-^^  +  &c.,  (8) 

and  the  part  of  the  value  of  p  which  arises  from  the  side  A  is 


Fig.  87. 


approximately 
Similarly,  for  B, 


for  (7, 


for/), 


^o^'^-^l-d^'^y'^^^ 

-G^dy---^dydz, 
^^odz-^l-^dydz. 


(9) 


Adding  these  four  quantities,  we  find  the  value  of  p  for  the 
rectangle,  viz.  dH      dO^^    ^ 


If  we  DOW  assume  three  new  quantities,  a,  b,  c,  such  that 

dH     dG  \ 


a  =  —z 


b  = 


dy 
dF 
dz 
dG 


dz 


dz 
dH 

dx 
dF 

dy  ' 


(A) 


and  consider  these  as  the  constituents  of  a  new  vector  93,  then 
by  Theorem  IV,  Art.  24,  we  may  express  the  line-integral  of  21 
round  any  circuit  in  the  form  of  the  surface-integral  of  93  over  a 
surface  bounded  by  the  circuit,  thus 

P=f{fi  +  G'^i  +  H^)ds=ff(Ui+mb  +  r^)dS.      (11) 
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or  /.  =  /*7'.3IcoBfA=  /Tr.»oo«ij(/S,  (12) 

wbcro  <  ia  the  uiglo  between  9  and  dn,  uid  n  that  hetweeo 
^  uid  tbv  tionn&l  to  titt,  whose  direction-cotiinea  are  /,  in,  n. 
and  7*.  91,  r  ."^  denote  the  numerical  values  of  91  and  9. 

Comparing  tbis  result  witb  equation  (3),  it  is  evident  that  the 
i|uantity  /  in  that  equation  is  equal  to  9  cos  1,  or  I  be  r«tolve«l 
part  of  ®  normal  to  <lti. 

&92.]  We  have  already  seen  (Art«.  490,  541)  that,  anranlint;  to 
Faraday's  theory,  the  phenomena  of  electromagnetic  force  and 
induction  in  a  cinniit  depend  on  the  variation  of  the  number  of 
lines  of  ma^etic  induction  vhich  pass  through  thv  circuit. 
Now  the  number  of  these  linos  is  expref<seii  mathematically 
by  the  Burfttc«-inU«ral  of  the  magnetic  induction  through  any 
surface  bounded  by  the  cireoit.  Hencv,  we  iiiUHt  reganl  the 
vector  ^  and  its  components  u,  fi,  c  as  rvpretienting  what  wc 
are  already  acquainted  with  as  the  magnetic  induction  and  iia 
components. 

In  the  present  investigation  we  propose  to  deduce  the  pro- 
perties of  tliitt  vector  from  the  dynamical  principles  ntatetl  in 
the  last  chapter,  with  as  few  appeals  to  experiment  as  possiblt*. 

In  identifying  this  vector,  which  has  appeared  ax  the  reauU  of 
a  mathematical  investigation,  witb  the  magnt-tic  induction,  the 
properties  of  which  we  leame«l  from  cxpenineuU  on  magncis. 
we  do  nut  depart  from  this  method,  for  we  ititrtxlucw  no  new 
fact  into  the  theory,  we  only  give  a  name  to  a  matheiiiatical 
i|uantity,  and  the  propriety  of  so  doing  in  to  Jx-  juiigf<l  by  the 
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We  also  consider  vitreous  electricity  and  austral  magnetism 
as  positive.  The  positive  direction  of  an  electric  current,  or 
of  a  line  of  electric  induction,  is  the  direction  in  which  positive 
electricity  moves  or  tends  to  move,  and  the  positive  direction  of 
a  line  of  magnetic  induction  is  the  direction  in  which  a  compass 
needle  points  with  that  end  which  turns  to  the  north.  See 
Fig.  24,  Art.  498,  and  Fig.  25,  Art.  601. 

The  student  is  recommended  to  select  whatever  method  ap- 
pears to  him  most  effectual  in  order  to  fix  these  conventions 
securely  in  his  memory,  for  it  is  far  more  difficult  to  remember 
a  rule  which  determines  in  which  of  two  previously  indifferent 
ways  a  statement  is  to  be  made,  than  a  rule  which  selects  one 
way  out  of  many. 


Fig.  38. 

594.]  We  have  next  to  deduce  from  dynamical  principles  the 
expressions  for  the  electromagnetic  force  acting  on  a  conductor 
carrying  an  electric  cuiTent  through  the  magnetic  field,  and  for 
the  electromotive  force  acting  on  the  electricity  within  a  body 
moving  in  the  magnetic  field.  The  mathematical  method  which 
we  shall  adopt  may  be  compared  with  the  experimental  method 
used  by  Faraday  *  in  exploring  the  field  by  means  of  a  wire, 
and  with  what  we  have  already  done  in  Art.  490,  by  a  method 
founded  on  experiments.  What  we  have  now  to  do  is  to 
determine  the  effect  on  the  value  of  p,  the  electrokinetic 
momentum  of  the  secondary  circuit,  due  to  given  alterations 
of  the  form  of  that  circuit. 

Let  AA\  BB'  be  two  parallel  straight  conductors  connected 
by  the  conducting  arc  C,  which  may  be  of  any  form,  and  by 
a  straight  conductor  AB^  which  is  capable  of  sliding  parallel 
to  itself  along  the  conducting  rails  A  A'  and  BB^. 

*  Exp,  £«.,  S0S2,  8087,  8118. 
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Hence,  the  electromotive  force  acting  on  the  sliding  piece  AB, 
in  consequence  of  its  motion  through  the  magnetic  field,  is 
represented  by  the  volume  of  the  parallelepiped,  whose  edges 
represent  in  direction  and  magnitude— the  Velocity,  the  mag- 
netic induction,  and  the  sliding  piece  itself,  and  is  positive  when 
these  three  directions  are  in  right-handed  cyclical  order. 

Electromagrutic  Force  acting  on  the  Sliding  Piece. 

596.]  Let  ^2  denote  the  current  in  the  secondary  circuit  in  the 
positive  direction  ABC,  then  the  work  doue  by  the  electro- 
magnetic force  on  AB  while  it  slides  from  the  position  AB  to 
the  position  A'B"  is  (W—M)  i^  ig,  where  M  and  JT  are  the 
values  of  M^^  in  the  initial  and  final  positions  of  AB,  But 
(3/'— Jf)  i,  is  equal  to  p'—p,  and  this  is  represented  by  the 
volume  of  the  parallelepiped  on  AB,  AM^  and  AA\  Hence,  if 
we  draw  a  line  parallel  to  AB  to  represent  the  quantity  AB .  tj, 
the  parallelepiped  contained  by  this  line,  by  AM,  the  magnetic 
induction,  and  by  AA\  the  displacement,  will  represent  the 
work  done  during  this  displacement. 

For  a  given  distance  of  displacement  this  will  be  greatest 
when  the  displacement  is  perpendicular  to  the  parallelogram 
whose  sides  are  AB  and  AM,  The  electromagnetic  force  is 
therefore  represented  by  the  area  of  the  parallelogram  on  AB 
and  AM  multiplied  by  i^,  and  is  in  the  direction  of  the  normal 
to  this  parallelogram,  drawn  so  that  AB,  AM,  and  the  normal 
are  in  right-handed  cyclical  order. 

Four  Definitions  of  a  Line  of  Magnetic  Induction. 

597.]  If  the  direction  AA^,  in  which  the  motion  of  the  sliding 
piece  takes  place,  coincides  with  AM,  the  direction  of  the  mag- 
netic induction,  the  motion  of  the  sliding  piece  will  not  call 
electromotive  force  into  action,  whatever  be  the  direction  of  AB, 
and  i{  AB  carries  an  electric  current  there  wiU  be  no  tendency 
to  slide  along  AA\ 

Again,  if  AB,  the  sliding  piece,  coincides  in  direction  with 
AM,  the  direction  of  magnetic  induction,  there  will  be  no  elec- 
tromotive force  called  into  action  by  any  motion  of  AB,  and 
a  current  through  AB  will  not  cause  AB  to  be  acted  on  by 
mechanical  force. 
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We  may  therefore  define  ft  liae  of  mftgoetio  tDdoetion  io  four 
(liflerent  wftys.     It  ia  •  line  auch  that 

(1)  If  ft  conductor  be  moved  ftlong  it  pftnllel  to  iUclf  it  will 
experi«nee  no  electromotive  force. 

(2)  If  ft  conductor  oftrryiog  «  current  be  free  to  roo\-e  ftlong 
ft  line  of  mftgnetic  induction  it  will  experience  no  tendency  to 
do  BO. 

(3)  If  ft  lineftT  conductor  coincide  in  direction  with  «  lim-  of 
mftgnetic  induction,  ftnd  be  moved  pftrftllel  to  itM-lf  in  any  direc- 
tion, it  wilt  experience  no  electromotive  force  in  the  direction  of 
its  leni^. 

(1)  If  ft  lineftf  condactor  carrying  ftn  electric  current  coincide 
in  direction  with  ft  line  of  ntftgnetic  induction  it  will  not  ex- 
perieoee  any  mechftnicftl  force. 

Gtiural  Equation*  of  Sleetromotive  Intentity. 

598.]  We  have  seen  that  E,  the  electromotive  force  due  to  in- 

dueUon  aeting  on  the  secondary  eirenit,  is  equal  ^  —  *;^>  where 

To  detcnuine  tlw  valur  of  K.  let  us  diffurvotiate  the  quantity 
undor  the  intogral  sign  with  rc«p«ct  to  f ,  rvtocniborinij;  that  if  the 
Mvonttary  circuit  tit  in  motion,  x,  y,  ftrnl  :  an  functions  of  the 
time.     We  obtain 

*  ~  ~  f  *  ,/f  . 
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line  then  becomes, 

/V  ^y      j.^^      dFdx      dFdy      dFdz\dx^ 
J  ^  ds        ds       dx  ds       dy  ds       dz  ds^ dt     ' 

which  we  may  write 

C/  dy      ^dz      dF\dx  , 

Treating  the  third  and  fourth  lines  in  the  same  way,  and  col- 

dx    dti  dz 

lecting  the  terms  in  ^  *  -~ ,  and  -r  9  remembering  that 

dFdx      Tfd^X\j        «(ic  ,. 

and  therefore  that  the  integral,  when  taken  round  the  closed 
curve,  vanishes, 

dy      j^dz      dFy^dx 


/( 


Ci   dz        dx      dOy,dy  , 


,    r^^dx        dy     dJti\dz  J  .^. 

We  may  write  this  expression  in  the  form 


Eqnatioiis  of 
ElectromotiTe  (B) 

IntenBity. 


h  P—     ^y       h^^       ^^       ^"^ 

"^    dt         djt       dt        dx* 

Q  _    dz        dx      dO      d'if 

^"^dt^^di^'M'^d^" 

ty  ydx  dy  dH  d4' 
dt  dt  dt  dz  J 
The  terms  involving  the  new  quantity  4^  are  introduced  for 
the  sake  of  giving  generality  to  the  expressions  for  P,  Q,  R. 
They  disappear  from  the  integral  when  extended  round  the 
closed  circuit.  The  quantity  4^  is  therefore  indeterminate  as  far 
as  regards  the  problem  now  before  us,  in  which  the  electro- 
motive force  round  the  circuit  is  to  be  determined.  We  shall 
find,  however,  that  when  we  know  all  the  circumstances  of  the 
problem,  we  can  assign  a  definite  value  to  4^,  and  that  it  re- 
presents, according  to  a  certain  definition,  the  electric  potential 
at  the  point  {x^  y,  z). 
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The  quantity  under  the  int^ral  iiif^  id  e<]ii*tion  (i)  »• 
pn-senta  the  electromotive  mti-nait;  acting  on  the  clcinuDt  da 
of  the  <ureuiL 

If  we  denote  by  T.Q,  the  namerical  value  of  the  rMultaot  of 
/'.  ^,  and  K,  and  by  t,  the  angle  between  the  ilirection  of  this 
rosultant  and  that  of  the  element  ile,  we  may  write  etiuatiun  (6), 

E=  fT.avMtda.  (6) 

llie  vector  Q  is  the  electromotive  intensity  at  the  moving 
element  da.  Ita  direction  and  magnitude  depend  on  the  position 
and  motion  of  ti».  and  on  the  variation  of  the  magnetic  (ield,  but 
not  on  the  direction  of  tin.  Hence  we  luay  now  (linregsn)  the 
ciroamstance  that  d»  forms  part  of  a  circuit,  and  consider  it 
simply  as  a  portion  of  a  moving  body,  act«l  on  by  the  cWtro- 
motive  intcnbity  Q.  The  electromotive  intensity  han  alreaily 
bi-en  defined  in  Art  68.  It  is  alao  called  the  refultam  electrical 
inlensitr,  being  the  force  which  would  !»  experienoe<i  by  a  unit 
of  positive  electricity  plaeed  at  that  point.  We  haw  now  ol>- 
taincil  the  most  general  value  of  this  quantity  in  thi-  caite  of 
a  body  moving  in  a  magnetic  field  due  U>  a  variable  electric 
system. 

If  the  body  is  a  conductor,  th<>  electromotive  fitree  will  pro- 
duce a  current ;  if  it  is  a  dielectric,  the  electromotive  force  will 
produce  only  electric  displacement. 

The  electromotive  intensity,  or  Uie  force  on  a  particle,  must  Iw 
carefully  distinguished  from  the  ek'ctromolive  furce  aloiij;  an  are 
of  a  curve,  the  latter  quantity  being  the  line- integral  of  the 
foniier.     See  Art.  G9. 
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say,  the  magnitude  of  the  eleotromotive  intensity  is  represented  by 
the  area  of  the  parallelogram,  whose  sides  represent  the  velocity 
and  the  magnetic  induction,  and  its  direction  is  the  normal  to 
this  parallelogram,  drawn  so  that  the  velocity,  the  magnetic  in- 
duction, and  the  electromotive  intensity  are  in  right-handed 
cyclical  order. 

The  third  term  in  each  of  the  ^nations  (B)  depends  on  the 
time-variation  of  the  magnetic  field.  This  may  be  due  either 
to  the  time-variation  of  the  electric  current  in  the  primary 
circuit,  or  to  motion  of  the  primary  circuit.  Let  @2  he  the  part 
of  the  electromotive  intensity  which  depends  on  these  terms. 
Its  components  are 

dF  dG  ,       dH 

JOT 

and  these  are  the  components  of  the  vector,   —  ^  or   —  St, 

Hence,  e2  =  -a.  (8) 

The  last  term  of  each  equation  (B)  is  due  to  the  variation  of 
the  function  4'  in  different  parts  of  the  field.  We  may  write 
the  third  part  of  the  electromotive  intensity,  which  is  due  to  this 
cause,  e8=-V4'.  (9) 

The  electromotive  intensity,  as  defined  by  equations  (B),  may 
therefore  be  written  in  the  quaternion  form, 

g  =  F.®93-a[-.V*  (10) 

On  the  Modification  of  the  EqucUions  of  Electroraotive  Intensity 
when  the  Axes  to  which  they  are  referred  are  moving  in  Space, 

600.]  Let  a/,  y\  ^^  be  the  coordinates  of  a  point  referred  to  a 
system  of  rectangular  axes  moving  in  space,  and  let  x.y^zhe  the 
coordinates  of  the  same  point  referred  to  fixed  axes. 

Let  the  components  of  the  velocity  of  the  origin  of  the  moving 
system  be  u,  v,  w,  and  those  of  its  angular  velocity  coj,  coj,  »3 
referred  to  the  fixed  system  of  axes,  and  let  us  choose  the  fixed 
axes  so  as  to  coincide  at  the  given  instant  with  the  moving 
ones,  then  the  only  quantities  which  will  be  different  for  the  two 
systems  of  axes  will  be  those  differentiated  with  respect  to  the 

time.     If  —  denotes  a  component  velocity  at  a  point  moving 

doc  dnXj 

in  rigid  connexion  with  the  moving  axes,  and  ^  and  -^  those 
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of  tny  moving  point,  having  the  Mme  jnBUnUneom  podtion, 
rafenod  to  the  fixed  end  the  moving  nxee  reepeetively,  then 

'^-'S+'^,  (1) 

ii-Tt*  dt'  '' 

with  eimijnr  eqoationa  for  the  other  eomponente. 
By  the  (heoiy  of  the  motion  of  a  body  of  invariable  form. 

Jar  ,  , 

^=  tl  +  ii,I-«,!,  I  (2) 


-=»  +  ,,  J,-.,X.j 

Since  ^  is  a  component  of  a  directed  quantity  paimllel  to  j-,  if 
^  be  tlw  value  of  -^^  referred  to  the  moving  axee,  it  may  lie 
shewn  that 


dt  ' 


dfix 
dxU  ' 


dFby      dFiz 
dy  it  *  rfs  tl  ■' 


-if^  + 


dF 


m 


Sufaetitnting  for  -j-  and  -j^  their  values  as  deduced  from  the 


IR' 


equations  (A)  of  magnetic  induction,  and  remembering  that,  by  (2), 

ii?-o  '"y                <Hs_                       ,, 

<ii»l~    ■  diti-'''      djc'ii~     ''■              '' 
we  find 

dF     dFiz  ,   „dix  rfGay      /jji^y 


dFix      „d  ix 
IS  "Ikit         dxTl  ■' 


din  "      dx'il  *  dxil*      JxU 
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*/  dz'       dF       d(^^^) 

for  the  value  of  P  referred  to  the  moving  axes. 

601.]  It  appears  from  this  that  the  electromotive  intensity  is 
expressed  by  a  formula  of  the  same  type,  whether  the  motions 
of  the  conductors  be  referred  to  fixed  axes  or  to  axes  moving  in 
space,  the  only  difference  between  the  formulss  being  that  in 
the  case  of  moving  axes  the  electric  potential  ^  must  be  changed 
into^H-^^. 

In  all  cases  in  which  a  cuirent  is  produced  in  a  conducting 
circuit,  the  electromotive  force  is  the  line-integral 

^=/(4'^«|-*S)*  CO) 

taken  round  the  curve.  The  value  of  ^  disappears  from  this 
integral,  so  that  the  introduction  of  "V  has  no  influence  on  its 
value.  In  all  phenomena,  therefore,  relating  to  closed  circuits 
and  the  currents  in  them,  it  is  indifferent  whether  the  axes 
to  which  we  refer  the  system  be  at  rest  or  in  motion.  See 
Art.  668. 

On  the  Electromagnetic  Force  acting  on  a  Conductor  ivhich 
carries  an  Electric  Current  through  a  Magnetic  Field. 

602.]  We  have  seen  in  the  general  investigation,  Art.  583,  that 
if  x^  is  one  of  the  variables  which  determine  the  position  and 
form  of  the  secondary  circuit,  and  if  X,  is  the  force  acting  on 
the  secondary  circuit  tending  to  increase  this  variable,  then 

Since  ij  is  independent  of  Xj,  we  may  write 
and  we  have  for  the  value  of  X^, 

Now  let  us  suppose  that  the  displacement  consists  in  moving 
every  point  of  the  circuit  through  a  distance  hxm  the  direction 
ot  x^hx  being  any  continuous  function  of  8,  so  that  the  different 
parts  of  the  circuit  move  independently  of  each  other,  while  the 
circuit  remains  continuous  and  closed. 

B  2 


n-^-' 
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Also  let  X  be  the  total  force  id  the  direction  of  x  acting  on 
the  put  of  the  cireait  from  «  =  0  to  «  =  •,  then  the  put  eorre* 

sponding  to  the  element  da  will  be    -.-  da.     We  shall  then  have 

the  following  expreaaion  for  the  work  done  by  the  force  during 
the  displacement, 

where  the  intogration  is  to  be  extended  round  the  cloeol  curve, 
remembering  that  Ax  is  an  arbitrary  function  of  0.  We  iiiay 
therefore  perform  the  differentiation  with  respect  to  bx  in  the 
same  way  that  we  differentiated  with  respect  to  (  in  Art.  698, 
remembering  that 

We  thus  find 

The  last  term  vanishes  when  the  inh-gration  is  extended 
round  the  dosed  curve,  and  sinoe  the  equation  must  hold  for  all 
forms  of  the  fnnotion  flz,  w«  moat  have 

an  equation  which  gives  the  force  parallel  to  z  on  any  unit 
element  of  the  circuit.     The  forces  paralliil  to  y  and  z  are 
dY      ,  f   ,U        rfjT, 
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to  unit  of  volume,  and  u,  v,  w  those  of  the  current  referred  to 
unit  of  area.  Then,  if  S  represents  the  section  of  the  conductor, 
which  we   shall   suppose   small,  the  volume  of  the  element 

da  will  be  Sda,  and  it  =  -^  -3-  •    Hence,  equation  (7)  will  become 

^^^S(vc-wb),  (10) 

,  (Equationi  of 

Similarly  T  =  Wa—  UC,  ■  Electromagnetio  .     (C) 

and  Z^ub^va.)  ^^"^^ 

Here  X,  F,  Z  are  the  components  of  the  electromagnetic  force 
on  an  element  of  a  conductor  divided  by  the  volume  of  that 
element;  u,  v,  w  are  the  components  of  the  electric  current 
through  the  element  referred  to  unit  of  area,  and  a,  6,  c  are  the 
components  of  the  magnetic  induction  at  the  element,  which  are 
also  referred  to  unit  of  area. 

If  the  vector  %  represents  in  magnitude  and  direction  the  force 
acting  on  unit  of  volume  of  the  conductor,  and  if  6  represents 
the  electric  current  flowing  through  it, 

%  =  v.m.  (11) 

[The  equAtions  (6)  of  Art.  598  nuty  be  proved  by  the  following  method,  derived 
from  Profenor  Maxweirs  Memoir  on  A  Dynamical  Theory  of  the  ElectromAgnetic 
Field.     FhU.  Tran$.  1866,  pp.  459-512. 

The  time  variation  of  —  o  may  be  taken  in  two  partt,  one  of  which  depends  and  the 
other  does  not  depend  on  the  motion  of  the  circuit.    The  latter  part  ia  clearly 

r/dF.       dG  dH.\ 

'jKli'^^'dt'^^^-di'^y 

To  find  the  former  let  ub  consider  an  arc  8  <  forming  part  of  a  circuit,  and  lei  as 
imagine  this  arc  to  move  along  rails,  which  may  be  taken  as  paraUel,  with  velocity  v 
whose  components  are  x,  y,  i,  the  rest  of  the  drcuit  being  meanwhile  supposed 
stationary.  We  may  then  suppose  that  a  small  parallelogram  is  generated  by  the 
moving  arc,  the  direction*  cosines  of  the  normal  to  which  are 

ny^mi       li  —  ni       mx  —  l^ 
^' '*'•'"   rsintf  '      vnn$'      vane' 
where  Z,  m,  f»  are  the  direction-cosines  of  8#,  and  $  is  the  angle  between  v  and  8«. 

To  verify  the  signs  of  X.  fi,  y  we  may  put  m--!,  *«»;  they  then  become 
0,  0,  -1  HB  they  ought  to  do  with  a  right-handed  system  of  axea. 

Now  let  a,  b,  6  be  the  components  of  magnetic  induction,  we  then  have,  due  to  the 

motion  of  8 «  in  time  8^, 

9p  »  (aX  +  hii  +  ey)v9t99nD$, 

If  we  suppose  each  part  of  the  circuit  to  move  in  a  similar  manner  the  resultant 
effect  will  be  the  motion  of  the  circuit  as  a  whole,  the  currenU  in  the  rails  forming  a 
balance  in  each  case  of  two  adjacent  arcs.  The  time  variation  of  — p  due  to  the 
motion  of  the  circuit  is  therefore 

'-'J*{a  {nsf—mi)  +  two  similar  terms}  d$ 

taken  round  the  circuit 

.  f{ey-~U)  dx  •»-  two  similar  integrals. 

The  results  in  Art.  602  for  the  components  of  dectromagnetic  fime  may  be  deduced 
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CHAPTER    IX. 

GENEBAL   EQUATIONS   OP   THE   ELEOTEOMAGNETIO   FIELD. 

604.]  In  our  theoretical  discussion  of  electrodynamics  we 
began  by  assuming  that  a  system  of  circuits  carrying  electric 
currents  is  a  dynamical  system^  in  which  the  currents  may  be 
regarded  as  velocities,  and  in  which  the  coordinates  corresponding 
to  these  velocities  do  not  themselves  appear  in  the  equations. 
It  follows  from  this  that  the  kinetic  energy  of  the  system,  in 
so  far  as  it  depends  on  the  currents,  is  a  homogeneous  quadratic 
function  of  the  currents,  in  which  the  coefficients  depend  only 
on  the  form  and  relative  position  of  the  circuits.  Assuming 
these  coefficients  to  be  known,  by  experiment  or  otherwise, 
we  deduced,  by  purely  dynamical  reasoning,  the  laws  of  the 
induction  of  currents,  and  of  electromagnetic  attraction.  In 
this  investigation  we  introduced  the  conceptions  of  the  electro- 
kinetic  energy  of  a  system  of  currents,  of  the  electromagnetic 
momentum  of  a  circuit,  and  of  the  mutual  potential  of  two 
circuits. 

We  then  proceeded  to  explore  the  field  by  means  of  various 
configurations  of  the  secondary  circuit,  and  were  thus  led  to 
the  conception  of  a  vector  SI,  having  a  determinate  magnitude 
and  direction  at  any  given  point  of  the  field.  We  called  this 
vector  the  electromagnetic  momentum  at  that  point.  This 
quantity  may  be  considered  as  the  time-integral  of  the  electro- 
motive intensity  which  would  be  produced  at  that  point  by  the 
sudden  removal  of  all  the  currents  from  the  field.  It  is 
identical  with  the  quantity  already  investigated  in  Art.  405 
as  the  vector-potential  of  magnetic  induction.  Its  components 
parallel  to  a;,  y,  and  z  are  F^  6r,  and  H,  The  electromagnetic 
momentum  of  a  circuit  is  the  line-integral  of  S(  round  the  circuit. 
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We  then,  by  mwiu  of  llieorem  IV,  Art.  24,  truufornMd  Um 
liDc-integnl  of  fl  into  the  surfACe-integml  of  another  vector,  9. 
whot«  componenta  are  a,  b,  c,  and  we  found  that  the  phenomena 
of  induction  due  to  motion  of  »  oonduotor,  and  those  of  electro- 
magnetic force  can  be  expressed  in  terms  of  9.  We  gave  to 
S  the  name  of  the  msgnetic  induction,  since  its  properties  are 
identical  with  thone  of  the  lines  of  magnetic  induction  aa 
investigated  by  Faraday. 

We  also  establiahed  three  sets  of  equations :  the  first  set. 
(A),  are  those  of  magnetic  induetion,  expressing  it  in  terms  of 
the  electromagnetic  momentum.  The  second  set,  (B),  are  those 
of  electromotive  intensity,  expressing  it  in  terms  of  the  motion 
of  the  oonduotor  across  the  lines  of  magnetic  induction,  and 
of  the  rate  of  variaUon  of  the  electromagnetic  momentum. 
The  thinl  set,  (C),  are  the  equations  of  electromagnetic  force, 
expresung  it  in  terms  of  the  cnrrent  and  the  magnetic  in- 
duction. 

The  current  in  all  these  cases  is  to  be  understood  as  the 
actual  current,  which  includee  not  only  the  current  of  eoa- 
duetion,  but  the  current  due  to  variation  of  the  electric  dis- 
placement. 

The  magnetie  induction  9  is  the  quantity  which  we  have 
already  considered  in  Art.  400.  In  an  unmagnetized  body  it 
is  identical  with  the  foroe  on  a  unit  magnetic  pole,  but  if  the 
body  is  magnetised,  either  permanently  or  by  induction,  it  is 
the  force  which  would  be  exerted  on  a  unit  pole,  if  placed  in 
a  narrow  crevasse  in  the  body,  the  walls  of  which  are  per- 
pendicular to  the  direction  of  magnetization.     The  componentu 


6o6.]       EQUATIONS   OP  THE   ELBCTBOMAGNBTIO   FIELD.  249 

If   3   is  the  intensity  of   magnetization^  and  A,  B,  C  its 
components,  then,  by  Art.  400, 

a  =  a4-47r^, 

6  =  )3  +  47r5,     V  (Eqamtiona  of  Magnetiiation.)         (D) 


=  y4-47rC.     ) 


y 

We  may  caU  these  the  equations  of  magnetization,  and  they 
indicate  that  in  the  electromagnetic  system  the  magnetic  in- 
duction 93,  considered  as  a  vector,  is  the  sum,  in  the  Hamiltonian 
sense,  of  two  vectors,  the  magnetic  force  <^,  and  the  magnetiza- 
tion 3  multiplied  by  4  tt,  or 

»  =  ^  +  47r3. 

In  certain  substances,  the  magnetization  depends  on  the  mag- 
netic force,  and  this  is  expressed  by  the  system  of  equations  of 
induced  magnetism  given  at  Arts.  426  and  435. 

606.]  Up  to  this  point  of  our  investigation  we  have  deduced 
everything  from  purely  dynamical  considerations,  without  any 
reference  to  quantitative  experiments  in  electricity  or  magnetism. 
The  only  use  we  have  made  of  experimental  knowledge  is  to 
recognise,  in  the  abstract  quantities  deduced  from  the  theory, 
the  concrete  quantities  discovered  by  experiment,  and  to  denote 
them  by  names  which  indicate  their  physical  relations  rather 
than  their  mathematical  generation. 

In  this  way  we  have  pointed  out  the  existence  of  the  electro- 
magnetic momentum  91  as  a  vector  whose  direction  and  mag- 
nitude vary  from  one  part  of  space  to  another,  and  from  this  we 
have  deduced,  by  a  mathematical  process,  the  magnetic  induction, 
S3^  as  a  derived  vector.  We  have  not,  however,  obtained  any 
data  for  determining  either  SI  or  9  from  the  distribution  of 
currents  in  the  field.  For  this  purpose  we  must  find  the  mathe- 
matical connexion  between  these  quantities  and  the  currents. 

We  begin  by  admitting  the  existence  of  permanent  magnets, 
the  mutual  action  of  which  satisfies  the  principle  of  the 
conservation  of  energy.  We  make  no  assumption  with  respect 
to  the  laws  of  magnetic  force  except  that  which  follows  from 
this  principle,  namely,  that  the  force  acting  on  a  magnetic  pole 
must  be  capable  of  being  derived  from  a  potential. 

We  then  observe  the  action  between  currents  and  magnets, 
and  we  find  that  a  current  acts  on  a  magnet  in  a  manner 
apparently  the  same  as  another  magnet  would  act  if  its  strength^ 
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torm,  uid  position  were  properly  adjusted,  and  that  tbe  magnet 
actti  OD  the  current  in  the  same  way  an  another  eurreot.  ^keM 
obeervatioDs  need  not  be  supposed  to  be  accompanied  by 
actual  measurements  of  the  forces.  They  are  not  therefore  to 
be  oonsidere<i  as  furnishing  numerical  data,  but  arc  useful  odIj 
in  suggesting  questions  fur  our  consideration. 

Tbe  question  these  observations  surest  is,  whether  the  mag- 
netic field  produced  by  electric  currcnttt,  as  it  is  similar  to  that 
prodnoed  by  permanent  magnets  in  many  respects,  resembles  it 
also  in  being  related  to  a  potential  ? 

The  evidence  that  an  electric  circuit  produces,  in  the  space 
surrounding  it,  magnetic  efTeets  precisely  the  name  as  those 
produced  by  a  magnetic  shell  bounded  by  the  circuit,  has  been 
stated  in  Arts.  482'48fi. 

We  know  that  in  the  case  of  the  magnetic  shell  there  is  a 

potential,  which  has  a  determinate  value  for  all  poinU  outside 

the  substance  of  the  shell,  but  that  the  values  of  tbe  potential 

at  two  neighbouring  points,  on  opposite  sides  of  tbe  shell,  difler 

'    by  a  finite  quantity. 

If  tbe  magnetic  field  in  the  neighbourhood  of  an  electric 
current  resembles  that  in  the  neighbourhoo<l  of  a  magnetic  shell, 
tbe  magnetic  potential,  as  found  by  a  line-integration  of  the 
magnetic  force,  will  be  the  same  for  any  two  lineti  of  integration, 
provided  one  of  these  lines  can  be  transforme<l  into  tbe  other  by 
continuous  motion  without  cutting  the  electric  currrnt. 

If,  howevt-r,  one  line  of  integration  cannot  be  transformeil 
into  the  other  without  cutting  the  current,  tho  line-in U-gral  of 
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In  the  next  place,  if  the  current  passes  once,  and  only  once, 
through  the  closed  curve  in  the  positive  direction,  the  line- 
integral  has  a  determinate  value,  which  may  be  used  as  a 
measure  of  the  strength  of  the  current.  For  if  the  closed  curve 
alters  its  form  in  any  continuous  manner  without  cutting  the 
current,  the  line-integral  will  remain  the  same. 

In  electromagnetic  measure,  the  line-integral  of  the  magnetic 
force  round  a  closed  curve  is  numerically  equal  to  the  current 
through  the  closed  curve  multiplied  by  4  tt. 

If  we  take  for  the  closed  curve  the  rectangle  whose  sides 
are  dy  and  dz,  the  line-integral  of  the  magnetic  force  round  the 
paraUelogram  is  ^       ^^ 

and  if  u,  v,  w  are  the  components  of  the  flow  of  electricity,  the 
current  through  the  parallelogram  is 

udydz. 
Multiplying  this  by  4  tt,  and  equating  the  result  to  the  line- 
integral,  we  obtain  the  equation 

_dy_^dS 
'^  dy      dz  ^ 
with  the  similar  equations 

dz  dx 
d?  da 
dx      dy 

which  determine  the  magnitude   and  direction  of  the  electric 
currents  when  the  magnetic  force  at  every  point  is  given. 

When  there  is  no  current,  these  equations  are  equivalent  to 
the  condition  that 

adx  +  fidy-\-ydz  =  — i)I2, 

or  that  the  magnetic  force  is  derivable  from  a  magnetic  poten- 
tial in  all  points  of  the  field  where  there  are  no  currents. 

By  differentiating  the  equations  (E)  with  respect  to  x,  y^  and  z 
respectively,  and  adding  the  results,  we  obtain  the  equation 

du     dv      dw  ^ 

dx     dy       da  ^    * 
which  indicates  that  the  current  whose  components  are  u,  v,  w 
is  subject  to  the  condition  of  motion  of  an  incompressible  fluid, 
and  that  it  must  necessarily  flow  in  closed  circuits. 
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ThiH  equaUon  U  (rue  ooly  if  we  take  u,  v,  uid  u>  *a  the  eoB- 
poDentB  of  thftt  electric  Sow  which  is  due  to  the  variatioa  id 
electric  dinpUcement  as  well  u  to  tme  conduoUon. 

We  have  vciy  little  experimental  evidence  relating  to  tbe 
direct  elcctromagneUo  action  of  corrcnts  due  to  the  variation  of 
electric  displacement  in  dielectrics,  but  the  extreme  diffieohT 
of  reconciling  the  laws  of  electromagnetifim  with  the  existcoee 
of  electric  currents  which  are  not  cloeed  ia  one  reason  amoog 
many  why  we  muat  admit  the  existence  of  tnuutent  coireota 
dae  to  the  variation  of  displacement.  Their  importance  will  be 
Bc«n  when  we  come  to  the  electromagnetic  theory  of  light. 

608.]  We -have  now  determined  the  relations  of  the  principal 
cguantitied  concerned  in  the  phoiiomena  discovered  by  Orated, 
Amp^,  and  Faraday.  To  connect  these  with  the  pbenouena 
described  in  the  former  partn  of  this  treatise,  some  additknal 
relations  are  necessary. 

When  electromotive  iDten.<tity  acta  on  a  material  body,  it  pro- 
duces in  it  two  electrical  effecta,  eallt.-d  by  Faraday  Indaetion 
and  Conduction,  the  first  being  moat  conspicuous  in  dielectriea, 
and  the  second  in  conductors. 

In  this  trvatise,  btatic  electric  indnction  is  measured  by  what 
we  have  called  the  electric  displactrment,  a  directed  quantity  or 
vector  which  we  have  denoted  by  '£,  and  its  components  bv 

S.a.h. 

In  isotropic  substances,  the  displacement  is  in  the  same 
iliroction  aA  the  electromotive  intensity  which  product-s  it,  and 
\»  pruportional  to  it.  at  least  for  small  valuen  of  this  intensity. 
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609.]  The  other  effect  of  electromotive  intensity  is  conduction. 
The  laws  of  conduction  as  the  result  of  electromotive  intensity 
were  established  by  Ohm,  and  are  explained  in  the  second  part  of 
this  treatise,  Art.  241.    They  may  be  summed  up  in  the  equation 

jj  :b  C  @,  (Equation  of  CondnctiTity.)  (Q) 

where  @  is  the  electromotive  intensity  at  the  point,  St  is  the 
density  of  the  current  of  conduction,  the  components  of  which 
are  p,  q,  and  r,  and  C  is  the  conductivity  of  the  substance, 
which  in  the  case  of  isotropic  substances,  is  a  simple  scalar 
quantity,  but  in  other  substances  becomes  a  linear  and  vector 
function  operating  on  the  vector  @.  The  form  of  this  function 
is  given  in  Cartesian  coordinates  in  Art.  298. 

610.]  One  of  the  chief  peculiarities  of  this  treatise  is  the 
doctrine  which  it  asserts,  that  the  true  electric  current  6,  that 
on  which  the  electromagnetic  phenomena  depend,  is  not  the 
same  thing  as  it,  the  current  of  conduction,  but  that  the  time- 
variation  of  2),  the  electric  displacement,  must  be  taken  into 
account  in  estimating  the  total  movement  of  electricity,  so  that 
we  must  write, 

@  =  £  +  2),         (Equation  of  True  Coneuto.)       (H) 

or,  in  terms  of  the  components, 


dq 

.  dh 


(H*) 


611.]  Since  both  St  and  !D  depend  on  the  electromotive  intensity 
@,  we  may  express  the  true  current  S  in  terms  of  the  electro- 
motive intensity,  thus 

or,  in  the  case  in  which  C  and  K  are  constants, 


4ir       at 
4ir       dl 


(I*) 
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612.]  The  Tolnme-dfliuity  of  the  free  electricity  at  any  pmnt 
a  foand  from  the  oompoDeDta  of  electric  dispkoement  hy  tht 
«,««io.  df     ,lg      dh 

613.]  The  •arface-denaitj  of  electricity  is 

<r=  //+mj+nA+r/  +  m'i7'  +  n'A',  (K) 

where  I,  m,  n  are  the  dtraotion-cotuoeA  of  the  normal  drawn  &xmd 
th«  sorface  into  the  medium  io  which/,  g,  h  are  the  oomponeoU 
of  the  displacement,  and  V,  ni',  n'  are  tboee  of  the  normal  drawn 
from  the  rar&ce  into  the  medium  in  which  they  are/*,  ^,  A'. 

614^]  When  the  magnetizatioD  of  the  medium  ia  entirely 
induced  by  the  magnetic  force  acting  on  it,  we  may  write  the 
equation  of  induced  magnetization, 

«  =  ***.  (L> 

where  fi  ia  the  eodficieni  of  magnetic  permeability,  which  may 
be  considered  a  scalar  quantity,  or  a  linear  and  vector  fuDctioo 
operating  on  ^,  according  as  the  medium  is  iaotropic  or  not. 

615.]  llieae  may  be  r^arded  ae  the  principal  relations  among 
the  quantities  we  have  been  considering.  They  may  be  com- 
bined so  as  to  eliminate  some  of  these  quantities,  bat  our  object 
at  present  is  not  to  obtain  oompactneea  in  the  mathematical 
formulae,  but  to  express  every  relation  of  which  we  have  any 
knowledge.  To  eliminate  a  quantity  which  expreescs  a  useful 
idea  would  be  rather  a  loss  than  a  gain  in  this  stage  of  our 
enquiry. 

There  ia  one  result,  however,  which  we  may  obtain  by  com- 
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individual  molecules,  they  will  discover  noihing  but  electric 
circuits,  and  we  shall  find  the  magnetic  force  and  the  magnetic 
induction  everywhere  identical  In  order,  however,  to  be  able 
to  make  use  of  the  electrostatic  or  of  the  electromagnetic  system 
of  measurement  at  pleasure  we  shall  retain  the  coefficient  ^, 
remembering  that  its  value  is  unity  in  the  electromagnetic 
system. 

616.]  The  components    of   the    magnetic   induction  are  by 

equations  (A),  Art.  591, 

dHdO  ^ 

dy       dz ' 


a  = 


6  = 


dF     dH 


dz 
dO 


—  ':TL'r 


dx 


dF 
dx  ^  dy 

The  components  of  the  electric  current  are  by  equations  (E), 
Art.  607,  given  by  ^  ^^      ^^    ^ 

^  dy  ^  dz* 

da       dy 
47it;  =  J-  —  -7-> 
dz       dx 

d0      da 

dx^  dy*  I 

According  to  our  hypothesis,  a,  6,  c  are  identical  with  fux,  fx)3, 
fiy  respectively.     We  therefore  obtain  {when  m  is  constant} 

d^G     d^F    d^F     dm 

47rfxu  — 


47jt-y=-T-  — -T- 


If  we  write 


and* 

we  may  write  equation  (1), 


dxdy     dy^      dz^      dzdx 

j_dF     dG     dH 
^  dx      dy       dz* 


(1) 
(2) 
(3) 


dJ 


Similarly, 


4.M.  =  f+V^(?, 


(4) 


^  The  negative  tign  ii  employed  here  in  order  to  make  our  expreviona  coniiatent 
with  those  in  which  Quaternions  are  employed. 
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If  we  write  r  =  (■ /7T?<ici(j*.\ 

<r=„JJJ"-Jxd9Ji.[  (5) 

H'  =  i.jff^Jxilydt.) 

"'  i\  Iff ''''"'''''■  '•' 

where  r  is   the  distanoe  of  the  given  point  from  the  eleine&t 
(■c, !/,  z)  and  the  integntiona  are  to  be  extended  over  ftll  spMr, 


Ukd 


tlx'\ 


0  =  0-- f^A  (J) 


n=H'" 


iU  / 

The  ({uuttit}'  x  diuppeara  from  the  equftUons  (A),  utd  it  \» 
not  reUted  to  uiy  physical  phenomenon.  If  we  iuppose  it  to  be 
zero  everywhere,  /  will  also  be  xero  everywhere,  and  equations 
(S),  omitting  the  aooents,  will  give  the  true  values  of  th« 
componenta  of  %. 

617.]  We  may  therefore  adopt,  as  a  definition  of  91,  that  it 
is  the  vector-potential  of  the  electric  current,  standing  in  the 
same  relation  to  the  electric  current  that  the  McaUr  potential 
stands  to  the  matter  of  which  it  is  the  potential,  and  obtained 
by  a  similar  prooees  of  integration,  which  may  be  thtu  d»> 
Hcnbed: — 
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Thi8  value  is  that  given  by  equations  (5),  which  may  be  written 
in  the  quaternion  form 

^  =  fjifff-dxdydz. 

Qtuitemion  Eocpres^uma  for  the  Electromagnetic  Eqv/itions. 

618.]  In  this  treatise  we  have  endeavoured  to  avoid  any 
process  demanding  from  the  reader  a  knowledge  of  the  Calculus 
of  Quaternions.  At  the  same  time  we  have  not  scrupled  to 
introduce  the  idea  of  a  vector  when  it  was  necessary  to  do  so. 
When  we  have  had  occasion  to  denote  a  vector  by  a  symbol, 
we  have  used  a  German  letter,  the  number  of  diflFerent  vectors 
being  so  great  that  Hamilton's  favourite  symbols  would  have 
been  exhausted  at  once.  Whenever  therefore  a  German  letter 
is  used  it  denotes  a  Hamiltonian  vector,  and  indicates  not  only 
its  magnitude  but  its  direction.  The  constituents  of  a  vector 
are  denoted  by  Roman  or  Greek  letters.. 

The  principal  vectors  which  we  have  to  consider  are 

^^^rf      ConstituenUj. 

The  radius  vector  of  a  point  p  xyz 

The  electromagnetic  momentum  at  a  point     21  FG  H 

The  magnetic  induction  33  ah   c 

The  (total)  electric  current S  uvw 

The  electric  displacement    2)  f  9  ^ 

The  electromotive  intensity    @  PQR 

The  mechanical  force  g  XYZ 

The  velocity  of  a  point  ®  or  p     xyz 

The  magnetic  force  ^  o  /3  y 

The  intensity  of  magnetization 3  ABC 

The  current  of  conduction St  pq   r 

We  have  also  the  following  scalar  functions : 

The  electric  potential  ^. 

The  magnetic  potential  (where  it  exists)  12. 

The  electric  density  e. 

The  density  of  magnetic  *  matter '  m. 
Besides  these  we  have   the   following  quantities,  indicating 
physical  properties  of  the  medium  at  each  point : — 

C,  the  conductivity  for  electric  currents. 

K^  the  dielectric  inductive  capacity. 

fi,  the  magnetic  inductive  capacity. 
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Thvac  quantities  arc.  in  iM>tropio  media,  mere  soalmr  fanetioiu 
of  p,  but  in  gL'Denl  tlioy  are  linear  and  vector  operators  on  tlie 
vector  fuDctioDB  to  which  they  are  applied.  K  and  fx  are  oartaiuiy 
alwayit  self-conjugate,  anrl  C  is  probably  so  also. 

619.]  The  equations  (A)  of  magnetic  induction,  of  which  tkr 
first  is,  an     ,IG 

''=  Jy-dz' 
may  now  be  written  S  =  V.V  SI, 

where  V  is  the  operator 

.d       .d       ,  d 

and  V  indicates  that  the  vector  part  of  the  result  of  this  opermiion 
is  to  be  taken. 

Since  il  is  sobjeot  to  the  condition  1^.79  =  0,  V91  is  a  purr 
vector,  and  the  symbol  V  is  unnecessary. 

The  equations  (B)  of  electromotive  force,  of  which  the  tintt  in 

„        .     ,.     dF      d* 

^  =  '^~^'--di-dx' 

become  «=  r.©«-«-V+. 

Tlie  equations  (C)  of  tnecbanical  force,  of  which  the  first  is 

Ji  =  re— Mc  +  e/  — »n  -,—  ,* 
dx 

become  g=  rg^  +  eff-wtru. 

TLe  equations  (D)  of  magnetization,  of  which  the  first  is 

become  ¥  =  ^-t-4v:3. 
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The  equation  of  the  total  current,  arising  from  the  variation  of 
the  electric  displacement  as  well  as  from  conduction,  is 

When  the  magnetization  arises  from  magnetic  induction, 

We  have  also,  to  determine  the  electric  volume-density^ 

To  determine  the  magnetic  volume-density, 

When  the  magnetic  force  can  be  derived  from  a  potential, 


APPENDIX  TO   CHAPTER  IX. 

The  expressions  (5)  are  not  in  general  accurate  if  the  electromagnetic 
field  contains  substances  of  different  magrnetic  permeabilities,  for  in  that 
case,  at  the  sui-face  of  separation  of  two  surfaces  of  different  magnetic 
permeabilities,  there  will  in  general  be  free  magpaetism ;  this  will  con- 
tribute terms  to  the  expression  for  the  vector  potential  which  are 
given  by  equations  (22),  p.  30.  The  boundary  equations  at  the  surface 
separating  two  media  whose  magrnetic  permeabilities  are  ^4  and  /x,,  and 
where  F^,  G^,  //j  and  F^,  G^^  H^  denote  the  values  of  the  components  of 
the  vector  potential  on  the  two  sides  of  the  surface  of  separation,  Z,  m,  n 
the  direction  cosines  of  the  normal  to  this  surface  ;  are  (1),  since  the 
normal  induction  is  continuous, 

^/d^,_d^x       ^/d^_d^,s        ^,dff,_rf^. 

^  dy        dz  ^         ^  dz        dx  ^         ^  dx       dy  J 

^  dy       dz  f         ^  dz        dx  f        ^  dx       dy  ^ 
and  (2),  since  the  magpaetic  force  along  the  surface  is  continuous, 

1  ydff,     cfg,N       1  fdff^     dG^>. 
yi^  ^  dy        dz  y      ^  v  dy        dz  ^ 

I 
—  1  (dF^     dH^^      1  ^dF^     dff^y. 
fjL,^  dz        dx  ^      y^^  dz        dx  f 

m 


__    1   ^dG,       dF,y^  1    fdG^        dF^y^ 

"~  fi^^  dx       dy  'f      fi^^  dx        dy  J 


n 
8  2 


260  APPENDIX. 

Tbe  expreiaiaoi  (5)  do  nut  in  genr'nl  utisfr  both  tbcM  rarf»M  eondittaaa. 
It  ii  therefore  beet  to  regard  /',  C,  U  u  ginu  by  tbe  oqtutioaa 

nnd  the  precvdiog  boundary  oonditioDS.  J 

i  It  do«s  nut  appear  logitunate  to  aaaume  that  'f  in  e4)Datioiui  (Itf 
rvprevcnt*  tlie  vltKtrMtHtic  poteutial  when  the  couductor*  are  moriii;;. 
Ii>r  iu  deducing  thoae  eijuBtiona  Maiwell  l<«*os  out  the  t«rm 

dtV  Jt  *"  dt^     dt> 
Hiiic«  it  vaniahea  when  integrated  niund  a  cloicil  circuit.     If  w«  inv'H  Xh\' 
(erm,  then  f  ia  mi  longer  (he  elertroatat  ic  potential  Imt  ia  the  aun  "f 
thii  Mteutial,  and  ,r_         ,/„  ,u 

'■;><'>  "s- 

This  has  an  important  applieatiun  to  a  problem  which  haa  attracted 

much  attention,  that  uf  a  apbere  rutating  with  angular  velocity  m  afamit 

a  Tertiral  axia  in  a  unifumi  magnetic  field  whrre  the  niaguetic  force  i* 

vertical  and  equal  to  e.     Equatioiia  (H)  iH^ome  in  thin  caae,  »app<»ini; 

the  aphere  to  have  aettled  down  iutu  a  alendy  atate, 

''♦ 
P=  eutx—  ,    . 
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or  in  this  case  ♦  =  *  +  a>{Gx—Ft/), 

then,  since  ji      d«      d«  dG    d/\ 

=  2c, 
we  see  that  since  ^^     ^^     ^^ 

that   is,  there   is   no   distribution   of  free   electricity   throughout   the 
volume  of  the  sphere. 

There  is  therefore  nothing  in  the  equations  of  the  electromagnetic 
field  which  would  lead  us  to  suppose  that  a  rotating  sphere  contains  free 
electricity. 

Equations  of  the  Electromagnetic  Field  expressed  in 
Polar  and  Cylindrical  Co-ordinates. 

If  Fy  Gy  H  are  the  components  of  the  vector  potential  along  the 
radius  vector,  the  meridian  and  a  parallel  of  latitude  respectively, 
a,  hy  c  the  components  of  the  magnetic  induction,  a,  /3,  y  the  components 
of  the  magnetic  force,  and  u,  v,  w  the  components  of  the  current  in  those 
directions,  then  we  can  easily  prove  that 

1       id.     d 


a  = 


h  = 


r'smd 
1       \dF 


\-(rslneH)--irG)l 


idF     d  ,     .    ^„J 


r  Bin 

d  ,   ^.      dF 


r'sin  0 


^-r\di^^'^^'de\' 
^^^=rsT^^l5i-|:<'-""^^>}' 

r\dr^  ^^      dS^ 
If  P,  Q,  R  are  the  components  of  the  electromotive  intensity  along 
tlie  radius  vector,  the  meridian  and  a  parallel  of  latitude, 

dt  r*^me\dQ^  '     d(f>^  ^'J 

db  1       {dP     d 


dt  r  siu  6 


m->-'"^\ 
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If  tbe  cylimlrica)  ccKtrdinatw  tn  p,0,  z,  nnd  if  F,  G,  tf  u«  tW  e 
poti«tiU  of  th«  voctor  potential  pajmllel  to  p,  0,  2;  a,  b,  e 
uf  the  magnetic  indoctiou,  a,  ^,  Y  ^^^  compoDend  oT  tbe  magnetic  fom. 
and  u,  V,  10  the  componenta  of  the  current  in  these  directiona,  tbm 

~  dz      df/ 


c  = 

l\iM^-1^l' 

4«M  = 

da     dy 

4itt>  = 

d=-T,' 

\id.      ,     (/at 

4Ttr  = 

-,\d,^^-Tk 

If  r.Q.Btn 

the 

coniponeuta  of  tbe  electromotive 

intenHitr  p«nllrl 

to  p.  e.  z. 

da 
db 

di  = 

de 

dt  = 

-^^'^-'i^- 
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DIMENSIONS    OP   ELECTRIC   UNITS. 

620.]  Every  electromagDetic  quantity  may  be  defined  with 
reference  to  the  fundamental  units  of  Length,  Mass,  and  Time. 
If  we  begin  with  the  definition  of  the  unit  of  electricity,  as 
given  in  Art.  65,  we  may  obtain  definitions  of  the  units  of  every 
other  electromagnetic  quantity,  in  virtue  of  the  equations  into 
which  they  enter  along  with  quantities  of  electricity.  The 
system  of  units  thus  obtained  is  called  the  Electrostatic  System. 

If,  on  the  other  hand,  we  begin  with  the  definition  of  the  unit 
magnetic  pole,  as  given  in  Art.  374,  we  obtain  a  different  system 
of  units  of  the  same  set  of  quantities.  This  system  of  units  is 
not  consistent  with  the  former  system,  and  is  called  the  Electi*o- 
magnetic  System. 

We  shall  begin  by  stating  those  relations  between  the  different 
units  which  are  common  to  both  systems,  and  we  shall  then 
form  a  table  of  the  dimensions  of  the  units  according  to  each 
system. 

621.]  We  shall  arrange  the  primary  quantities  which  we  have 
to  consider  in  pairs.  In  the  first  three  pairs,  the  product  of  the 
two  quantities  in  each  pair  is  a  quantity  of  energy  or  work.  In 
the  second  three  pairs,  the  product  of  each  pair  is  a  quantity  of 
energy  referred  to  unit  of  volume. 

First  Three  Pairs. 
Electrodatic  Pair. 

Symbol. 

( 1 )  Quantity  of  electricity e 

(2)  Electromotive  force,  or  electric  potential       .        .     E 
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MarfHetiv  Pair.  StsUJ. 

(3)  Quantity  of  fiv«  inAgnetiaiii,  or  strength  of  a  pole  m 

(4)  Magnetic  potential U 

Electrokinttic  Pair. 

(5)  Electrokinctic  momentum  of  a  oircait .  .  /' 

(6)  Electiic  current (* 

8ECOSD  T11RP.E  Pairh. 

Settrogtaiie  Pair. 

{7)  Electric  dbiplacctncnt  (measured  by  surface-density)  £ 

(8)  EUectrotuotive  intensity (S 

Matjttdk  Pair. 

(9)  Magnetic  induotion 9 

(10)  Magnetic  force ^q 

Electrokiiittic  Pair. 

(I  I )  Int«naity  of  electric  current  at  a  point  C 

(12)  Vector  potential  of  electric  currents  .  !l 

Ki2.  TtiL-  following  rulatiuna  exint  between  thoite  <|uantiti<». 


623.]  DIMENSIONS   OP  UNITS.  265 

Thirdly,  since  E^  i2,  and  p  are  the  line-integrals  of  @,  *^, 
and  21  respectively, 

[l]=[5]=[|]=m*  w 

Finally,  since  6,  C,  and  m  are  the  surface-integrals  of  3),  6, 
and  S3  respectively, 

[i]=[§]=[S]=[^'i-         ■  '" 

623.]  These  fifteen  equations  are  not  independent,  and  in 
order  to  deduce  the  dimensions  of  the  twelve  units  involved,  we 
require  one  additional  equation.  If,  however,  we  take  either 
^  or  m  as  an  independent  unit,  we  can  deduce  the  dimensions  of 
the  rest  in  terms  of  either  of  these. 

<■)   w       =w    =[S]- 

(4)  Md  (6)  [q  =  [fi]  =  [I]       =[^]- 
•  [we  have  »Uo  [  *  ]  -  [L].] 
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624.]  The  relations  of  th«  fint  (en  of  these  quAotities  nwy  be 
cxhibitvd  by  mi-auii  of  the  following  arrangement  :— 

m  and  p,  9,    ($,         i^.  '    C  and  fi,    {>,    !X),  «. 

The  quantities  in  the  first  line  arc  derived  from  «  by  the  aamr 
operations  as  the  corresponding  quantities  in  the  second  line  an* 
derived  from  m.  It  will  be  Bcvo  that  the  order  of  the  qoantittM 
in  the  first  line  is  exactly  the  reverse  of  the  order  in  the  secood 
lute.  The  first  four  of  each  line  have  the  (irat  symbol  in  (be 
numerator.  The  second  four  in  each  line  have  it  in  (be  dr- 
nominator. 

All  the  relations  given  above  are  true  whatever  system  of 
unite  we  adopt. 

625.]  The  only  systems  of  any  scientific  value  are  the  electro- 
static and  the  electromagnetic  nystoins.  The  electrostatic  system 
is  foundeil  on  the  definition  of  the  unit  of  electricity,  Arte.  41. 
42,  and  may  be  deduced  from  the  equation 


which  expresses  that  the  resultant  electric  intensity  Q  at  any 
point,  due  to  the  action  of  a  quantity  of  electririty  «  at  a 
distance  A,  is  found  by  dividing  e  by  L'.  Substituting  in  tbi' 
e(|uations  of  dimensions  (I)  ami  (8),  we  find 


whooce  [<-]  =  [ilif>J--'],     m  =  [/,lJ/IJ, 
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626.]  Table  of  Dimermona. 

Dimensioiu  in 
SymboL      Electrostatic        Electromagnetic 
^  System.  System. 

Quantity  of  electi-icity    .  .  .  .    e       [LiMi  T'^]     [i*  M^]. 

Quantity  of  magnetism       . 

Electrokinetic  momentum  I    •  {^[    [L^M^]  [Z*Mr-^]. 

of  a  circuit  ) 

eectromotive  intensity .  ...     6      [Z-iif^T-^]   [ZiJ/^r-*]. 

Magnetic  induction 33      [Z-^if*]  [Z-iilf4r-i], 

Magnetic  force ^      [Z^if^r-^j      [i-4jlfi!r-i]. 

Strength  of  current  at  a  point    S      [Z"*  if*  T-^]   [Z'S  if*  T'^]. 

Vector  potential 21      [L'^  M^'\  [Zi  if*  T-^\ 

627.]  We  have  already  considered  the  products  of  the  pairs  of 
these  quantities  in  the  order  in  which  they  stand.  Their  ratios 
are  in  certain  cases  of  scientific  importance.     Thus 

Electrostatic  Electromagnetic 
SymboL     System.  System. 

-^  =  capacity  of  an  accumulator  .  .    q        [Z]  T  r 

t  coefficient  of  self-induction  \  ^ 

^  =  <      of  a  circuit,  or  electro-  > .  Z  \-r\  W* 

V      magnetic  capacity  ) 

3)  _  C  specific  inductive  capacity  \    rr  r^-i  f?^] 

(|-1     of  dielectric  )  ■■  -■  WY 

^  =  magnetic  inductive  capacity  .  .  /a         \ti\  t^]' 

—  =  resistance  of  a  conductor  ....iZ       \j\  \t\ 

6  _  C  specific  resistance  of  a  )  pmi  f-^^] 

g"!       substance  J-.-^         L^J  [yj- 

628.]  If  the  units  of  length,  mass,  and  time  are  the  same  in  the 
two  systems^  the  number  of  electrostatic  units  of  electricity  con- 


268 


DIMENSIONS  OF   UMTS. 


[6.9. 


taiaed  in  one  electrouiAgnctic  unit  is  numerically  eqtul  to  » 
velooity,tliostwolutc  value  or  which  does  not  depend  on  the  mag- 
nitudi'  of  thi>  fundamental  units  employed.  This  velocity  ia  an  im* 
portact  physical  ()uantity,  which  we  uhall  denot«  by  the  symbol  r. 
Sumlier  0/  EUetrottat'tc  L'liiU  in  one  E(ectrOmagnAic  Unit. 

For  e.  r,  Q,  D,  ^,  e, V. 

For  m,  D,  i". »,  ffi,  a i. 

For  electrostatic  capacity,  dielectric  inductive  oapaoity,  and 
conductivity,  w*. 

Fur   electromagnetic   capacity,  magnetic  inductive  capacity. 


and  resistance,  —  • 

Several  methods  of  dctenniuing  the  velocity  r  will  be  given 
in  Arts.  768-780. 

In  the  electrostatic  system  the  specific  dielectric  indoetive 
capacity   of  air  is  assumed  equal  tu  onity.     This  quantity  is 

then-fore  represented  by  -^  in  the  electromagnetic  lystem. 

In  the  electromagnetic  system  the  spccilic  magnetic  inductive 
capacity  of  air  is  assumed  equal  to  unity.     This  quantity  is 

therefore  repreaented  hy  —  in  the  electrostatic  system. 

I'niitical  Hytiem  of  Elfftrir  Vnil*. 
6^0.]  Of  the  two  syHtvms  of  uiiit«,  the  electromagnetic  is  of 
the  greater  use  to  thotte  practical  t-lectricians  who  are  occupied 


629.] 


ELECTRIC   UNITS. 


26d 


The  nnit  of  time  is,  as  before,  one  second. 

The  nnit  of  mass  is  1 0"^^  grammes,  or  one  hundred  millionth 
part  of  a  milligramme. 

The  electrical  units  derived  from  these  fundamental  units 
have  been  named  after  eminent  electrical  discoverers.  Thus  the 
practical  unit  of  resistance  is  called  the  Ohm,  and  is  represented 
by  the  resistance-coil  issued  by  the  British  Association,  and 
described  in  Art.  340.  It  is  expressed  in  the  electromagnetic 
system  by  a  velocity  of  10,000,000  metres  per  second. 

The  practical  unit  of  electromotive  force  is  called  the  Volt, 
and  is  not  veiy  diflFerent  from  that  of  a  Daniell's  cell.  Mr. 
Latimer  Clark  has  recently  invented  a  very  constant  cell,  whose 
electromotive  force  is  almost  exactly  1*454  Volts. 

The  practical  unit  of  capacity  is  called  the  Farad.  The 
<iuantity  of  electricity  which  flows  through  one  Ohm  under  the 
electromotive  force  of  one  Volt  during  one  second,  is  equal  to  the 
charge  produced  in  a  condenser  whose  capacity  is  one  Farad  by 
an  electromotive  force  of  one  Volt. 

The  use  of  these  names  is  found  to  be  more  convenient  in 
practice  than  the  constant  repetition  of  the  words  *  electi'o- 
magnetic  units,'  with  the  additional  statement  of  the  particular 
fundamental  units  on  which  they  are  founded. 

When  very  large  quantities  are  to  be  measured,  a  large  unit  is 
formed  by  multiplying  the  original  unit  by  one  million,  and 
placing  before  its  name  the  prefix  mega. 

In  like  manner  by  prefixing  micro  a  small  unit  is  formed,  one 
millionth  of  the  original  unit. 

The  following  table  gives  the  values  of  these  practical  units  in 
the  difierent  systems  which  have  been  at  various  times  adopted. 


Feu DA MENTAL 

Units. 

Practical 
System. 

B.  A.  Report, 
1863. 

Thomson. 

Wrbib. 

Lengthy 

Earth'i  QuadratU, 

M*  ire, 

Centimetre, 

Millimetre, 

Time, 

Second, 

Second, 

Second, 

Second, 

Ma  88, 

10-"  Oramme, 

Gramme. 

Oramme. 

Milligramme. 

Resistance 

Ohm 

W 

10" 

10'« 

Electromotive  force 

Volt 

10» 

10« 

10" 

Capacity 

Farad 

10-^ 

io-» 

io-»* 

Quantity 

Fand 
(charged  to  a  Volt.) 

io-« 

10-1 

10 

CHAPTER    XL 

ON  EKKBGT  AXD  8TBBSS   IN  THE   BLECTROMAQNETIO  FIELD. 

EltetroStaiie  Energy. 

630.]  The  energy  ot  the  system   may   be   divided   into  the 
Potential  Energy  and  the  Kinetic  Energy. 

The  potential  energy  dne  to  electrification  has  been  already 
CODsidered  in  Art.  88.     It  may  be  written 

F=tS(.+).  (1) 

where  r  is  the  charge  of  electricity  at  a  place  where  the  electrie 
potential  is  4*,  and  the  summation  is  to  be  extended  to  every 
place  where  there  is  electrification. 

If /,  9,  A  are  the  componente  of  the  electric  displacement,  the 
<|uantity  of  electricity  in  the  element  of  volume  ilx  tly  dz  is 
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If  we  now  write  P,  Q,  R  for  the  components  of  the  electro- 
motive intensity,  instead  of  —  -^  9  —  -7—  and  —  -7-  >  we  find 

w  =  J  fff(Pf'^  Qg+Rh)  dx  dy  dz*  (5) 

Hence,  the  electrostatic  energy  of  the  whole  field  will  be  the 
same  if  we  suppose  that  it  resides  in  every  part  of  the  field  where 
electrical  force  and  electrical  displacement  occur,  instead  of  being 
confined  to  the  places  where  free  electricity  is  found. 

The  energy  in  unit  of  volume  is  half  the  product  of  the  electro- 
motive force  and  the  electric  displacement,  multiplied  by  the 
cosine  of  the  angle  which  these  vectors  include. 

In  Quaternion  language  it  is  —  i  iSi.@!l). 

Magnetic  Energy, 

t632.]  We  may  treat  the  energy  due  to  magnetization  in  a  way 
similar  to  that  pursued  in  the  case  of  electrification.  Art.  85.  If 
Aj  B,  C  are  the  components  of  magnetization  and  a,  /3,  y  the 
components  of  magnetic  force,  the  potential  energy  of  the  system 
of  magnets  is  then,  by  Art.  389, 

-\ffj(Aa-{-Bfi^Cy)dxdydz,  (6) 

the  integration  being  extended  over  the  space  occupied  by  mag- 
netized matter.  This  part  of  the  energy,  however,  will  be 
included  in  the  kinetic  energy  in  the  form  in  which  we  shall 
presently  obtain  it. 

633.]  We  may  transform  this  expression  when  there  are  no 
electric  cun*ents  by  the  following  method. 

We  know  that  da      db     dc  _ 

dx     dy     dz"    '  ^ 

*  {ThiR  expreflnon  for  the  electrostatic  energy  wm  deduced  in  the  firtt  rolnme  on 
the  auumption  that  the  electrostatic  force  could  be  derived  from  a  potential  function. 
This  proof  will  not  hold  when  |>art  of  the  electromotive  intensity  is  due  to 
electromagnetic  induction.  If  however  we  take  the  view  that  this  part  of  the 
energy  arises  from   the  polarized  state  of  the  dielectric  and  is  per  unit  volume 

— =.(/' +  </''»- A'),  the  potential  energy  wiU  then  only  depend  on  the  polarisation 

of  the  dielectric  no  matter  how  it  is  produced.    Thus  the  energy  will,  since 

^         P    _? Q    -A_«  n 


4m K  '    iwK        ^'    4wK 

be  equal  to  \  {Pf-^  Qg-k-Hk)  per  unit  volume.} 
f  See  Appendix  I  at  the  end  of  this  Chapter* 
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Henoc,  bj  Art.  97,  if 


da     „         da 


da 

tlz' 


u  is  always  the  case  in  magnetic  phenomena  where  there  are  do 

correntH,  rrr.         .  ■     ,     , 

I     l(aa  +  ltp  +  cy)dxdydz=Q,  (•<) 

the  integral  being  extended  throughout  all  Rpacc,  or 

ffj'{(a  +  i-wA)a+{^+*-aB)fi  +  (y  +  4i,C}Y}  dxdydz  =  O.  (Ift) 

Hvnce,  the  energy  due  to  a  magnetic  syRtem 

-\jjj{Ai*Bi  +  Cy)dxd!id:  =  ^jjj[.'*ff*,')did~,dz, 

Eln-trvkinetU'  Enenjy. 
634.]    We  have  already,  in  Art.  57fl,  exprcttscd  the   kinetic 
energy  of  a  system  of  currenU  in  the  form 

r=*2(;.i),  (12) 

where  />  is  the  electromagnetic  momentuni  of  a  circuit,  and  i  \t- 
the  stri'Dgth  of  the  current  Suwing  round  it,  and  the  summation 
exttiudfl  to  all  the  circuits. 

Rut  we  have  proved,  in  Art  590,  that  />  may  lie  expressed  a.* 
a  linc-int4>grm]  of  the  form 
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and  we  now  find 

T=\fff{Fu-^Gv-^Hw)dxdydz,  (16) 

where  the  integration  is  to  be  extended  to  every  part  of  space 
where  there  are  electric  currents. 

635.]  Let  us  now  substitute  for  u,  v,  w  their  values  as  given 
by  the  equations  of  electric  currents  (E),  Art.  607,  in  terms  of 
the  components  a,  ^,  y  of  the  magnetic  force.     We  then  have 

where  the  integration  is  extended  over  a  portion  of  space  in- 
cluding all  the  currents. 

If  we  integrate  this  by  parts,  and  remember  that,  at  a  great 
distance  r  from  the  system,  a,  y3,  and  y  are  of  the  order  of 
magnitude  r~^,  {and  that  at  a  surface  separating  two  media^  F^ 
Gt  H,  and  the  tangential  magnetic  force  are  continuous,}  we  find 
that  when  the  integration  is  extended  throughout  all  space,  the 
expression  is  reduced  to 

By  the  equations  (A),  Art.  591,  of  magnetic  induction,  we  may 
substitute  for  the  quantities  in  small  brackets  the  components 
of  magnetic  induction  a,  &,  c,  so  that  the  kinetic  energy  may  be 
written 

r  =  —  fjj(aa  +  bp-^cy)dxdydz,  (19) 

where  the  integration  is  to  be  extended  throughout  every  part  of 
space  in  which  the  magnetic  foi*ce  and  magnetic  induction  have 
values  difiering  from  zero. 

The  quantity  within  brackets  in  this  expression  is  the  product 
of  the  magnetic  induction  into  the  resolved  part  of  the  magnetic 
force  in  its  own  direction. 

In  the  language  of  quaternions  this  may  be  written  more  simply* 

where  9  is  the  magnetic  induction,  whose  components  are  a,  6,  c, 
and  ^  is  the  magnetic  force,  whose  components  are  u,  /9,  y. 

636.]  The  electrokinetic  energy  of  the  system  may  therefore 
be  expressed  either  as  an  integral  to  be  taken  where  there  are 
electric  currents,  or  as  an  integral  to  be  taken  over  every  part  of 
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the  6c1d  in  which  msgnetio  foroe  existo.  The  fini  intognlt 
however,  ia  the  lutur&l  expression  of  ibo  theory  which  snppoMt 
the  euirenta  to  act  upon  each  other  directly  at  «  distuMM.  while 
the  second  ia  approprute  to  the  theory  whiob  endeA^onn  to 
exphuD  the  aetion  betweeo  the  currents  by  meana  of  ione 
intermediate  action  in  the  apace  between  them.  As  in  this 
treatise  we  have  adopted  the  Utter  method  of  inTeatigatioo, 
we  oatunJly  adopt  the  second  expression  as  ^ving  the  most 
Bigni6cant  form  to  the  kinetic  enei]gy. 

Aoeording  to  our  hypotheais,  we  assume  the  kinetic  energy  to 
exist  wherever  there  is  magnetic  force,  that  is,  in  general,  in 
every  part  of  the  field.    The  amount  of  this  energy  per  unit  of 

volume  is  —  —  S .  9  {),  and  this  energy  exists  in  the  form  of  Mmie 

kind  of  motion  of  the  matter  in  every  poKion  of  space. 

When  we  come  to  consider  Faraday's  discovery  of  the  effect 
of  magnetism  on  polarized  light,  we  shall  point  out  reoaons  for 
believing  that  wherever  there  are  lines  of  magnetic  force,  there 
is  a  rotatory  motion  of  matter  round  those  lines.     See  Art.  821. 

Mitgrutie  and  EUetrokhietir  Energy  compared. 
637.]  We  found  in  Art.  123  that  the  mutual  potential  energy 
of  two  magnetic  shells,  of  strengths  ^  and  ^',  and  bonnded  by 
the  cloaed  curves  s  and  /  n-epecUvely,  is 

where  c  is  the  angle  between  the  dirijCti<HiB  of  da  and  d/,  and  r 
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produce  a  system  corresponding  in  all  respects  to  an  electric 
circuit,  for  the  potential  of  the  magnetic  system  is  single  valued 
at  every  point  of  space,  whereas  that  of  the  electric  system  is 
many-valued. 

But  it  is  always  possible,  by  a  proper  arrangement  of  infinitely 
small  electric  circuits,  to  produce  a  system  corresponding  in  all 
respects  to  any  magnetic  system,  provided  the  line  of  integration 
which  we  follow  in  calculating  the  potential  is  prevented  from 
passing  through  any  of  these  small  circuits.  This  will  be  more 
fully  explained  in  Art.  833. 

The  action  of  magnets  at  a  distance  is  perfectly  identical  with  . 
that  of  electric  currents.     We  therefore  endeavour  to  trace  both 
to  the  same  cause,  and  since  we  cannot  explain  electric  currents 
by  means  of  magnets,  we  must  adopt  the  other  alternative,  and 
explain  magnets  by  means  of  molecular  electric  currents. 

638.]  In  our  investigation  of  magnetic  phenomena,  in  Part  III 
of  this  treatise,  we  made  no  attempt  to  account  for  magnetic 
action  at  a  distance,  but  treated  this  action  as  a  fundamental 
fact  of  experience.  We  therefore  assumed  that  the  energy  of  a 
magnetic  system  is  potential  energy,  and  that  this  energy  is 
diminished  when  the  parts  of  the  system  yield  to  the  magnetic 
forces  which  act  on  them. 

If,  however,  we  regard  magnets  as  deriving  their  properties  from 
electric  currents  circulating  within  their  molecules,  tiieir  energy 
is  kinetic,  and  the  force  between  them  is  such  that  it  tends  to 
move  them  in  a  direction  such  that  if  the  strengths  of  the  cur- 
rents were  maintained  constant  the  kinetic  energy  would  increase. 

This  mode  of  explaining  magnetism  requires  us  also  to  abandon 
the  method  followed  in  Part  III,  in  which  we  regarded  the  magnet 
as  a  continuous  and  homogeneous  body,  the  minutest  part  of 
which  has  magnetic  properties  of  the  same  kind  as  the  whole. 

We  must  now  regard  a  magnet  as  containing  a  finite,  though 
very  great,  number  of  electric  circuits,  so  that  it  has  essentially 
a  molecular,  as  distinguished  from  a  continuous  structure. 

If  we  suppose  our  mathematical  machinery  to  be  so  coarse 
that  our  line  of  integration  cannot  thread  a  molecular  circuit, 
and  that  an  immense  number  of  magnetic  molecules  are  contained 
in  our  element  of  volume,  we  shall  still  arrive  at  results  similar 
to  those  of  Part  III,  but  if  we  suppose  our  machinery  of  a  finer 
order,  and   capable  of  investigating  all  that  goes   on   in  the 

T  2 
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interior  of  the  molecQlea,  we  must  give  ap  the  old  theory  of 
magnetism,  and  adopt  that  of  Ampere,  which  admits  of  tio 
magneta  except  thoee  which  oonsiat  of  electric  ourreoti. 

We  mnst  also  regard  both  magnetic  and  eleotromagnctie 
enei^  as  kinetic  energy,  and  we  must  attribute  to  it  tl>e  proper 
sign,  as  given  in  Art.  635. 

In  what  follows,  though  we  may  oceasionally,  as  in  Art.  839. 
Sx.,  attempt  to  carry  out  the  old  theory  of  magnetism,  we  shall 
find  that  we  obtain  a  perfectly  consistent  system  only  wh<-n  w« 
abandon  that  theory  and  adopt  Ampere's  theory  of  molecular 
currents,  as  in  Art.  644. 

The  energy  of  the  field  therefore  consists  of  two  parts  otily. 
the  olectrostaUo  or  potential  energy 

and  the  electromagnetic  or  kinetic  energy 

ON   THE   rOBCEB  WHICH   ACT  OS   AS    ELEKF.ST  OF   A    BOI>T 

PLACED  IH  THE  ELECTROMAOSETIC  FIELD. 

FoTfea  acting  im  a  MagnHif  Element. 

*639.]  The  potential  energy  of  the  elcmi-nt  dxtlydz  of  a  bodr 

magnetized  with  an  intensity  whose  components  are  A.  B,  C. 

and  placed  in  a  field  of  magnetic  force  whuw  components  ar« 

«.  A  y,  is  -(Aa  +  /t4  +  Cy)<ir</y<fc. 

lt,.H-..,  ;fl1„.  t^.n-  ,:r,in,    t^  ■  ■  ]   -1  ■:.-  1..   •.■r■^■■  »:ii.,mt  wUtioT. 
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there  will  be  an  additional  electromagnetic  force  whose  com- 
ponents are  X^,  I^,  ^2>  ^^  which  X2  is  given  by 

X^^vc  —  wh.  (3) 

Hence,  the  total  force,  X^  arising  from  the  magnetism  of  the 
molecule,  as  well  as  the  current  passing  through  it,  is 

X  =  A^+B^  +C^  +vc-vib.  (4) 

dx         ax        ax  ^  ' 

The  quantities  a,  6,  c  are  the  components  of  magnetic  induction, 
and  are  related  to  a,  ^9,  y,  the  components  of  magnetic  force,  by 
the  equations  given  in  Art.  400, 

a  =  a  +  47ril, ' 

6  =  i8  +  4Ti5,   •  (5) 

C  =  y  +  4  u  C7.  . 

The  components  of  the  current,  u,  t;,  w^  can  be  expressed  in 
terms  of  a,  ^,  y  by  the  equations  of  Art.  607, 

dy      dfi   \ 
dy      dz 
da      dy  ,  V 

da     da 

dx      dy 
Hence 

Multiplying  this  equation,  (8),  by  a,  and  dividing. by  47r,  we 
may  add  the  result  to  (7),  and  we  find 

also,  by  (2),  Z  =  ^((6-^)y-(c-y)^),  (10) 

=  ;l(6y-c^).  (11) 

where  X  is  the  force  referred  to  unit  of  volume  in  the  direction 
of  Xf  and  L  is  the  moment  of  the  forces  (per  unit  volume)  about 
this  axis. 
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On  the  Explanation  of  them  Forrea  by  the  Eypotketuqfa 
Medium  in  a  IState  o/Streae. 

641.]  Let  as  denote  a  stress  of  any  kind  referred  to  aoit  of 
area  by  a  symbol  of  the  form  ^j,  where  the  first  suffix,  4, 
indicates  that  the  normal  to  Uie  surface  on  which  the  stress  u 
supposed  to  act  is  parallel  to  the  axis  of  A,  and  the  seound 
suffix,  4,  indicates  that  the  direction  of  the  stress  with  which 
the  part  of  the  body  on  the  positive  side  of  the  surface  acta  00 
the  part  on  the  n^[ative  aide  is  parallel  to  the  axis  of  L 

The  directions  of  h  and  k  may  be  the  same,  in  which  case  tbe 
stress  is  a  normal  stress.  They  may  be  oblique  to  each  othn-,  in 
which  case  the  stress  is  an  oblique  atti-SH,  or  they  may  be  perpeo- 
dicular  to  each  other,  in  which  case  the  stress  is  a  tangential 
stress. 

The  condition  that  the  stresses  shall  not  produce  any  tendmey 
to  rotation  in  the  elementary  portions  uf  the  body  is 

^  =  ^- 

In  the  case  of  a  magnetized  body,  however,  there  is  such  a 
tandency  to  rotation,  and  therefore  this  condition,  which  holds 
in  the  ordinary  theory  of  stress,  is  not  fulfilled. 

Let  us  consider  the  effect  of  the  stresses  on  the  six  sides  of 
the  elementary  portion  of  the  body  dxdydz,  taking  the  origin 
of  coordinates  at  its  centre  of  gravity. 

On  the  positive  face  dt^ii:,  fur  which  the  valne  of  .c  is  \<ij, 
the  forces  are — 
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If  Xdxdydz  is  the  whole  force  parallel  to  x  acting  on  the 
element, 

X  dxdydz  =  Z+^  +  X+»  +  Z+. + Z_.  +  Z_,  +  Z.,, 
_fdP„     dP,      dP„. 

whence  Z  =  ^P„+|f^+^^P..  (13) 

H  L  dxdydz  is  the  moment  of  the  forces  about  the  axis  of  x 
tending  to  turn  the  element  firom  yioz^ 

Ldxdydz=.\dy(Z^,^Z^,)^ldz{Y,,-^Y^,), 
^iPw,"  Pup)  dxdydz, 
whence  L^I^g-^Fg^.  (14) 

Comparing  the  values  of  X  and  L  given  by  equations  (9)  and 
(11)  with  those  given  by  (13)  and  (14),  we  find  that,  if  we  make 

P„=i-{o«-i(a«  +  ^«  +  y*)j,\ 

4  IT 

471  47r 

P.  =  — afl,  iir= — ha, 

^      471  *^      Alt        ' 

the  force  arising  from  a  system  of  stress  of  which  these  are  the 
components  will  be  statically  equivalent,  in  its  effects  on  each 
element  of  the  body,  to  the  forces  arising  from  the  magnetiza- 
tion and  electric  currents. 

642.]  The  nature  of  the  stress  of  which  these  are  the  com- 
ponents may  be  easily  found,  by  making  the  axis  of  x  bisect 
the  angle  between  the  directions  of  the  magnetic  force  and 
the  magnetic  induction,  and  taking  the  axis  oi  y  in,  the  plane 
of  these  directions,  and  measured  towards  the  side  of  the 
magnetic  force. 

If  we  put  <^  for  the  numerical  value  of  the  magnetic  force, 
®  for  that  of  the  magnetic  induction,  and  2e  for  the  angle 
between  their  directions, 


(15) 
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OCOSf, 


&c  -SsiiK,         c  =0;  / 


(16) 


(»•) 


i;.  =  ^  =  ^  =  -5.  =  0, 

Henoe,  the  state  of  Btreas  may  be  oonsidered  as  oompouoded 
of— 

(1)  A  jnvHOre  equal  in  all  direcUoos  =  —  ^*. 

(2)  A  tension  along  the  line  bisecting  the  angle  between  the 
directions  of  the  magDotio  force  and  the  magnetic  induction 

(S)   A  preuure  along  the  line  bisecting  the  exterior   angtr 

between  them  directions  s  —  9^  sin*  *. 

(4)  A  couple  tending  to  turn  every  element  of  tbe  aubstance 
in  the  plane  of  the  two  directions /nmi  thu  dircctioD  of  magnetic 
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643.]  When  there  is  no  magnetization,  $  =  <^,  and  the  stress 
is  still  further  simplified,  being  a   tension  along  the   lines  of 

force  equal  to  -—  «^^,  combined  with  a  pressure  in  all  directions 

OTT 

at  right  angles  to  the  line  of  force,  numerically  equal  also  to 
—  «^'.    The  components  of  stress  in  this  important  case  are 

Oil 

-^=  ■^=  T-y<^f 

4ir 


>• 


(19) 


»7r 


The  or-component  of  the  force  arising  from  these  stresses  on  an 
element  of  the  medium  referred  to  unit  of  volume  is 


dx 


d 


X  —  TL^"^  rf?/*^*^  ''"    "^^ 


d^ 

dz 


1  C    da         dfi         dy)         1  (   d^         da)         1  (    dy         da) 

_    1      .da      dfi      dy^        1      fda      dy^        1   ^/^^      da^^ 
~~  Att   ^dx      dy      dz^      ^is^^dz      dx^      4^    ^dx     dv^ 


Now 


da      diS      dy  ^ 

dx      dy       dz"^         ' 

da      dy  ___ 

dz      dx"^         ' 

dp     da 
dx     dy 

where  m  is  the  density  of  austral  magnetic  matter  referred  to 
unit  *of  volume,  and  v  and  w  are  the  intensities  of  electric 
currents  perpendicular  to  y  and  z  respectively.    Hence, 
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X^am+Vy-Wfi..         fB,..a«.rf 
Similu-ly  Y  =  fim  +  wa—uy,    >       Kl^cunnifiiUi       (tO| 

Z=  ym  +  Ufi-Va.    )  *'°~*5 

644.]  If  we  ftdopt  th«  theorios  of  Ampere  ftnd  Weber  •«  to 
tbo  DAtore  of  magnetic  and  diamagnetic  bodies,  and  asftume  thai 
magnetic  and  diamagnetic  polarity  are  due  to  molecular  electric 
curreDts,  we  get  rid  of  imaginary  magnetic  matter,  and  find  that 
everywhere  m  =  0,  and 

fV'i?^ '''  =  „,  (,„ 

<(j:      dy      tiz 
so  that  the  equations  of  electromagnetic  force  become 


-V=  Vy-Wji, 


r=ira-uy,    -  (221 

These  are  the  componcntn  of  the  mechanical  force  referred 
to  unit  of  volume  of  the  subatance.  The  components  of  the 
magnetic  force  arc  a,  4.  y,  ^^^  those  of  the  electric  current  an 
u,  V,  IT.  These  equations  are  identical  with  those  alroady 
established.     (Equations  (C),  Art.  603.) 

645.]  In  explaining  the  electromagnetic  force  by  meaoa  of 
a  state  of  stress  in  a  medium,  we  are  only  following  out  the 
conception  of  Faraday*,  that  the  lines  of  magnt-tic  force  tend 
to  shorten  themaelvee,  and  that  they  ivpcl  each  other  when 
placed  side  by  side.  All  that  we  have  done  in  to  expTi«s  the 
value  of  the  t^^nsion  along  the  lines,  and  the  pressure  at  right 
angles  to  them,  in  mathematical  Ungusgo,  ami  tu  prove  that  the 
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a  separate  and  independent  part  of  the  theory,  which  may  stand 
or  fall  without  affecting  our  present  position.     See  Art.  832. 

In  the  first  part  of  this  treatise,  Art.  108,  we  shewed  that  the 
observed  electrostatic  forces  may  be  conceived  as  operating 
through  the  intervention  of  a  state  of  stress  in  the  surrounding 
medium.  We  have  now  done  the  same  for  the  electromagnetic 
forces,  and  it  remains  to  be  seen  whether  the  conception  of 
a  medium  capable  of  supporting  these  states  of  stress  is  consistent 
with  other  known  phenomena,  or  whether  we  shall  have  to  put 
it  aside  as  unfruitful. 

In  a  field  in  which  electrostatic  as  well  as  electromagnetic 
action  is  taking  place,  we  must  suppose  the  electrostatic  stress 
described  in  Part  I  to  be  superposed  on  the  electromagnetic 
stress  which  we  have  been  considering. 

646.]  If  we  suppose  the  total  terrestrial  magnetic  force  to  be 
10  British  units  (grain,  foot,  second),  as  it  is  nearly  in  Britain, 
then  the  tension  along  the  lines  of  force  is  0*128  grains  weight 
per  square  foot.  The  greatest  magnetic  tension  produced  by 
Joule*  by  means  of  electromagnets  was  about  140  pounds 
weight  on  the  square  inch. 

*  Sturgeon's  A  nnali  of  EUctricityt  vol.  v.  p.  187  (1840) ;  or  Philoiophieal  Magazine, 
Dec.  1861. 
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In  Art.  389  the  taergj  due  to  the  preaence  of  k  magnet  wbow  atf- 
tietiution  compunenla  are  A,,  B,,  C,,  pUoed  in  k  field  wboM  BUfBCtir 
force  corojKjDfDta  are  a,,  /9,,  y,,  ■■ 

where  the  integratian  is  confined  to  the  nufptet  in  virtae  of  J,,  B^, '', 
being  seni  eTerjrwhere  elae. 

But  tl)e  whule  taergy-  ii  of  the  form 

-  * /// i  (J. + ^)  K + -O + *c- 1 'i-'/y*^ 

the  integration  extending  to  every  {>«rt  of  apace  where  there  M»  BMf- 
uetued  bodiea,  and  A,,  £,,  C,  denoting  the  compoiieuta  of  magnetiulMa 
at  any  point  exterior  to  the  magnet. 

The  whole  energy  thai  conaiit«  of  four  parte  : — 

-i///(A,a,  +  tc.)dxd!,dz.  (I» 

which  ia  conitant  if  the  maguetiution  of  the  magnet  ii  rigid  ; 

-\///(A,a,  +  Ar.)dxdgdz.  <li 

which  ia  equal,  by  Green'a  Theorem,  to 

-\//AA,a^+lLC.)d^dydx.  (S) 

*>^  -l///M,«,  +  ftc.)<fc«/,dt,  {*) 

which  laat  we  may  mppoae  to  ariae  from  rigid  magnet isatitma  and  tlwrt- 
fore  to  be  couatanL 

Hence  tbe  variable  part  of  the  enerfiy  of  tlie  moveable  magnet,  a* 

rigidly  magnetiied,  ia  the  num  of  the  ei[>reiuiiiin&  (2)  and  (3),  Tii^ 

-///(^,'^  +  B,4,  +  C,y^)dxdydi. 

Itemembrring  t)>at  the  diaplacement  of  the  magnet  altera  th«  valoea  of 

a„  ,-*,,  y,,  but  not  llioaeof  .4,,  fl,,  C,,  wr  find  for  the  component  of  tbe 

force  uu  the  magnet  iu  any  dirvction  ^— 


APPENDIX    II. 

[Objection  has  been  taken  to  the  expression  contained  in  Art.  639  for 
the  potential  energy  per  unit  volume  of  the  medium  arising  from  mag- 
netic forces,  for  the  reason  that  in  finding  that  expression  in  Art.  389  we 
assumed  the  force  components  a,  fi,  y  to  he  derivable  from  a  potential, 
whereas  in  Arts.  639,  640  this  is  not  the  case.  This  objection  extends 
to  the  expression  for  the  force  Xy  which  is  the  space  variation  of  the 
energy.  The  purpose  of  this  note  is  to  bring  forward  some  considerations 
tending  to  confirm  the  accuracy  of  the  text.] 

{The  force  on  a  piece  of  magnetic  substance  carrying  a  current  may  for 
convenience  of  calculation  be  divided  into  two  parts,  (i)  the  force  on  the 
element  in  consequence  of  the  presence  of  the  current,  (2)  the  force 
due  to  the  magnetism  in  the  element.  The  first  part  will  be  the  same 
as  the  force  on  an  element  of  a  non-magnetic  substance,  the  components 
1>eing  respectively, 


aw—yUf 


'  Uy  V,  w  being  components 
.  of  current,   a,   fi,   y   those 
fiu—av,    (of  magnetic  force. 

To  calculate  the  second  force  imagine  a  long  narrow  cylinder  cut  out 
of  the  magnetic  substance,  the  axis  of  the  cylinder  being  parallel  to  the 
direction  of  magnetization. 

If  /  is  the  intensity  of  magnetization  the  force  parallel  to  x  on  the 
magnet  per  unit  volume  is 

or,  if  il,  5,  C  are  the  components  of  /, 

dx        dy        dz 

The  total  force  on  the  element  parallel  to  x  is  therefore 

or  t,(y+4,T(7)-«0+4iri?)  +  .l^+2?^+C^. 

,         da      „dfi     ^dy 
i.e.  '"'-«'*  +  ^^+-^ifa+^Ai' 

the  expression  in  the  text.}] 


CHAPTER    XII. 


CUBBENT-SBEETS. 


647.]  A  ci-BBXKT-SHRrr  is  ao  infinitely  thin  iitntan  of  eos- 
doeting  matter,  bounded  on  both  sides  by  insnlating  media,  m 
that  electiic  currenta  may  flow  in  the'  sheet,  hut  cannot  ii>[iii 
from  it  except  at  certain  points  called  Electrode*,  where  coiraits 
are  made  to  ent«r  or  to  leave  the  sheet. 

In  order  to  oondoct  a  finite  electric  current,  a  real  sheet  tnut 
have  a  finite  thieknesa,  and  ought  therefore  to  hs  eonudaed 
a  conductor  of  three  dimensions.  In  many  cases,  however,  it  is 
practically  convenient  to  deduce  the  electric  properties  of  a  real 
conducting  sheet,  or  of  a  thin  layer  of  coiled  wire,  from  tboae  of 
a  current-sheet  as  defined  above. 

We  may  therefore  regard  a  surface  of  any  form  as  a  mireiit- 
sheet  Having  selected  one  side  of  this  surface  as  the  positive 
Hide,  we  Bhsll  always  suppose  any  lines  dtawn  on  the  suHace  to 
}«  looked  at  from  the  positive  side  of  the  surface.     In  the  ease 
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provided  this  line  can  be  transformed  by  continuous  motion 
from  one  form  to  the  other  without  passing  through  an  electrode. 
For  the  two  forms  of  the  line  will  enclose  an  area  within  which 
there  is  no  electrode,  and  therefore  the  same  quantity  of 
electricity  which  enters  the  area  across  one  of  the  lines  must 
issue  across  the  other. 

If  8  denote  the  length  of  the  line  AP,  the  current  across  cUf 

from  left  to  right  will  be  -^  ds. 

If  (f)  is  constant  for  any  curve,  there  is  no  current  across  it. 
Such  a  curve  is  called  a  Current-line  or  a  Stream-line. 

649.]  Let  \lr  be  the  electric  potential  at  any  point  of  the  sheet, 
then  the  electromotive  force  along  any  element  ds  of  a  curve 
will  be  dyf/ 

provided  no  electromotive  force  exists  except  that  which  arises 
from  differences  of  potential. 

If  \lf  is  constant  for  any  cui*ve,  the  curve  is  called  an  Equi- 
potential  Line. 

650.]  We  may  now  suppose  that  the  position  of  a  point  on 
the  sheet  is  defined  by  the  values  of  0  and  xjf  at  that  point. 
Let  dsj^  be  the  length  of  the  element  of  the  equipotential  line  yjf 
intercepted  between  the  two  current  lines  0  and  0  +  c{<^y  and  let 
ds^  be  the  length  of  the  element  of  the  current  line  0  intercepted 
between  the  two  equipotential  lines  yjr  and  y^  +  dy^.  We  may 
consider  ds^  and  c/^j  as  the  sides  of  the  element  dfpdyf/  of  the 
sheet.  The  electromotive  force  —  d^  in  the  direction  of  ds^ 
produces  the  current  d4>  across  c^. 

Let  the  resistance  of  a  portion  of  the  sheet  whose  length 
is  ds^i  and  whose  breadth  ia  ds^yhe 

ds2 

where  o-  is  the  specific  resistance  of  the  sheet  referred  to  unit  of 
area,  then  ds^  , 

.  ds^         ds,* 

whence  j^  =  <^  jt  • 

dip        ay 

651.]  If  the  sheet  is  of  a  substance  which  conducts  equally 

well  in  all  directions,  ds^  is  perpendicular  to  ds^.    In  the  case 
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uf  a  sheet  of  Dnifonn  resistance  c  is  constant,  and  if  m  makt 
^  =  «r+',  wo  Bhall  have       j^  ^  j^ 

■nd  the  Htream-lioes  and  equtpotential  lines  wilt  cut  the  Mirfue 
into  little  squares. 

It  follows  from  this  that  if  0,  and  ^,'  are  conjugate  functitau 
(Art.  1 83)  of  ^  and  ^',  the  curves  ^  may  bo  stream-linra  in  Ot» 
Hhect  for  which  the  curves  Vi'  ^i^  the  corresponding  equi- 
|>oteotial  lines.  One  cose,  of  course,  is  that  in  which  ^  ~  ^' 
and  ^i  =  —  ^.  In  this  ease  the  equipotential  lines  beeome 
current-liaeH,  and  the  current-linea  equipotential  lines*. 

If  we  have  obtained  the  solution  of  the  di.stribution  of  electric 
currents  in  a  uniform  sheet  of  any  form  for  any  particular  cut. 
we  may  de<luce  the  distribution  in  any  other  case  by  a  proper 
transformation  of  the  conjugate  functions,  according  to  the 
method  given  in  Art.  190. 

65:!.]  We  have  next  to  determine  the  magnetic  action  of  a 
curreot-sheet  in  which  the  current  is  entirely  confined  to  Uw 
sheet,  there  being  no  electrodes  to  convey  the  current  to  or  from 
the  sheet. 

In  this  case  the  current-function  ^  has  a  determinate  value  at 
every  point,  and  the  stream-lint's  are  closed  cur^'es  which  do  not 
intersect  each  other,  though  any  one  stream-line  may  intersect 
iUelf. 

('onsider  the  annular  portion  of  the  sheet  between  the  atrean- 
lines  ^  and  (p  +  l^.  This  part  of  the  shei't  is  a  conducting  cir- 
cuit in  which  a  cum-nt  of  Htrength  i^  circiilateti  in  the  poAitive 
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current-sheet  at  any  point  not  included  in  the  thickness  of  the 
sheet  is  the  same  as  that  of  a  complex  magnetic  shell,  whose 
strength  at  any  point  is  C+  <^,  where  (7  is  a  constant. 

If  the  current-sheet  is  bounded,  then  we  must  make  (7  +  0  =  0 
at  the  bounding  curve.  If  the  sheet  forms  a  closed  or  an  in- 
finite surface,  there  is  nothing  to  determine  the  value  of  the 
constant  C, 

653.]  The  magnetic  potential  at  any  point  on  either  side  of 
the  current-sheet  is  given,  as  in  Art.  415,  by  the  expression 

where  r  is  the  distance  of  the  given  point  from  the  element  of 
surface  dS,  and  6  is  the  angle  between  the  direction  of  r,  and 
that  of  the  normal  drawn  from  the  positive  side  of  dS. 

This  expression  gives  the  magnetic  potential  for  all  points  not 
included  in  the  thickness  of  the  current-sheet,  and  we  know 
that  for  points  within  a  conductor  carrying  a  current  there  is  no 
Kuch  thing  as  a  magnetic  potential. 

The  value  of  12  is  discontinuous  at  the  current-sheet,  for 
if  f2j  is  its  value  at  a  point  just  within  the  curi'ent-sheet, 
and  ^2  ^^  value  at  a  point  close  to  the  first  but  just  outside 
the  current-sheet, 

il2=  I2i  +  47r0, 

where  4>  is  the  current- function  at  that  point  of  the  sheet. 

The  value  of  the  component  of  magnetic  force  normal  to  the 
sheet  is  continuous,  being  the  same  on  both  sides  of  the  sheet. 
The  component  of  the  magnetic  force  parallel  to  the  current- 
lines  is  also  continuous,  but  the  tangential  component  per- 
pendicular to  the  current-lines  is  discontinuous  at  the  sheet.  If 
M  is  the  length  of  a  curve  drawn  on  the  sheet,  the  component  of 
magnetic  force  in  the  direction  of  ds  is,  for  the  negative  side, 

—  —~  J  and  for  the  positive  side, -z-^  = -j-^  —  47r-7-- 

Cm/S  CLS  cls  cls 

The  component  of  the  magnetic  force  on  the  positive  side 

therefore  exceeds  that  on  the  negative  side  by  —  4  tt  -^^  •    At  a 

given  point  this  quantity  will  be  a  maximum  when  ds  is  per- 
pendicular to  the  current-lines. 
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On  the  Induction  of  Elfctrie  CurrerUa  in  a  SKeet  </ 
Infinite  Conduct ifity. 

654.]  It  was  shcwD  in  Art.  679  that  in  any  drcuit 

where  E  is  the  imprceaed  electromotive  force,  p  the  electro- 
kinetic  inomcntuin  of  the  circuit,  R  the  renistance  of  the  circiiit. 
and   i  the  carront  round  it.     If  there  is  no  impressed   electm- 

motive  foree  and  no  rcBuitance,  then  -^  =  0,  or  »  is  constant. 

Now  p,  the  electrokinetio  momentum  of  the  circuit,  van 
shewn  in  Art.  588  to  be  measured  by  the  surface* integrml  of 
magnetic  induction  through  the  cireuiL  Hence,  in  the  eaM 
of  a  current-xhect  of  no  rosistancc,  the  Hurfacc-intcigral  of  mag- 
netic induction  through  any  closed  cur\-e  drawn  on  the  Hurtsor 
must  be  constant,  and  this  implien  that  the  normal  compoorat 
of  magnetic  induction  remains  constant  at  ever}-  point  of  the 
current- sheet. 

655.]  If,  therefore,  by  the  motion  of  magnets  or  variation* 
of  current))  in  (lie  neigh ttourhond,  the  magnetic  field  is  in  any 
way  altered,  electric  currents  will  lie  set  up  in  the  current-t>heeL 
such  that  their  magnetic  elTect,  combined  with  that  of  tbf 
mngnot.H  or  cum-nbi  in  the  fieKl.  will  maintain  the  normal 
rj>u)|Kinent  of  uiagnetie  induction  at  every  point  of  the  t-\ui-t 
uncliangi><).  IT  at  tint  there  in  oo  magnetic  action,  and  wt 
currenit  in  the  sheet,  then  the  normal  component  of  niatnietic 
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Theory  of  a  Plane  Current-sheet. 

656.]  We  have  seen  that  the  external  magnetic  action  of 
a  current-sheet  is  equivalent  to  that  of  a  magnetic  shell  whose 
strength  at  any  point  is  numerically  equal  to  4>,  the  current- 
function.  When  the  sheet  is  a  plane  one,  we  may  express  all 
the  quantities  required  for  the  determination  of  electromagnetic 
effects  in  terms  of  a  single  function,  P,  which  is  the  potential 
due  to  a  sheet  of  imaginaiy  matter  spread  over  the  plane  with 
a  surface-density  0.     The  value  of  P  is  of  course 

P=jjUx'djf,  (1) 

where  r  is  the  distance  from  the  point  (x,  y,  z)  for  which  P  is 
calculated,  to  the  point  {x\  yf^  0)  in  the  plane  of  the  sheet,  at 
which  the  element  doifdi/  is  taken. 

To  find  the  magnetic  potential,  we  may  regard  the  magnetic 
shell  as  consisting  of  two  surfaces  parallel  to  the  plane  of  xy,  the 

first,  whose  equation  is  0  =  i  o,  having  the  surface-density  -  >  and 

c 

the  second,  whose  equation  is  0  =  — Jc,  having  the  surface- 
density  —  -  • 

The  potentials  due  to  these  surfaces  will  be 

- P  /     r\  and Pi     e\ 

respectively,  where  the  suffixes  indicate  that  z  —  is  put  for  z 
in  the  first  expression,  and  z  +     for  zin  the  second.    Expanding 

these  expressions  by  Taylor's  Theorem,  adding  them,  and  then 
making  c  infinitely  small,  we  obtain  for  the  magnetic  potential 
due  to  the  sheet  at  any  point  external  to  it, 

— §•  (^. 

657.]  The  quantity  P  is  symmetrical  with  respect  to  the 
plane  of  the  sheet,  and  is  therefore  the  same  when  —2;  is 
substituted  for  z, 

12,  the  magnetic  potential,  changes  sign  when  —2;  is  put  for  z. 

At  the  positive  surface  of  the  sheet 

dP 
X2  =  -  ^  =  27r0.  (3) 

U  2 
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At  the  negative  sarfAce  of  the  sheet 

Within  the  sheet,  if  it«  magnetic  cffecU  arise  from  the  mag- 
netization of  its  substance,  the  toagnctic  potential  varies  ooo- 
tinaously  from  2*^  at  the  positive  surface  to  —  2«^  at  U» 
negative  Httrface. 

If  the  sheet  contains  electric  currents,  the  magnetic  force  withio 
it  does  not  satisfy  the  condition  of  having  a  potential.  The  mag- 
netic force  within  the  sheet  ia,  however,  perfectly  detenninat*. 

The  normal  component, 

iia     d'P 

is   the  same  on   both   sides   of  the  sheet  and   throughout  iu 
flulietanee 

If  a  and  /i  be  the  components  of  the  magnetic  force  parallel  to 
J-  and  to  y  at  the  positive  surface,  and  a',  ^  those  on  the  ni-gaUv« 

Within  the  sheet  the  components  vary  continuously  from  « 
and  ft  to  a  and  ^. 

1  he  iHiuations  , :—  = ;—  1 1 

d>,        ,U  iU     I 

iiF    Hu       da  ,  . 
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Since  the  integration  is  to  be  estimated  over  the  infinite  plane 
sheet,  and  since  the  first  term  vanishes  at  infinity,  the  expression 
is  reduced  to  the  second  term ;  and  by  substituting 

ji  1  .     _  Al 

dyr  dyf  r 

and  remembering  that  <^  depends  on  a/  and  y\  and  not  on  a;,  y,  0, 
we  obtain  d   CCdi 

If  Df  is  the  magnetic  potential  due  to  any  magnetic  or  electric 
system  external  to  the  sheet,  we  may  write 

F^^foldz,  (10) 

and  we  shall  then  have 

^'=f^'     ^--^'     ^'=«'         ^"^ 

for  the  components  of  the  vector-potential  due  to  this  system. 

658.]  Let  us  now  determine  the  electromotive  intensity  at  any 
point  of  the  sheet,  supposing  the  sheet  fixed. 

Let  X  and  Y  be  the  components  of  the  electromotive  intensity 
pai-allel  to  x  and  y  respectively,  then,  by  Art.  598,  we  have 
(writing*  for*)     ^^  ^  _|(y^^j_^_  („j 

If  the  electric  resistance  of  the  sheet  is  uniform  and  equal  to  <ri 

X  =  (TU,        F=  o-v,  (14) 

where  u  and  v  are  the  components  of  the  current,  and  if  <p  is 
the  current-function, 

dip  d(t>  ,,^, 

dP 
But,  by  equation  (3),     2ir<p  =  —  -z— 

an 

at  the  positive  surface  of  the  current-sheet.     Hence,  equations 

(12)  and  (13)  may  be  written 

2i,dxdz~  dzdl^  '     dy'  ^    ' 
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where  the  valaes  of  the  expreasions  are  those  eorrespondtng  to 
the  positive  surfsce  of  the  flheet. 

If  we  differentiate  the  tint  of  these  equations  with  respect  to  a 
an*l  the  second  with  respect  to  y,  and  add  the  results,  we  obtain 

The  only  value  of  ^  which  sattafies  this  equation,  and  is  finite 
and  canUnuoua  at  every  point  of  the  plane,  and  vaniitheH  at  an 
infinite  distance,  is  ^  =  0.  (19l 

Hence  the  induction  of  electric  currents  in  an  infinite  plane 
nheet  of  uniform  conductivity  is  not  accompanied  with  ditferenen 
of  electric  potential  in  different  parta  of  the  sheet. 

Sulwtitutini;  this  value  of  V>  uid  integrating  equations  (161, 
(IT),  we  obtain  ^  ,//.      j;.      ,;/v 

Since  the  valuet>  of  the  currents  in  the  sheet  an*  found  by 
differentiating  with  respect  to  j-  or  ^,  the  arbitrary  function  of  : 
and  t  will  disappear.    Wo  shall  therefore  luave  it  out  of  account. 

If  we  also  write  for  —  >  the  single  symbol  R,  which  n-prv>K-nt« 

a  certain  velocity,  the  equation  between  1'  and  1"  beoomen 

659.]  Let  us  tin-t  KUp]>otie  that  there  is  no  external  magnetic 
Hvstem  acting  on  the  current-Bh(.-et.  We  may  therefore  Auppoae 
/"  =  0.  The  case  then  Wconies  that  of  a  nvhtem  of  electric 
eurrt-ntH   in   the    sheet    left  to    theriiselvfs,  bu(    actin;;    on    one 
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of  the  sheet  whose  coordinates  are  x,  y,  z,  and  at  a  time  t,  is 
equal  to  the  value  of  P  at  the  point  x,  y,  (z  +  Rt)  at  the  instant 
when  t  =  0. 

If  therefore  a  system  of  currents  is  excited  in  a  uniform  plane 
sheet  of  infinite  extent  and  then  left  to  itself,  its  magnetic  effect 
at  any  point  on  the  positive  side  of  the  sheet  will  be  the  same 
as  if  the  system  of  currents  had  been  maintained  constant  in 
the  sheet,  and  the  sheet  moved  in  the  dii-ection  of  a  normal  from 
its  negative  side  with  the  constant  velocity  JR.  The  diminution 
of  the  electromagnetic  forces,  which  arises  from  a  decay  of  the 
currents  in  the  real  case,  is  accurately  represented  by  the 
diminution  of  the  forces  on  account  of  the  increasing  distance  in 
the  imaginary  case, 

660.]  Integrating  equation  (21)  with  respect  to  t,  we  obtain 

P  +  F^JR'^dt.  (24) 

If  we  suppose  that  at  first  P  and  -P  are  both  zero,  and  that 
a  magnet  or  electromagnet  is  suddenly  magnetized  or  brought 
from  an  infinite  distance,  so  as  to  change  the  value  of  -P 
suddenly  from  zero  to  P',  then,  since  the  time-integral  in 
the  second  member  of  (24)  vanishes  with  the  time,  we  must 
have  at  the  fii*st  instant  P  =  —  P  at  the  surface  of  the  sheet. 

Hence,  the  system  of  currents  excited  in  the  sheet  by  the 
sudden  introduction  of  the  system  to  which  P'  is  due,  is  such 
that  at  the  surface  of  the  sheet  it  exactly  neutralizes  the 
magnetic  effect  of  this  system. 

At  the  surfece  of  the  sheet,  therefore,  and  consequently  at  all 
points  on  the  negative  side  of  it,  the  initial  system  of  currents 
produces  an  effect  exactly  equal  and  opposite  to  that  of  the 
magnetic  system  on  the  positive  side.  We  may  express  this 
by  saying  that  the  effect  of  the  currents  is  equivalent  to  that 
of  an  hit  age  of  the  magnetic  system,  coinciding  in  position 
with  that  system,  but  opposite  as  regai'ds  the  direction  of  its 
magnetization  and  of  its  electric  currents.  Such  an  image  is 
called  a  negative  image. 

The  effect  of  the  currents  in  the  sheet  at  a  point  on  the 
positive  side  of  it  is  equivalent  to  that  of  a  positive  image  of 
the  magnetic  system  on  the  negative  side  of  the  sheet,  the 
lines  joining  corresponding  points  being  bisected  at  right  angles 
by  the  sheet. 


296  ClRBEST-SnEETS.  [66j. 

Tlio  action  at  a  point  on  either  side  of  the  sheet,  da«  to  tbe 
current))  in  the  ahevt,  may  therefore  be  regarded  u  due  to  as 
iiiia(^  of  the  roaf^netic  Hj-ntem  on  the  side  of  the  ttheet  oppodtr 
to  thi-  point,  this  image  being  a. positive  or  a  negative  image 
according  as  the  point  is  on  the  po«itivo  or  Uio  negative  aide  U 
the  sheet. 

661.]  If  the  rthect  is  of  infinite  conductivity,  R  =  0,  and  the 
right-hand  bide  of  (241  is  zero,  so  that  the  image  will  repreeeot 
the  effect  of  the  eum-nts  in  the  ithect  at  any  time. 

In  the  ease  of  a  real  nheet.  the  reuistance  R  has  some  finite 
value.  The  image  juitt  described  will  therefore  represent  tlw 
vlfcot  of  the  currents  only  durintr  the  fint  inutant  aftrr  the 
sudden  introduction  of  the  magnetic  Hytitcm.  The  currents  will 
immediately  Ix'gin  to  decay,  and  the  eiri>ct  of  this  decay  will  he 
accurately  represenlcd  if  we  suppose  the  two  iutagen  to  mov« 
from  their  original  {Mwitions,  in  the  din.-Gtion  of  normals  drawn 
from  the  sheet,  with  the  constant  velocity  R. 

662.]  We  arc  now  prepareil  to  investigate  the  system  "f 
cum-nts  induced  in  the  sheet  by  any  Hyuteui,  JJ,  of  magnrta  ur 
ek-ctruiiiagnetii  on  the  pOHiiive  aide  of  the  sheet,  the  position  and 
strength  of  which  vary  in  any  manner. 

lA't  /",  as  Iieforc,  be  the  function  from  which  the  direct  action 
of  tliis  systtMi  is  to  lio  deduced  by  the  e<|Uati<>iis  {3),  i9J,  iic. 

then  -  .-  it  will  Ik-  the  function  cTrrt-spondin;;  to  the  syKt4>m  rr- 

prcHcnUt)  by     '     f>t.    This  <|uantity,  which  is  the  increment  of 
M    in   the   time    f't,  may    be   regarded  oh    it»elf    representing   a 
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image  of  this  kind  is  formed,  and  that  as  soon  as  it  is  formed 
it  begins  to  move  away  from  the  sheet  with  velocity  R,  we  shall 
obtain  the  conception  of  a  trail  of  images,  the  last  of  which  is 
in  process  of  formation,  while  all  the  rest  are  moving  like  a 
rigid  body  away  from  the  sheet  with  velocity  JR. 

663.]  If  P^  denotes  any  function  whatever  arising  from  the 
action  of  the  magnetic  system,  we  may  find  P,  the  corresponding 
function  arising  from  the  currents  in  the  sheet,  by  the  following 
process,  which  is  merely  the  symbolical  expression  for  the  theory 
of  the  trail  of  images. 

Let  ij  denote  the  value  of  P  (the  function  arising  from  the 
currents  in  the  sheet)  at  the  point  (a:,  2/,  ^  +  Rt)^  and  at  the  time 
t  —  Ty  and  let  i^  denote  the  value  of  P'  (the  function  arising 
from  the  magnetic  system)  at  the  point  (a;,  y,  —  (a;  +  i2r)),  and  at 
the  time  t  —  r.     Then 

and  equation  (21)  becomes 

dPr      dP' 

-ch^-dT'  •  (2«) 

and  we  obtain  by  integrating  with   respect  to  r  from  r  =  0 

as  the  value  of  the  function  P,  whence  we  obtain  all  the  pro- 
pei*ties  of  the  current-sheet  by  differentiation,  as  in  equations 
(3),  (9),  &c.* 

664.]  As  an  example  of  the  process  here  indicated,  let  us  tal^e 

*  {  This  proof  may  be  arranj^ed  as  follows  :  let  $r  be  the  value  of  P  at  the  time  <  —  r 
at  the  point  x,  y,  —  {z  -k-  Rr),  the  rest  uf  the  notation  being  tiie  same  as  in  the  text. 
Then  since  $r  is  a  function  of  x,  y,  «  +  i?T,  /  — r  we  have 

dr   "        dz         dl    ' 

and  since  by  the  footnote  on  page  294  equation  (21)  is  satisfied  at  all  points  in  the 
field  and  not  merely  in  the  plane,  we  have 

dr  "     dt    ' 

r'^dP'r^ 
hence  Vt  —  —  /      --jr^''"* 


"    Jo     '^ 


but  since  P  has  the  rame  value  at  any  point  as  at  the  image  of  the  point  in  the  plane 
sheet,  ^r  -  Pt,  * 


hence  P,  c=  — 


7o  -^''-^ 
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the  c&fto  of  a  !>ingln  niftgnetic  polu  of  strength  unity,  movinf 
with  uDifonn  vi-lurity  in  a  Btraighl  line. 

Let  tliv  coonlinaten  of  the  pole  &t  thi>  time  t  be 
(=  ut,         1  =  0,         f  =  c  +  wl. 
Thf  c<M)n)inat«.-s  of  the  imago  of  the  pole  funnod  at  the  time 
'  — r  are 

f  =u((-t).        1  =  0,        f  =  -(r  +  rf(t-.T}+RTt. 
ami  if  r  ifl  the  di»tann'  of  this  image  from  the  ptiiiit  (j-,  y,  :). 
r'=  (j--ii(/-T))-  +  ./»  +  (.-  +  <+iP((-7)  +  Wr)*. 
To  oliUiin  tlic  j>ot4-utial  due  U>  the  trail  of  images  wu  have  to 
calculate  ,/    /*'  </r 

~  .V( '«    I-  ■ 

If  we  write  V"  =  u'  +  (W-w)-, 

y^    '^'■=  -jJlog;yr  +  n(r-iiO  +  (/?-R')(:  +  .M»():. 
+  a  tcnn  inlinit^-ly  great  which  however  will  iruiappcar  on  ditter- 
entiatioii  with  regard  (u  t,  tlie  value  of  r  iu  thin  exprvasion  Iwii^ 
luuml  I>y  making  r  =  0  in  the  e\{iru!t!<ion  for  r  given  alH>ve. 

Uitferentiating  this  expre!wiun  with  ro8[K-ct  to  t,  aiul  puttiiq; 
I  =  0,  we  obtain  the  magnetic  [>utential  due  to  the  tnul  of 
imaged, 

„w(;  +  ')  — nx        .        ,      „ 

"  ^  V         Vr  +  iiJ+(/{-iiMt:-r.) 
Ily  (liiren-ntiating  this  expruBBiun  witli   rvMiiect  to  j-  <>r  ;,  »i- 
ohtsin   the  conip<>iiint»  iiarallel  to  j*  or  ;  resiK-clively  of  the 
magtu'tic  force  at  aiij  Jioint.  and  hy  putting  j-  =  i),  j  =  . .  an-t 
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time  considered.  Hence  we  must  not  take  it)  a  positive  quan- 
tity, for  in  that  case  the  pole  must  have  passed  through  the 
sheet  within  a  finite  time. 

If  we  make  u  =  0,  and  \o  negative,  X  =  0,  and 

or  the  pole  as  it  approaches  the  sheet  is  repelled  from  it. 
If  we  make  tt)  =  0,  we  find  Q^  =  u^  +  ii^, 

X=-JL_"^_    and    Z=l.       "' 


The  component  X  represents  a  retarding  force  acting  on  the 
pole  in  the  direction  opposite  to  that  of  its  own  motion.  For  a 
o^iven  value  of  JR,  Xis  a  maximum  when  u  =  1'27  R. 

When  the  sheet  is  a  non-conductor,  JR  =  oc  and  X  -=  0. 

When  the  sheet  is  a  perfect  conductor,  JR  =  0  and  X  =  0. 

The  component  Z  represents  a  repulsion  of  the  pole  from  the 

sheet.     It  increases  as  the  velocity  u  increases,  and  ultimately 

1 
becomes  —^  when   the  velocity  is   infinite.     It  has  the    same 

value  when  R  is  zero. 

666.]  W'hen  the  magnetic  pole  moves  in  a  curve  parallel  to 
the  sheet,  the  calculation  becomes  more  complicated,  but  it  is 
easy  to  see  that  the  effect  of  the  nearest  portion  of  the  trail  of 
images  is  to  produce  a  force  acting  on  the  pole  in  the  direction 
opposite  to  that  of  its  motion.  The  etfect  of  the  portion  of  the 
trail  immediately  behind  this  is  of  the  same  kind  as  that  of  a 
magnet  with  its  axis  parallel  to  the  direction  of  motion  of  the 
pole  at  some  time  before.  Since  the  nearest  pole  of  this  magnet 
is  of  the  same  name  with  the  moving  pole,  the  force  will  consist 
partly  of  a  repulsion,  and  partly  of  a  force  pai'allel  to  the  former 
direction  of  motion,  but  backwards.  This  may  be  resolved  into 
a  retarding  force,  and  a  force  towards  the  concave  side  of  the 
path  of  the  moving  pole. 

667.]  Our  investigation  does  not  enable  us  to  solve  the  case 
in  which  the  system  of  currents  cannot  be  completely  formed,  on 
account  of  a  discontinuity  or  boundary  of  the  conducting  sheet. 

It  is  easy  to  see,  however,  that  if  the  pole  is  moving  parallel 
to  the  edge  of  the  sheet,  the  currents  on  the  side  next  the  edge 
will  be  enfeebled.  Hence  the  forces  due  to  these  currents  will 
be  less,  and  there  will  not  only  be  a  smaller  retarding  force,  but. 
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since  the  rrpalHiTO  force  in  least  on  the  side  next  the  edge,  tbr 
pole  will  bo  attnu:t4!il  towanU  the  edge. 

Thtitry  i>f  Arttgo'e  Rotating  Dink. 

668.]  Ango  discovorctl  *  that  a  magnet  placvd  near  a  rotatin); 
metallic  disk  experiences  a  force  tending  to  make  it  follow  tbf 
motion  of  the  disk,  although  when  the  diitk  is  at  rest  there  i» 
no  action  between  it  and  the  magnet. 

Tbiaaotion  of  a  rotating  disk  was  attribut«d  to  a  new  kinl 
of  induced  magnetisation,  till  Faraday  f  explained  it  by  mean* 
of  the  electric  currents  induced  in  the  dink  on  account  of  iu 
motion  through  the  tield  of  magnetic  force. 

To  determine  the  distribution  of  these  induced  currents,  aod 
their  effect  on  the  magnet,  we  might  make  use  of  the  r«-sall> 
already  found  for  a  conducting  sheet  at  rest  acted  on  by  a 
moving  magnet,  availing  ourselves  of  the  method  given  in 
Art.  600  for  treating  the  electromagnetic  equations  when  n^- 
ferred  to  a  moving  sytitem  of  axes.  As  this  cose,  however,  ban 
a  special  importance,  we  shall  treat  it  in  a  ilirvct  manner,  bv- 
ginning  by  assuming  that  the  poles  of  the  magnet  are  so  far 
from  the  edge  of  the  disk  that  the  effect  of  the  limitation  of  the 
conducting  sheet  may  be  neglectvd. 

Making  use  uf  the  same  nutation  as  iu  the  preceding  article* 
(CS6-667),  we  find  ietjuatiuus  13,  J  r>m,  writing  <f  for  'I';  for 
the  components  of  the  electromotive  intensity  {torallol  to  j;  and  v 
rcMpectively,  ,/„     ../^     , 

ait  =        y   ,.   -    T' 


-^^=y«y»  (5) 
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Substituting  these  values  in  equations  (1),  we  find 

d<t>  ^      dyff 

d<^  __  dy\f 

dx  "  ^^^ "~  djr 

Multiplying  (4)  by  x  and  (5)  by  y,  and  adding,  we  obtain 

Multiplying  (4)  by  y  and  (5)  by  —a:,  and  adding,  we  obtain 

If  we  now  express  these  equations  in  terms  of  r  and  B,  where 

a:  =  r  cos  d,         y  =  r  sin  d,  (8) 

they  become  or  -7^  =  yfAt^^r  -^  >  (9) 

d<b      d\l/  ^     , 

Equation  (10)  is  satisfied  if  we  assume  any  arbitrary  function 
Y  of  r  and  6,  and  make  d^ 

*  =  //  ^'') 

^=<rr-^-  (12) 

Substituting  these  values  in  equation  (9),  it  becomes 

Dividing  by  a-r^,  and  restoring  the  coordinates  x  and  y,  this 
becomes  d\      d^x      fo  „,, 

This  is  the  fundamental  equation  of  the  theory,  and  expresses 
the  relation  between  the  function,  x»  ^^^  ^^®  component,  y,  of 
the  magnetic  force  resolved  normal  to  the  disk. 

Let  Q  be  the  potential,  at  any  point  on  the  positive  side  of  the 
disk,  due  to  imaginary  attracting  matter  distributed  over  the 
disk  with  the  surface-density  x- 

At  the  positive  surface  of  the  disk 
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Hence  the  finit  member  of  equation  (14)  becomes 

Biit  irincc  Q  futtinfira  Laploon'a  e<)iution  at  %\\  point*  extemi 
to  the  disk,  ,/;Q      ,(iQ  _      a-Q 

nnd  equfttion  (14)  becomes 


(til 


Again,  ninon  Q  is  the  potential  iluc  to  the  tlistribution  i^,  ibr 

lit  ilQ 

potential  due  to  the  distribution  0,  or       .  will  be  -j^  •      Front 

this  vf  obtain  fur  the  uia<nietic  potential  due  to  thv  eurrent»  in 
the  disk,  d'O 

and  for  the  component  of  the  magnetic   force  normal  to  tbr 
disk  due  to  the  currcntM, 

dil_   ./»y 
■  Us  ~  dad-J 


yi-  ~  .1.  -  „ 


If  11,  is  the  magnetic  potential  due  to  external  magni-tm.  an<I 
if  .e  writ.  r^-Jn,.l:.  (21, 

the  ctimponent  of  the  magnetic  force  uomial  to  the  disk  due  to 
the  ma^clH  will  I>c  i/*/'' 


669.]  ABAGO'S    DISK.  303 

equation  (24)  becomes,  by  integration  with  respect  to  f, 

Q^j'^FdC  (26) 

669.]  The  form  of  this  expression  taken  in  conjunction  with 
the  method  of  Art.  662  shews  that  the  magnetic  action  of  the 
citrrents  in  the  disk  is  equivalent  to  that  of  a  trail  of  images  of 
the  magnetic  system  in  the  form  of  a  helix. 

If  the  magnetic  system  consists  of  a  single  magnetic  pole  of 
strength  unity,  the  helix  will  lie  on  the  cylinder  whose  axis  is 
that  of  the  disk,  and  which  passes  through  the  magnetic  pole. 
The  helix  will  begin  at  the  position  of  the  optical  image  of  the 
pole  in  the  disk.     The  distance,  parallel  to  the  axis,  between 

R 

consecutive  coils  of  the  helix  will  be  2  tt  —  •     The  magnetic  effect 

of  the  trail  will  be  the  same  as  if  this  helix  had  been  magnetized 
everywhere  in  the  direction  of  a  tangent  to  the  cylinder  perpen- 
dicular to  its  axis,  with  an  intensity  such  that  the  magnetic 
moment  of  any  small  portion  is  numerically  equal  to  the  length 
of  its  projection  on  the  disk. 

The  calculation  of  the  effect  on  the  magnetic  pole  would  be 
complicated,  but  it  is  easy  to  see  that  it  will  consist  of — 

(1)  A  dragging  force,  parallel  to  the  direction  of  motion  of 
the  disk. 

(2)  A  repulsive  force  acting  from  the  disk. 

(3)  A  force  towards  the  axis  of  the  disk. 

When  the  pole  is  near  the  edge  of  the  disk,  the  third  of  these 
forces  may  be  overcome  by  the  force  towards  the  edge  of  the 
disk,  indicated  in  Art.  667  * 

All  these  forces  were  observed  by  Arago,  and  described  by 

him  in  the  Annales  de  Chirnie  for   1826.     See  also  Felici,  in 

Tortolini's    AniuiU,  iv,  p.   173   (1853),  and  v,   p.  35;    and    E. 

Jochmann,  in  Crellen  Journal,  Ixiii,  pp.  1 58  and  329 ;  also  in  Pogg. 

Ann,  cxxii,  p.  214  (1864).     In  the  latter  paper  the  equations 

necessary    for  determining    the  induction  of  the   cun-ents   on 

themselves  are  given,  but  this  part  of  the  action  is  omitted  in 

the   subsequent  calculation  of  results.     The  method  of  images 

given  here  was  published  in  the  Proceedings  of  the  Royal  Society 

for  Feb.  15,  1872. 

*  { If  a  i8  the  diHtance  of  a  pole  from  the  axis  of  the  disk,  e  iU  height  above  the  disk, 
we  can  prove  that  for  small  values  of  »,  the  drag:giDg  force  on  the  pole  is  m*av/%{^H, 
the  repulsive  force  m^d*ei^/Se*R^,  the  foroe  towards  the  axis  m^aw^/icB'A 
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filiherirul  CurrenUShtft. 
670,]  Let  0  l>e  the  cum-nfc-function  at  any  point  ^  of  a 
Hpherica)  current-sheet,  and  let  1'  be  the  potential  at  a  giT*« 
point,  due  to  a  iheet  of  ima^natr 
■natter  ditttrihuted  over  the  upberf 
with  aurfacc-<)enBity  ^,  it  is  re- 
quired to  find  the  magnetic  po- 
tential and  the  vector- [totential  of 
the  cuiTcnt-nheet  in  tenns  of  /'. 

Let  u  denote  the  radius  of  Uir 
Hphere,  r  the  dwtance  of  the  givra 
point  from  the  centre,  and  /•  lb« 
reciprocal  of  the  distance  of  tb* 
given  point  from  the  p-iint  Q  on  tlft  sphere  at  which  the  current- 
function  is  (^. 

Tlic  action  of  the  current-shc-et  at  any  point  not  in  iu  •oU 
Htanci-  is  identical  with  that  of  a  magnetic  shell  who**.*  strength 
at  any  point  is  numerically  c({ual  Ut  the  cum^nt- function. 

The  mutual  potential  of  the  magnetic  shell  and  a  unit  pole 
placed  at  the  point  I'  is,  by  Art.  <  10, 

Since  /« is  a  homogeneous  function  of  the  ilegree  -  1  in  r  and  ■>. 
J«         dr  " 

or     ■''■  = 


Fij.M. 


.(/"•I. 
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671.]  We  may  determine  jP,  the  o^component  of  the  vector- 
potential,  from  the  expression  given  in  Art.  416, 


*■=//♦(, 


dC  dr\ 

where  f,  77,  C  cure  the  coordinates  of  the  element  dS^  and  Z,  m,  n 
are  the  direction-cosines  of  the  normal. 

Since  the  sheet  is  a  sphere,  the  direction-cosines  of  the  normal 
are  f  ^  f 

a  a  a 


But 


?r^-«^=-S' 


and  |  =  (y-,)^=-|. 

80  that        m-£^-n^  =  {ri{z~0-({y-n)}^> 

=  {z(ri-y)-y{C-z)}^, 


_^zdp      ydp 
^  ady      adz 

Multiplying  by  (ffdS,  and  integrating  over  the  surface  of  the 
sphere,  we  find  f -  i^  _  2/ ^^ 

^  ady      a  dz 

Similarly  ^  =  ~  ~j 3-  » 

•^  a  dz      adx 

„_ydP      xdP 
~  adx      a  dy' 

The  vector  21,  whose  components  are  F,  G,  H,  is  evidently 
perpendicular  to  the  radius  vector  r,  and  to  the  vector  whose 

components  are  -5-  >  -y-  9  and  -7-  •    If  we  determine  the  lines 
^  dx     ay  da 

of  intersection  of  the  spherical  surface  whose  radius  is  r,  with 
the  series  of  equipotential  surfaces  corresponding  to  values  of  P 
in  arithmetical  progression,  these  lines  will  indicate  by  their 
direction  the  direction  of  3(,  and  by  their  proximity  the  magni- 
tude of  this  vector. 

In  the  language  of  Quaternions, 

a 
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672.]  If  we  MBome  u  the  value  of  P  witlun  the  iphan 

where  }^  is  a  spherical  hanDonio  of  degree  i,  then  oataide  the 
aphere  ,a  '+' 

•P'=^(°)    r,. 

The  curreDt-fuoetion  ^  is  since  ( .  -),_aK  4*^.  gina 

by  the  equation  ,      2(+II    .„ 

The  ma^etic  potential  within  the  sphere  ia 

and  outside  fl'=  i^  A  (-)'*'k. 

For  example,  let  it  bo  required  to  produce,  by  means  of  a  wir* 
coiled  into  the  form  of  a  spherical  shell,  a  uniform  magnetic 
force  M  within  the  shell.  The  magnetic  potential  within  the 
shell  is,  in  this  case,  a  solid  harmonic  of  the  first  degree  of  the 
^ona  ii  =  - Jfrcoetf, 

where  M  is  the  magnetic  force.    Hence  A  =  \a}M,  and 
^  =  —  Ma  cos  0. 

The  current- function  is  therefore  proportional  to  the  '^'^1^n^*f 
from  the  equatorial  plane  of  the  sphere,  and  thetvfore  the 
number  of  windings  of  the  wire  between  any  two  suiall  circlM 
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Here  <^  = -^-(fcos^^-i). 

If  the  "whole  number  of  windings  is  Ny  the  number  between 
the  pole  and  the  polar  distance  $  is  ^  i\r sin^^. 

The  windings  are  closest  at  latitude  45^.  At  the  equator  the 
direction  of  winding  changes,  and  in  the  other  hemisphere  the 
windings  are  in  the  contrary  direction* 

Let  y  be  the  strength  of  the  current  in  the  wire,  then  within 
the  shell  a^t       t^ 

Let  us  now  considei:  a  conductor  in  the  form  of  a  plane  closed 
curve  placed  anywhere  within  the  shell  with  its  plane  perpen- 
dicular to  the  axis.     To  determine  its  coefficient  of  induction  we 

have  to  find  the  surface-integral  of  —  -7-  over  the  plane  bounded 
by  the  curve,  putting  y  =  1. 

Now  a  =  -^,iV{««-J(«*  +  y')}. 

and         —  -T-  =  -—2  Nz. 
dz       Ba^ 

Hence,  if  /S  is  the  ai'ea  of  the  closed  curve,  its  coefficient  of 

induction  is  q  _ 

M^l^.NSz. 
bar 

If  the  current  in  this  conductor  is  y\  there  will  be,  by  Art.  683, 
a  force  Z,  urging  it  in  the  direction  of  z,  where 

^      ^  dz       5a«    '^^^ 

and,  since  this  is  independent  of  a;,  ^,  0,  the  force  is  the  same  in 
whatever  part  of  the  shell  the  circuit  is  placed. 

674.]  The  method  given  by  Poisson,  and  described  in  Art.  437, 
may  be  applied  to  current-sheets  by  substituting  for  the  body, 
supposed  to  be  uniformly  magnetized  in  the  direction  of  z  with 
intensity  7,  a  current-sheet  having  the  form  of  its  surface,  and 
for  which  the  current-function  is 

<^  =  7z.  (1) 

The  currents  in  the  sheet  will  be  in  planes  parallel  to  that  of  ocy, 
and  the  strength  of  the  current  round  a  slice  of  thickness  dz  will 
be  Idz. 

X  a 
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The  tDAgnetic  potential  dae  to  thia  eorreDt-sheGt  at  adj  pool 
ontoide  it  will  be  j^-  rti 

{where  F  ie  the  gmTitAtlOn  potential  due  to  the  aheot  whm 
the  •urfaee-deDsity  is  unity.) 
At  any  pc»nt  inside  the  sheet  it  will  be 

Q=-4»/«-/^.  (II 

Hie  oomponente  of  the  vector-potenti&l  are 

These  reaolts  can  be  applied  to  several  caaee  oocairing  it 
praetioe. 

675.]  (1)  A  plane  eleetrio  circnit  of  any  form. 

Let  V  be  the  potential  dne  to  a  plane  sheet  of  any  form  of 
which  the  snrface-detuity  is  unity,  then,  if  for  this  sheet  «» 
tabetituto  either  a  magnetic  abell  of  atreogtb  /  or  an  elecfirie 
enrrent  of  strength  /  round  ita  bonndary,  the  values  of  SI  and  of 
F,  G,  H  will  bo  those  given  above. 

(2)  For  a  solid  sphere  of  radius  <i, 

V  =  -5 —  when  r  is  greater  than  a,  (5) 

and         V"= -— (3a»-r*)  when  r  islees  than  a.  (6t 

Henoe,  if  such  a  sphere  is  magnetized  parallel  to  :  with  inten- 
sity /,  the  magnetic  potential  will  )>e 

ii  =  —  /  -3  :  outaide  the  sphere,  <T) 
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(4)  A  Cylindric  Magnet  or  Solenoid, 

676.]  If  the  body  is  a  cylinder  having  any  form  of  section  and 
bounded  by  planes  perpendicular  to  its  generating  lines,  and  if 
T^  is  the  potential  at  the  point  {x,  y,  z)  due  to  a  plane  area  of 
surface-density  unity  coinciding  with  the  positive  end  of  the 
solenoid,  and  V^  the  potential  at  the  same  point  due  to  a  plane 
area  of  surface-density  unity  coinciding  with  the  negative  end, 
then,  if  the  cylinder  is  uniformly  and  longitudinally  magnetized 
with  intensity  unity,  the  potential  at  the  point  (a:,  t/,  z)  will  be 

Xi  =  T^-TJ.  (10) 

If  the  cylinder,  instead  of  being  a  magnetissed  body,  is  uni- 
formly lapped  with  wire,  so  that  there  are  n  windings  of  wire  in 
unit  of  length,  and  if  a  current,  y,  is  made  to  flow  through  this 
wire,  the  magnetic  potential  outside  the  solenoid  is  as  before, 

a  =  7iy{T^«F,),  (11) 

but  within  the  space  bounded  by  the  solenoid  and  its  plane  ends 

a  =  T^y  (-4ir«+  TJ-  T5).  (12) 

The  magnetic  potential  is  discontinuous  at  the  plane  ends  of 
the  solenoid,  but  the  magnetic  force  is  continuous. 

If  rj,  n,  the  distances  of  the  centres  of  inertia  of  the  positive 
and  negative  plane  ends  respectively  from  the  point  («,  y,  «),  are 
very  great  compared  with  the  transverse  dimensions  of  the 
solenoid,  we  may  write 

^  =  7.        K  =  ^.  (IS) 

where  A  is  the  area  of  either  section. 

The  magnetic  force  outside  the  solenoid  is  therefore  very  small, 
and  the  force  inside  the  solenoid  approximates  to  a  force  paraUel 
to  the  axis  in  the  positive  direction  and  equal  to  Aitny, 

If  the  section  of  the  solenoid  is  a  circle  of  radius  a,  the  values 
of  V^  and  K  may  be  expressed  in  the  series  of  spherical  har- 
monics given  in  Thomson  and  Tait's  Natural  PhUodophy^ 
Art.  646,  Ex.  II., 

-2.|-r^+a+i^P,-i^^ii  +  i^^^-&c.}whenr<a,    (14) 

Tr      «    $1^^       1.1a*  ^      1.1.3  a*  „     «    I     ,  ,-^v 

7  =  27rU 7rT-^^  +  rT^-ft^-*<^-C  whenr>a.        (15) 

(    r       2.4r^    *     2.4.6r*    *  3  ^ 
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In  these  exprcssioDs  r  is  the  distanoe  of  the  poiDt  (r,  y.  t) 
from  the  centre  of  one  of  the  circular  ends  of  the  solenoid,  tai 
the  zonal  barmonicfi,  i{,  ^,  Ac.,  are  those  eorreaponding  to  tk 
angle  6  which  r  makes  with  the  axis  of  the  cylinder. 

The  diSereotial  coefficient  with  respect  to  «  of  the  fint  of  these 

expremions  is  discontinuous  when  ^  =  „  •  hut  we  miui  remeoiW 

that  within  the  solenoid  we  must  add  to  the  magnetie  fom 
deduced  from  this  expression  a  longitudinal  force  4-wHy. 

677.]  Let  na  now  consider  a  solenoid  so  long  that  in  the  pan 
of  space  which  we  consider,  the  terms  depending  on  the  distaner 
from  the  ends  may  be  neglected. 

The  magnetic  induction  through  any  closed  curve  drawn 
within  the  solenoid  is  ivnyA',  where  A'  is  the  area  of  the 
projection  of  the  curve  on  a  plane  normal  to  the  axis  of  thr 
Holencud. 

If  the  closed  curve  is  outnido  the  solenoid,  then,  if  it  enelows 
tho  solenoid,  the  magnetic  induction  through  it  is  4^nyA, 
where  A  is  the  area  of  the  section  of  tho  solenoid.  If  the  ekncd 
curve  does  not  surround  the  solenoid,  the  magnetic  induction 
through  it  is  zero. 

If  a  wire  be  wound  n'  times  round  the  solenoid,  the  coefficient 
of  induction  between  it  and  the  sulcnoid  is 

M=  iT.nn'A.  <1«' 

Dy  Hupposing  these  windings  t^i  coincide  with  n  windingn  of 
the  solenoid,  wl-  find  that  the  cot-fficient  of  self-induction  of  unit 
of  Icn^b  of  the  solenoid,  taken  at  a  sufficient  dintancc  from  its 
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of  induction  between  the  solenoids,  if  we  neglect  the  effect  of 
the  ends,  is  Jkf  =  Gg^  (18) 

where  G  =  47r7ij,  (19) 

and  g  =  Trc^ln2.  (20) 

678.]  To  determine  the  effect  of  the  positive  end  of  the 
solenoid  we  must  calculate  the  coefRcient  of  induction  on  the 
outer  solenoid  due  to  the  circular  disk  which  forms  the  end  of 
the  inner  solenoid.  For  this  purpose  we  take  the  second  ex- 
pression for  F,  as  given  in  equation  (15),  and  differentiate  it 
with  respect  to  r.  This  gives  the  magnetic  force  in  the  direction 
of  the  radius.     We  then  multiply  this  expression  by  2  7rr2dfi, 

and  integrate  it  with  respect  to  jut  from  fi=  1  to  jut  =  • 

This  gives  the  coefficient  of  induction  with  respect  to  a  single 
winding  of  the  outer  solenoid  at  a  distance  z  from  the  positive 
end.  We  then  multiply  this  by  dz  and  int^rate  with  respect  to 
z  from  z=l  to  z=0.  Finally,  we  multiply  the  result  by  Ti^n^, 
and  so  find  the  effect  of  one  of  the  ends  in  diminishing  the 
coefficient  of  induction. 

We  thus  find  for  ilf,  the  value  of  the  coefficient  of  mutual  in- 
duction between  the  two  cylinders, 

M=  4'n^n^n2C2^{l'-2Cia),  (21) 

,  .c.  +  l  —  r       1.3       1    Cn^/,       c.\ 

where     a  =  J  -^ — -  •  zr-^-^ll \) 

Cj  2.4     2.3  q^^  T^^ 

1.3.5       1    Co*/      1       ^e«       5cA      „  .^^ 

where  r  is  put,  for  brevity,  instead  of  -/Z^  +  c^> 

It  appears  from  this,  that  in  calculating  the  mutual  induction 
of  two  coaxal  solenoids,  we  must  use  in  the  expression  (20) 
instead  of  the  true  length  I  the  corrected  length  Z  — 20^0,  in 
which  a  portion  equal  to  aCj  is  supposed  to  be  cut  off  at  each 
end.  When  the  solenoid  is  very  long  compai*ed  with  its  ex- 
ternal radius,  />  2  ^4 


^1  ^1 


679.]  When  a  solenoid  consists  of  a  number  of  layers  of  wire 
of  such  a  diameter  that  there  are  n  layers  in  unit  of  length,  the 
number  of  layers  in  the  thickness  dr  is  ndr^  and  we  have 

G  =  iir    n?dr,    and    g  =  irl   n^r^dr.  (24) 
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K  the  thioknoM  of  the  wire  ia  eonatuit,  and  if  the  mdaftin 
take  place  between  an  external  ooil  whose  outer  mad  iniMr  laM 
are  x  and  y  reepeotively,  and  an  inner  ooil  whose  outer  and  iama 
radii  are  y  and  z,  then,  n^lecting  the  effect  of  the  end*, 

That  this  may  be  a  maximum,  x  and  z  being  given,  and  y 
▼ariable,  z* 

Thia  equation  gives  the  best  relation  between  the  deptha  <d 
the  primary  and  secondary  ooil  for  an  ioduetion-maehinc 
without  an  iron  core. 

If  there  is  an  iron  oore  of  radius  z,  then  0  remains  aa  befiDse. 
but  r 


iiln*( 


f-2> 


+  4»«S»(y-j)). 


(») 

If  y  is  given,  the  value  of  t  which  gives  the  maximam  vmlw 
offfis  .       12»« 

When,  as  in  the  case  of  iron,  k  is  a  large  number,  z  =  iy,  nearly. 

If  we  now  make  x  constant,  and  y  and  »  variable,  we  obtaia 
the  maximum  value  of  Og,  «  being  large, 

x:y:z::i.3:2.  (SO) 

The  coefficient  of  self-induction  of  a  long  solenoid  whose  oater 
and  inner  radii  are  x  and  y,  having  a  long  iron  cure  whose 
radius  is  z,  is  per  unit  length 
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The  resistance  of  the  whole  solenoid  is 

R=2TrplJn^rdr.  (32) 

The  condition  that,  with  a  given  value  of  i2,  0  may  be  a 

maximum  is  -r-  =  C  -j—  f  where  C  is  some  constant. 

cLr  dr 

This  gives  n^  proportional  to  - ,  or  the  thickness  of  the  wire  of 

the  exterior  coil  must  be  proportional  to  the  square  root  of  the 
radius  of  the  layer. 

In  order  that,  for  a  given  value  of  iZ,  g  may  be  a  maximum 

«»=(7(r  +  l^).  (33) 

Hence,  if  there  is  no  iron  core,  the  thickness  of  the  wire  of  the 
interior  coil  should  be  inversely  as  the  square  root  of  the  radius  of 
the  layer,  but  if  there  is  a  core  of  iron  having  a  high  capacity  for 
magnetization,  the  thickness  of  the  wire  should  be  more  nearly 
directly  proportional  to  the  square  root  of  the  radius. 

An  Endless  Solenoid. 

681.]  If  a  solid  be  generated  by  the  revolution  of  a  plane  area 
A  about  an  axis  in  its  own  plane,  not  cutting  it,  it  will  have  the 
form  of  a  ring.  If  this  ring  be  coiled  with  wire,  so  that  the 
windings  of  the  coil  are  in  planes  passing  through  the  axis  of 
the  ring,  then,  if  n  is  the  whole  number  of  windings,  the  current- 
function  of  the   layer  of  wire  is   0  =  — ny^,  where  $  is  the 

angle  of  azimuth  about  the  axis  of  the  ring. 

If  Q,  is  the  magnetic  potential  inside  the  ring  and  Of  that 
outside,  then     12_12'=  -  47r«^  +  C  =  -  27iy^  +  C. 

Outside  the  ring,  £1'  must  satisfy  Laplace's  equation,  and  must 
vanish  at  an  infinite  distance.  From  the  nature  of  the  problem 
it  must  be  a  function  of  $  only.  The  only  value  of  X2'  which 
fulfils  these  conditions  is  zero.     Hence 

12'=  0,  X2  =  -2ny^  +  C. 

The  magnetic  force  at  any  point  within  the  ring  is  perpen- 
dicular to  the  plane  passing  through  the  axis,  and  is  equal  to 

2ny- ,  where  r  is  the  distance  from  the  axis.     Outside  the  ring 
r 

there  is  no  magnetic  force. 
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If  the  form  of  a  closed  carve  be  given  by  the  coordinates  z,  r, 
and  9  of  its  tracing  point  as  functions  of  »,  its  length  from  i 
fixed  point,  the  magnetic  induction  through  the  eloaed  mrrt 
maj  bo  found  by  intejn^tion  round  it  of  the  vector-potcoiiaL 
tho  components  of  which  are 

F=2ny^^,  G  =  2n.Y^l,  11=0. 

We  thus  find  2  ny  T  -  '-f  <is 

'Jo  rda 

taken  round  the  curve,  provided  the  curve  ia  wholly  inside  the 

ting.     If  the  curve  lien  wholly  without  the  ring,  but  embraea  it 

the  magnetic  induction  through  it  is 

where  a  is  tho  linear  quantity  /    -^  ,  ,r/(4',  and  the 

,'0      r    (Id 

coordinates  refer  not  to  the  closetl  curve,  but  to  a  single  wiodiag 
of  thf  solenoid. 

The  magnetic  induction  through  any  closed  curve  embimciiig 
the  ring  is  therefore  the  same,  and  equal  to  2  »  yu.  If  the  eloanl 
curve  does  not  embrace  the  ring,  the  magnetic  inductioo  tltroagh 
it  is  Eero. 

Let  a  second  wire  he  coiled  in  any  manner  round  the  riDf 
not  n<-cea.'«rily  in  contact  with  it.  ko  as  to  enihrace  it  n'  tinxs. 
Tlip  induction  tlirough  this  wire  is  2nn'y<i.  and  thervfon 
.1/,  the  ciK'fficient  of  induction  uf  the  one  coil  on  the  other,  b 
.I/=2hi.'.i. 


aoccato) 


CHAPTER    XIII. 


PARALLEL     CURRENTS. 


Cylindrical  Conductors. 

682.]  In  a  very  important  class  of  electrical  arrangements  the 
current  is  conducted  through  round  wires  of  nearly  uniform 
section,  and  either  straight,  or  such  that  the  radius  of  curvature 
of  the  axis  of  the  wire  is  very  great  compared  with  the  radius  of 
the  transverse  section  of  the  wire.  In  order  to  be  prepared  to 
deal  mathematically  with  such  arrangements,  we  shall  begin 
with  the  case  in  which  the  circuit  consists  of  two  very  long 
parallel  conductors,  with  two  pieces  joining  their  ends,  and  we 
shall  confine  our  attention  to  a  part  of  the  circuit  which  is  so  far 
from  the  ends  of  the  conductors  that  the  fact  of  their  not  being 
infinitely  long  does  not  introduce  any  sensible  change  in  the 
distribution  of  force. 

We  shall  take  the  axis  of  z  parallel  to  the  direction  of  the 
conductors,  then,  from  the  symmetry  of  the  arrangements  in  the 
part  of  the  field  considered,  everything  will  depend  on  H,  the 
component  of  the  vector-potential  parallel  to  z. 

The  components  of  magnetic  induction  become,  by  equations 
(A),  dH  ,  . 

c  =  0. 

For  the  sake  of  generality  we  shall  suppose  the  coefRcient  of 
ma^etic  induction  to  be  fi,  so  that  a  =/uia,  6  =  pi)3,  where  a  and 
li  are  the  components  of  the  magnetic  force. 
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The  equstiona  (E)  of  eleotrio  currentB,  Art.  607,  give 

d/i       da  ,,, 

dx      dy 
683.]  If  the  curreDt  is  a  funotioD  of  r,  the  duU&ee  from  tk 
axis  of  z,  and  if  we  write 

X  =  rooatf,    and     y  =  rsiD^,  (1' 

and  ff  for  the  magnetic  force,  in  the  direction  in  which  #  ■§ 
meaaured  perpendicular  to  the  plane  through  the  axis  of  s,  wt 
have  da       \  id 

If  C  is  the  whole  eorrent  flowing  through  a  seetion  booiuM 
by  a  circle  in  the  plane  xy,  whose  oentre  is  the  origin  and  wbnc 
radius  is  r,  f 

C  =  I    2»rwrfr=  i/3r.  («» 

It  appears,  therefore,  that  the  magnetic  force  at  a  given  pout 
due  to  a  eurrent  arranged  in  cylindrical  strata,  whose  eomnwa 
axis  is  the  axiii  of  e,  depends  only  on  the  total  strength  of  the 
current  flowing  through  the  strata  which  lie  between  the  girn 
point  and  the  axis,  and  not  on  the  distribution  of  the  euTRat 
among  the  different  cylindrical  strata. 

For  instance,  let  the  conductor  be  a  uniform  wire  of  radios  n. 
and  let  the  total  current  through  it  be  C,  then,  if  the  current  it 
uniformly  distributed  through  all  part«  of  the  section,  w  will  U 
constant,  and  c  ss  mu-a'.  (•) 

The  current  flowing  through  a  circular  section  of  imdios  r, 
r  being  less  than  a,  is  Cs  vwr*.  Hence  at  any  point  within  Ikt 
wire.  •>C'  r 
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The  magnetic  force  within  the  tube  is  zero.  In  the  metal  of  the 
tube,  where  r  is  between  a^  and  a,* 

^  =  2(7     /      2(^-—)'  (12) 

and  outside  the  tube,  /,      « ^  /t  o\ 

P  =  2->  (13) 

the  same  as  when  the  current  flows  through  a  solid  wire. 

684.]  The  magnetic  induction  at  any  point  is  i  =  /xjS,  and 
since,  by  equation  (2),         ,  dE  „ , , 

H=:-f,ipdr.  (15) 

The  value  of  H  outside  the  tube  is 

il-2ftoClogr,  (16) 

where  /Xq  is  the  value  of  fi  in  the  space  outside  the  tube,  and  A  is 
a  constant,  the  value  of  which  depends  on  the  position  of  the 
return  current. 

In  the  substance  of  the  tube, 

H  =  A-  2MoCloga,  +  -^^^(a,^-r'+  2a/log^)  •     (17) 

In  the  space  within  the  tube  H  is  constant,  and 

J=^-2MoCloga,  +  MC(l+-|^,logJ).  (18) 

685.]  Let  the  circuit  be  completed  by  a  return  current,  flowing 
in  a  tube  or  wire  parallel  to  the  first,  the  axes  of  the  two  currents 
being  at  a  distance  b.  To  determine  the  kinetic  energy  of  the 
system  we  have  to  calculate  the  integral 

T  =  iffjHwdxdydz.  (19) 

If  we  confine  our  attention  to  that  part  of  the  system  which 
lies  between  two  planes  perpendicular  to  the  axes  of  the  con- 
ductors, and  distant  I  from  each  other,  the  expression  becomes 

T  =  ilffHwdxdy.  (20) 

If  we  distinguish  by  an  accent  the  quantities  belonging  to  the 
return  current,  we  may  write  this 

'^^^JJHw'dx'dy'^jjWwdxdy  -{-jJHwdxdy  •{-JfEWdafdy'.  (21) 
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Since  the  Mtion  of  the  eaTrent  on  may  point  onUade  the  tibt 
is  the  e&me  u  if  the  ume  current  had  been  coneentnted  at  tk 
axis  of  the  tube,  the  mean  value  of  //  for  the  aeetioo  of  tk 
return  current  iB  A  —  2ii^C]ogb,Ba.d  the  mean  value  ot  IT  (i£ 
the  section  of  the  positive  current  is  A'—  ifi^dogb. 

Hence,  in  the  expreesion  for  T,  the  first  two  terms  mav  k 
written       AC-  2^CClog6,  and  A'C -  2^^CC hgb. 

Integrating  the  two  latter  terms  in  the  ordinary  way,  and 
adding  the  results,  remembeiing  that  C  +  C=  0,  we  obtain  ti» 
value  of  the  kinetic  energy  T.  Writing  this  il/y,  where  L  u 
the  coefficient  of  self-induction  of  the  system  of  two  oondueton. 
we  find  as  the  value  of  L  for  length  I  of  the  system 

■J  =  2m.  log ,+  1*1-4 f  +  /-«         «.'og- 

,   ,r<'-3a.'»  *a'*       .     a'-l 

If  the  conductors  are  aolid  wires,  a,  and  a/  are  zero,  and 

It  is  only  in  the  case  of  iron  wires  that  we  need  take  aoooou 
of  the  magnetic  induction  in  calculating  their  self-induction.  In 
other  cases  we  may  make  ^o.  !*<  &°d  f*'  all  equal  to  unity.  IV 
smaller  the  radii  of  the  wires,  and  the  greater  the  1 
between  them,  the  greater  is  the  self-induction. 

Tujiiul  the  Re/tutaioR,  X,  hettceen  the  Tui>  Purtiotu  of  Win 

ih..r..r 
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If  Z  is  this  tension, 


In  one  of  Ampere's  experiments  the  parallel  conductors  con- 
sist of  two  troughs  of  mercury  cooneoted  with  each  other  by  a 
floating  bridge  of  wire.  When  a  current  is  made  to  enter  at  the 
extremity  of  one  of  the  troughs,  to  flow  along  it  tOl  it  reaches 
one  extremity  of  the  floating  wire,  to  pass  into  the  other  trough 
through  the  floating  bridge,  and  so  to  return  along  the  second 
trough,  the  floating  bridge  moves  along  the  troughs  ao  as  to 
lengthen  the  part  of  the  mercury  traversed  by  the  current. 


Fig.  10. 

Professor  Tait  has  simplified  the  electrical  conditions  of  this 
experiment  by  substituting  for  the  wire  a  floating  siphon  of  glass 
filled  with  mercury,  so  that  the  current  flows  in  mercury  through- 
out ita  course. 

This  experiment  is  sometimes  adduced  to  prove  that  two 
elements  of  s  current  in  the  same  straight  line  repel  one  another, 
and  thus  to  shew  that  Ampere's  formula,  which  indicates  such 
a  repulsion  of  collinear  elements,  is  more  correct  than  that  of 
Grassmann,  which  gives  no  action  between  two  elements  in  the 
same  straight  line ;  Art.  526. 

But  it  ia  manifest  that  since  the  formulae  both  of  Ampfere  and 
of  Orassmann  give  the  same  results  for  closed  circuits,  and  since 
we  have  in  the  experiment  only  a  oloaed  circuit,  no  result  of  the 
experiment  can  favour  one  more  than  the  other  of  these  theories. 
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In  fact,  both  fonnulad  letd  to  the  very  mom  ▼•loe  «f  A* 
repuluoa  as  that  already  given,  in  which  it  appesn  that  &, 
the  distance  between  the  parallel  oonduotora,  is  an  impoilaat 
element. 

When  the  length  of  the  oondnctors  is  not  very  great  eonpwvd 
with  their  distance  apart,  the  form  of  the  value  of  L  baeow 
sonewhat  more  complicated. 

688.]  As  the  distance  between  the  eondnetora  is  diminubcd. 
Uw  value  of  L  diminishes.  The  limit  to  this  diminution  ii  wha 
the  wires  are  in  contact,  or  when  6  =  a,  +  a,'.  In  this  ams  if 
^=^  =  /=  1, 

This  is  a  minimnm  when  a,  =  a,',  and  then 
L=2Mlog4  +  t), 

=  3-7726  i.  (11) 

This  is  the  amalleat  value  of  the  self-indoction  of  a  roond  wirt 
doubled  on  itself,  the  whole  length  of  the  wire  being  2 1. 

Since  the  two  parts  of  the  wire  mnst  be  insulated  from  each 
other,  the  self-induction  can  never  actually  reach  this  limiting 
value.  By  using  broad  flat  strips  of  metal  instead  of  roood 
wires  the  self-induction  may  be  diminished  indefinitely. 

On  the  EleetromolU-e  Force  rtqu.ir»l  to  prwlare  a  Currvnt  oi 
Varyiwj  Intenmity  along  a  Ctftindrical  Condtictttr. 


]  When  the  current  in  a  wire  is  of  varying  intensity,  the 
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cylinder,  and  the  electromotive  forces  themselves  will  depend  on 
the  distribution  of  the  current  in  the  different  cylindric  strata  of 
the  wire. 

The  vector-potential  H,  the  density  of  the  current  w,  and  the 
electromotive  intensity  at  any  point,  must  be  considered  as  func- 
tions of  the  time  and  of  the  distance  from  the  axis  of  the  wire. 

The  total  current,  (7,  through  the  section  of  the  wire,  and  the 
total  electromotive  force,  E^  acting  round  the  circuit,  are  to  be 
regarded  as  the  variables,  the  relation  between  which  we  have  to 
find. 

Let  us  assume  as  the  value  of  £f, 

ir  =  £f+r,-frir2+&c.-fr,r2«+...,  (i) 

where  S,  jT^,,  jTj,  &c.  are  functions  of  the  time. 
Then,  from  the  equation 

we  find  ^    -7rt4;  =  ri  +  &c.+ti2!r,r2— «+....  (3) 

If  p  denotes  the  specific  resistance  of  the  substance  per  unit  of 
volume,  the  electromotive  intensity  at  any  point  is  pw^  and  this 
may  be  expressed  in  terms  of  the  electric  potential  and  the 
vector-potential  H  by  equations  (B),  Art  698, 

d^      dH  .. 

d^      dS      dT^  .  dT,o,.        dT^'Ln  .  /e. 

or       «,^,=  _  +  _4■-^0  4--^r^4-&c.-f-^r^-  +  ....     (5) 

Comparing  the  coefficients  of  like  powers  of  r  in  equations 
(3)«>d(«),  ,.d*      dS      dT,. 

'^'^ -p(di  *  dl  *  ~St>  •  <°' 

Hence  we  may  write        777  ~  ""  77"  *  (^) 

VOL.  II.  T 
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690.]  To  find  the  tot&l  currant  C,  ire  tnnst  mtcgrmto  «r  of« 
the  Beotion  of  the  wire  whoee  radius  is  a, 

wrdr.  (II) 

Subetitoting  the  value  of  vw  from  equation  (3),  we  obtain 

C=-{r,a«  +  &c.  +  Tir,a«-  +  ...).  (I>) 

Hie  vatae  of  If  at  any  point  outside  the  wire  depend*  only  oa 
the  total  currant  C,  and  not  on  the  mode  in  which  it  is  ditfri- 
buted  within  the  wire.  Hence  we  may  assume  that  the  value  at 
H  at  the  surface  of  the  wire  is  AC,  where  il  is  a  conirtaot  to  be 
determined  by  calculation  from  the  general  form  of  the  tasaaU 
Putting  H  =  AC  when  r  =  u,  we  obtain 

If  we  now  write  —  =  a,  a  is  the  value  of  the  eondaetivity  of 
unit  of  length  of  the  wire,  and  we  have 

tlT  n'     iPT  a'     il'T 

ACS  =  r+.  ^  +  ,^,.^  +  &<..+  ,,:,,.^  +»..     (.i) 

To  eliminate  T  from  theee  equations  wo  must  first  reverse  the 
series  (14).     We  thus  find 

tlT  ^     .    dC      ,  ,.W        ,     ,iPC        „     ^,t*C     ^ 

We  have  also  from  (14)  and  (15) 
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The  first  term,  i2C,  of  the  right-hand  member  of  this  equation 
expresses  the  electromotive  force  required  to  overcome  the  resist- 
ance according  to  Ohm's  law. 

dC 
The  second  term,  l(A'\-\)-jry  expresses  the  electromotive  force 

which  would  be  employed  in  increasing  the  electrokinetio  mo- 
mentum of  the  circuit,  on  the  hypothesis  that  the  current  is  of 
uniform  strength  at  every  point  of  the  section  of  the  wire. 

The  remaining  terms  express  the  correction  of  this  value, 
arising  from  the  fact  that  the  current  is  not  of  uniform  strength 
at  different  distances  from  the  axis  of  the  wire.  The  actual 
system  of  currents  has  a  greater  degree  of  freedom  than  the 
hypothetical  system,  in  which  the  current  is  constrained  to  be 
of  uniform  strength  throughout  the  section.  Hence  the  electro- 
motive force  required  to  produce  a  rapid  change  in  the  strength 
of  the  current  is  somewhat  less  than  it  would  be  on  this 
hypothesis. 

The  relation  between  the  time-integral  of  the  electromotive 
force  and  the  time-integral  of  the  current  is 

fEdt  =  Rfcdt-^l{A  +  i)C-j\^'^-{-8ui.  (19) 

If  the  current  before  the  beginning  of  the  time  has  a  constant 
value  Cq,  and  if  during  the  time  it  rises  to  the  value  Cj,  and 
remains  constant  at  that  value,  then  the  terms  involving  the 
differential  coefficients  of  C  vanish  at  both  limits,  and 

jEdt  =  Rfcdt  +  1{A  +  J)(Ci-  Co),  (20) 

the  same  value  of  the  electromotive  impulse  as  if  the  cun*enthad 
been  uniform  throughout  the  wire  *. 

*  {If  the  cairents  flowing  throogh  the  wire  are  periodic  and  vary  as  ^,  the 
equation  corresponding  to  (18)  when  /i  is  no  longer  assumed  to  be  unity  may  be  written 

-^1**12 "IT "ISO  £'  *-r 


Thus  the  system  behaves  as  if  the  resistance  were 

1  ti^fp"       1    fi*l*p* 

*"*"12     M         180    iP    "*■••• 
and  the  self-induction 

Thus  the  effective  resistance  is  increased  when  the  onrrents  are  oscillatory,  and 
the  self-induction  is  diminished.    As  MaxweU  points  oat,  this  effect  is  due  to  the 

T  2 
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On  the  Gtometrical  Mean  DiMatice  of  Two  Figures  in  a  Ptant*. 

691.]  In  calculating  the  electromagnetic  action  of  a  cutck 

flowing   in  a  straight  conductor  of  Hny  givi;n  section  on  tbr 

•  Tram.  R.  S.  Sdin.,  1871-1. 

mltrntion  tn  tht  diitribntion  at  Uia  cumnt.  Whan  Um  oomni  I1  alUraatiac  ii  i*  ■• 
)otif»  cuaall;  diMnbuUid  uTfr  the  wictinn  of  the  eoodiictnr.  bat  hk«  ft  Walnn 
to  !«*•  Uw  middl*  kad  cniwd  tovudi  tfas  (arfscw  <•(  Uw  nodiKtar,  dK*  hr  tew 
•D  it  climiBlilMa  lL«  wlf-ladDrtlaa  and  th«rgfur«  the  Kinrtic  Knirg;.  1^  ImJIh  ^ 
tlM  (ntrni.  in  aoonnUnea  with  a  K<aentl  Imv  nf  djuUDTO,  makaa  tba  carrot  timi  <• 
diaUibnta  iUalf  ao  that  wliile  fulfilllui[  tilt  oonHitios  that  tit'  wWa  flow  acraM  wt 
oniaa  aictiua  it  gi*n,  ths  Kinitk  En^rit*  ■■  aa  nuall  aa  »atib1>  ;  and  tbia  ti*ten 
get*  mora  and  mon  pnwarfal  aithe  rafiiilily  with  which  the  tnnmnilDta  id  tW  anMB 
ii  reTCTWd  U  iuereaKd.     An  )iu|innioD  t<r»itiaLiDa  {  33],  Art.  AsS,  will  abuv  IfeMth 

•air-tDdnation  nf*  >;>t«in,  and  Iberefore  the  Kiiiatic  Encr^  fur  a  ^rrm wi   ■ 

dlmiaifhed  hy  mahlinr  the  cnrrtnl  d«ucr  n«ar  tba  *ar&ea  iT  tba  wi»  tbkB  iasri*. 

for  ihia  oDmaiainda  tu  tba  cauuftbv  current  fliiwlng  through  tuliaa,  a»l  aqaatiaB  .SS 

•how)  tbat  tba  •alf-induction  for  tnbr*  b  tna  than  for  a.<Ild  iHreB  of  th*  n 

Aa  the  raah  of  the  cnrrEni  lowanl*  thr  liila  of  tba  tubi 

flow  t)iiuu||h,  wa  can  rcadilir  undenrtaiid  Iba  intrta^t  in 

M  0  mparnl  with  atawlj  cumnta.     Aa  Ibia  aubjcvt  ii  n 

further  raealt*  are  tfiTan  here,  the  (inur*  »r  which  will  be  gt**a  Id  tb*  Sbdo 

VoluDw.     rkralaoKajlaiitb,  ;'iit.  Jr»j.  A'AV.  p.  SSI. 

The  r«la(ioD  batwaaa  the  current  anil  the  tlectnimoliTe  fwce  ii  ei|Ma»ail  b;  u 
equation  s  r,    i^y,  (.■•!)        rfC 

I  '-iw,,'    J,„n^.     "*.«■ 
where  ■<-  4*>i<>>,  end /,  ia  ItaMrl'a  functi'ia  of  a-m  ..nlar. 

HiDCT  bjr  Itia  dittcTiDtial  aqoatii'D  i«liaGed  l>v  Ihta  (unction 

■■-'iwJ.-('. 
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current  in  a  parallel  conductor  whose  section  is  also  given,  we 
have  to  find  the  integral 


////> 


log  rdxdy  dafdy^. 


where  dxdy  is  an  element  of  the  area  of  the  first  section,  dx'dy' 
an  element  of  the  second  section,  and  r  the  distance  between 
these  elements,  the  integration  being  extended  first  over  every 
element  of  the  first  section,  and  then  over  every  element  of  the 
second. 


Hence  sabfltitnting  in  equation  (1)  this  value  for     .  ,    — r— ,  we  get 

I  "  wa*\       U\      p     )       180  V      p     )  "*"-| 
r         ft      1  ir«/i»p«a<        18    »*fiV«*  1 

^^Cp^A^^--—^  +86i0"7 -h 

which  agrees  with  (18)  when  /i<«l.  This  series  is  not  convenient  if  na  is  large,  but 
in  that  case  J^' {ina)  ■>  —i/o  (*"«)»  Heine's  Kugelfunotionen,  p.  248,  2nd  Edition. 
Henoe  when  the  rate  of  alternation  is  so  rapid  that  upcfl/p  is  a  large  quantity, 

E       Cp 
and  since  n'  =  4  » 


f  =  V '5^, C  +  fpC  (A ^s/j^). 
I  2ira*  ^  2ira^p/ 

Thus  the  resistance  per  unit  length  is 

tor 

and  increases  indefinitely  as  p  increases. 

The  self-induction  per  unit  length  is  

A^s/7^ 


Ima^p 

and  approaches  the  limit  A  when  p  is  infinite. 
The  magnetic  force  at  a  point  inside  the  wire  may  be  shown  to  be 

2  C  Ji  {inr) 


When  «.  i.  Urge,  ^^,(.^)  „  _,-_! 


i«« 


Vv2«»a 

so  that  if  r  ^  a—x^  the  magnetic  force  at  a  distance  x  firom  the  surface  of  the  wire  is 

2C 


\/a(a— jc) 

Thus  if  n  be  very  large,  the  magnetic  force,  and  therefore  the  intensity  of  the 
current,  dimimsheH  very  rapidly  as  we  recede  from  the  snrfiioe,  so  that  the  inner 
portion  of  the  wire  is  free  from  magnetic  force  and  current.  Since  m*  occurs 
in  n,  these  effects  will  be  much  more  apparent  in  iron  wires  than  in  those  made  of 
non-magnetic  metals. } 
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If  we  now  determme  » line  iZ,  Bucb  th&t  this  integnl  u  «qwl 

where  Ai  and  A,  are  the  arew  of  the  two  eeotioiu,  the  length  of 
R  will  be  the  same  whatever  unit  of  length  we  adopi,  and 
whatever  ayatem  of  logarithmB  we  use.  If  we  aappoae  tfa* 
sections  divided  into  elements  of  eqaal  size,  then  the  logarithH 
of  R,  multiplied  by  the  namber  of  pairs  of  elementa,  will  h 
eqoal  to  the  sum  of  the  logarithms  of  the  diatanoes  of  all  tht 
paira  of  elements.  Here  R  may  be  considered  as  the  geomeCrkal 
mean  of  all  the  diataaoes  between  pairs  of  elements.  It  it 
evident  that  the  valae  of  R  mast  be  intermediate  between  the 
greatest  and  the  least  valnes  of  r. 

If  Rj  and  Rt  are  the  geometrical  mean  distances  of  two  ^vrcs. 
A  and  B,  from  a  third,  C,  and  if  Rj^g  i>  that  of  the  sum  of  the 
two  figures  from  C,  then 

(A  +  B)\o^R^^t=  A]oeR4  +  B\<^RB. 

By  means  of  this  relaUon  we  can  determine  R  for  a  eompoottl 
figure  when  we  know  R  for  the  parts  of  the  figure. 

0921  EZAUPLES.* 

(1)  Let  R  be  the  mean  diiitance  from  the  point  0  to  the  lii» 
AB.     Let  OP  be  perpendicuUr  to  AB,  then 

AB(lotiR+\)  =  AP\ogOA+l'B\oeOB  +  OPAOB. 
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h 

Fig.  42. 

(3)  For  two  lines,  PQ  and  RS  (Fig.  43),  whose  directions 
intersect  at  0;  , 

P0.i?5(2logiJ  +  3)  =  logPiJ(20P.Oiisin«0-PijacosO) 

+  logOS(20Q.05sin«0-Q52cosO) 

-  log  PS  (2  OP.  OS  sin^O  -  PS^  cos  0) 

-  log0iJ(2OQ.OiJ8in«O-.QiJ«cosO) 
-sin  0  {OP'.SPR^OQKSQR-^ORM^Q^OS^.PSQ}. 


Fig.  43. 

(4)  For  a  point  0  and  a  rectangular  area  ABCD  (Fig.  ^ 
Let  OP,  OQ,  O-B,  05,  be  perpendiculars  on  the  sides,  then 
^5.^D(2logi?  +  3)  =  2.0P.001og0^  +  2.0Q.0iJlog05 

+  2.0ii.051ogOO+2.05.0PlogOJD 
+  OP^.  D^A  +  0Q\  AOB 
+  OR^.:^C+OS'.cdD. 


— ■ — ^^ 


Fig.  44. 

(5)  It  is  not  necessary  that  the  two  figures  should  be  different, 
for  we  may  find  the  geometrical  mean  of  the  distances  between 
every  pair  of  points  in  the  same  figure.  Thus,  for  a  straight  line 
of  length  a,  i^g  jj  ^  loga-|, 

or        R  =  ae~^j 

22=:  0*2231 3a. 
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(6)  For  a  rectangul&r  area  whose  sides  aro  a  and  b, 

logfl  =  logy;^?TP-{^*log,^H-^'l-l*,Iog>>yi  +J 

When  the  rectangle  is  a  square,  whose  aide  is  a, 
logJi  =  logu  +  ilog2  +  --  J{, 
R  =  0-4470Sa. 

(7)  The  geometrioal  mean  distance  of  a  point  from  a  eimilsr 
line  is  equal  to  the  greater  of  the  two  quantities,  its  diataaet 
from  the  centre  of  the  circle,  and  the  radius  of  the  circle. 

{»)  Hence  the  geometrical  mean  distance  of  any  figure  fron  a 
ring  bounded  by  two  concentric  circles  is  equal  to  its  geometrical 
mean  distance  from  the  centre  if  it  is  entirely  outside  the  ring, 
but  if  it  is  entirely  within  the  ring 

«,Mog.i,-a,'log«, 


iogR  = 


-i. 


where  u,  and  (i,  are  the  oater  and  inner  radii  of  the  ring.  R  it 
in  this  case  independent  of  the  form  of  the  figure  within  the 
ring. 

(9)  The  geometrical  mean  distance  of  all  pain  of  points  in  tbe 
ring  is  found  from  the  equation 


log  R  =  \ogai- 


.'"K.-.'  +  l 


For  a  cireuUr  are*  of  ndius  ii,  thut  hecoineit 
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the  section  by  the  method  already  described,  and  then  we 
calculate  the  coefficient  of  mutual  induction  between  two  linear 
conductors  of  the  given  form,  placed  at  this  distance  apart. 

This  will  be  the  coefficient  of  self-induction  when  the  total 
current  in  the  coil  is  unity,  and  the  current  is  uniforln  at  all 
points  of  the  section. 

But  if  there  are  n  windings  in  the  coil  we  must  multiply  the 
coefficient  already  obtained  by  n*,  and  thus  we  shall  obtain  the 
coefficient  of  self-induction  on  the  supposition  that  the  windings 
of  the  conducting  wire  fill  the  whole  section  of  the  coil. 

But  the  wire  is  cylindric,  and  is  covered  with  insulating 
material,  so  that  the  current,  instead  of  being  uniformly  dis- 
tributed over  the  section,  is  concentrated  in  certain  parts  of  it, 
and  this  increases  the  coefficient  of  self-induction.  Besides  this, 
the  currents  in  the  neighbouring  wires  have  not  the  same  action 
on  the  current  in  a  given  wire  as  a  uniformly  distributed 
current. 

The  corrections  arising  from  these  considerations  may  be  de- 
termined by  the  method  of  the  geometrical  mean  distance.  They 
are  proportional  to  the  length  of  the  whole  wire  of  the  coil,  and 
may  be  expressed  as  numerical  quantities,  by  which  we  must 
multiply  the  length  of  the  wire  in  order  to  obtain  the  correction 
of  the  coefficient  of  self-induction. 

Let  the  diameter  of  the  wire  be  d.  It  is  covered  with  in- 
sulating material,  and  wound  into  a  coil.  We  shall  suppose 
that  the  sections  of  the  wires  are  in  square  order,  as  in  Fig.  45, 


o 

o 

o 

o 

o 

o 

o 

o 

o 

Fig.  45. 


and  that  the  distance  between  the  axis  of  each  wire  and  that  of 
the  next  is  /),  whether  in  the  direction  of  the  breadth  or  the 
depth  of  the  coil.     D  is  evidently  greater  than  d. 

We  have  first  to  determine  the  excess  of  self-induction  of  unit 
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of  length  of  ft  ojlindrio  wire  of  diameter  d  over  that  of  luit  if 
length  of  ft  equftre  wire  of  side  D,  or 

I     H  for  the  equftre 
'"'^iTfor  the  circle 

=  2(log§+llog2  +  |-y) 

=  2(log'7  +  0-1380606). 

The  iDduotivo  action  of  the  eight  nearest  round  wire*  <n  the 
wire  under  conuderation  is  less  than  thftt  of  the  oorreapandiaf 
eight  aquftre  wires  on  the  aquftre  wire  in  the  middle  bj  3x 
(■01971)*. 

The  oorreotions  for  the  wires  at  a  greater  disf  nee  m*j  ht 
n^lected,  and  the  total  correction  may  be  written 

2(log.-T  +  0-II83S). 

The  final  valne  of  the  aelf^induction  is  therefore 

L  =  n'M  +  2l(\og^-j  +  0-11835). 

where  n  is  the  number  of  windings,  and  I  the  length  of  the  wiic 
if  the  mutual  induction  of  two  circuita  of  the  form  of  the  meaa 
wire  of  the  coil  placed  at  a  diatance  R  from  each  other,  where  R 
is  the  mean  geometrical  distance  between  pain  of  points  of  the 
section.  D  is  the  distance  between  eonBecutive  wires,  and  d  the 
diameter  of  the  wire. 

■  dU  Dotin  Uut  Ul* 
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CIRCULAR    CURRENTS. 


Magnetic  Potential  due  to  a  Circular  Current 

694.]  The  magnetic  potential  at  a  given  point,  due  to  a 
circuit  carrying  a  unit  current,  is  numerically  equal  to  the  solid 
angle  subtended  by  the  circuit  at  that  point ;  see  Arts.  409,  485. 

When  the  circuit  is  circular,  the  solid  angle  is  that  of  a  cone 
of  the  second  degree,  which,  when  the  given  point  is  on  the  axis 
of  the  circle,  becomes  a  right  cone.  When  the  point  is  not  on 
the  axis,  the  cone  is  an  elliptic  cone,  and  its  solid  angle  is 
numerically  equal  to  the  area  of  the  spherical  ellipse  which  it 
traces  on  a  sphere  whose  radius  is  unity. 

This  area  can  be  expressed  in  finite  terms  by  means  of  elliptic 
integrals  of  the  third  kind.  We  shall  find  it  more  convenient  to 
expand  it  in  the  form  of  an  infinite  series  of  spherical  harmonics^ 
for  the  facility  with  which   mathe-  ^ 

matical  operations  may  be  performed 
on  the  general  term  of  such  a  series 
more  than  counterbalances  the  trouble 
of  calculating  a  number  of  terms 
sufficient  to  ensure  practical  accuracy. 

For  the  sake  of  generality  we  shall 
assume  the  origin  at  any  point  on  the 
axis  of  the  circle,  that  is  to  say,  on 
the  line  through  the  centre  perpen- 
dicular to  the  plane  of  the  circle. 

Let  0  (Fig.  46)  be  the  centre  of  the 
circle,  C  the  point  on  the  axis  which 
we  assume  as  origin,  H  a  point  on  Pl^  4^ 

the  circle. 

Describe  a  sphere  with  C  as  centre,  and  CH  as  radius.    The 
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circle  will  lie  on  this  sphero,  &nd  will  fonn  a  small  eirele  of  ik 
Rphcre  of  angular  radius  a. 
Let  CII  =  c, 

OH  =  a  =  rain  a. 

Let  A  he  the  pole  of  the  sphere,  and  Z  any  point  oo  tbe  ax». 
and  let  CZ  =  s. 

Let  Ji  be  any  point  in  space,  and  let  CR  =  r,  and  ACR  =  i. 

Let  i*  be  the  point  where  CR  cuts  the  sphere. 

The  magneUc  potential  due  to  the  circular  current  U  equal  lo 
that  due  to  a  mai^etic  shell  of  strength  unity  bouodeal  by  tk 
current.  As  the  form  of  the  surface  of  the  shell  is  indiflerest. 
provided  it  is  bounded  by  tbe  circle,  wo  may  suppose  it  to  eois- 
cide  with  tho  surface  of  tbe  sphere. 

We  have  shewn  in  Art.  670  that  if  V  is  the  potential  doe  l» 
a  stratum  of  matter  of  surface-density  unity,  spread  over  tht 
surface  of  the  sphere  within  the  small  circle,  the  potential  «  dot 
to  a  magnetic  shell  of  strength  unity  and  bounded  by  tbe  mw 
circle  is  1  A 

We  have  in  the  first  place,  therefore,  to  find  V. 

Let  tbe  given  point  t>c  on  the  axis  of  tbe  circle  at  Z,  tbcD  the 
part  of  tbe  potential  at  Z  due  to  an  eli-ment  tlS  of  the  spbetieal 
Buriacc  at  jp  is  ,/.s- 

IT'' 

Thin  may  be  expanded  in  one  of  the  two  scries  of  spherical 
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By  the  characteristic  equation  of  -^, 


This  expression  fails  when  i  =  0,  but  since  -^  =  1, 

P^dyL  ^\--yL.  (3) 

As  the  function  -j^  occurs  in  every  part  of  this  investigation 

we  shall  denote  it  by  the  abbreviated  symbol  P{.     The  values  of 
P{  corresponding  to  several  values  of  i  are  given  in  Art.  698. 

We  are  now  able  to  write  down  the  value  of  V  for  any  point 
iZ,  whether  on  the  axis  or  not,  by  substituting  r  for  z,  and 
multiplying  each  term  by  the  zonal  harmonic  of  0  of  the  same 
order.  For  V  must  be  capable  of  expansion  in  a  series  of  zonal 
harmonics  of  6  with  proper  coefficients.  When  ^  =  0  each  of 
the  zonal  harmonics  becomes  equal  to  unity,  and  the  point  R 
lies  on  the  axis.  Hence  the  coefficients  are  the  terms  of  the 
expansi<^n  of  V  for  a  point  on  the  axis.  We  thus  obtain  the 
two  series 

1  -  CO8  a  +  &C.  +  ^^^  p  Pi'{a)P,{e)  +  &C j  ,      (4) 

V'=  2^^.jl-cosa  +  &c.  + j|^^,ir(a)-^('')  +  &c].     (4') 

695.]  We  may  now  find  o),  the  magnetic  potential  of  the 
circuit,  by  the  method  of  Art.  670,  from  the  equation 

.  =  -l|:(Fr).  (5) 

We  thus  obtain  the  two  series 


or 


0) 


=  -2jr|l-cO8o  +  &C.  +  ^^|if(a)^(0)  +  &C.J,  (6) 


»r  «,'=2,r8in*a|i^^(a)^(«)  +  &C.+  v^^,P/(a)^(0)  +  «&C.j.  (6') 

The  series  (6)  is  convergent  for  aU  values  of  r  less  than  c,  and 
the  series  (6^)  is  convergent  for  all  values  of  r  greater  than  c. 
At  the  surface  of  the  sphere,  where  r  ^c^  the  two  series  give 
the  same  value  for  a>  when  B  is  greater  than  a,  that  is,  for  points 
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not  occupied  b;  the  magnetjo  shell,  but  irhen  9  is  lew  Ibaa 
that  IB,  at  points  on  the  nuLgnctic  Bhell, 

«'=«+<».  in 

If  we  asaome  0,  the  centre  of  the  turtle,  as  the  origin  nt  co- 
ordinates, we  must  put  ^  —  ^i  uid  the  series  beeom« 

where  the  orders  of  all  the  harmonics  are  odd*. 

On  the  Potential  Entrrfy  of  tuv  Circular  Current*. 
696.]  Let  us  begin  by  supposing  the  two  maf^etie  sbelb 
which  are  equi%-alent  to  the  currents  to  be  portions  of  tn 
coocentric  spheres,  their  radii  haaf 
r,  and  r,,  of  which  r,  is  the  greattf 
(Fig.  47).  Let  ns  also  snppnM 
that  the  axes  of  the  two  shell* 
coincide,  and  that  a,  is  the  angW 
subtended  by  the  radius  of  thr 
first  shell,  and  a^  the  angle  sab- 
tended  by  the  radius  of  the  ■ecoO'i 
sbell  at  the  centre  C. 

Let  w,  he  the  potential  dae  to 

the  first  shell  at  any  point  within 

Tig,  47.  it,  then  the  work  required  to  can; 

the  second  shell  to  an  infinite  di»- 
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extended  over  the  second  shell.    Hence 


M  =/'^'2.V<i... 


=  4.'8m«o,c,'Jiii'(ajrj>((!)dp,+  4o.+  5tl'iJ'(o,)r^(l))i^  +  te!. 

or,  substituting  the  value  of  the  integrals  from  equation  (2), 
Art.  694, 

=  4 7r28inXsin«a,c,|i^^^(a,)P/(aJ  +  &c.  +  ^^^  '^.I^iadl^M  +  &C. |-' 

697.]  Let  us  next  suppose  that  the  axis  of  one  of  the  shells  is 
turned  about  0  as  a  centre,  so  that  it  now  makes  an  angle  6  with 
the  axis  of  the  other  shell  (Fig.  48).  We  have  only  to  introduce 
the  zonal  harmonics  of  0  into  this  expression  for  M,  and  we  find 
for  the  more  general  value  of  Jf, 

if=47r2sin2aiSin2a2C2«|i^'iJ'(ai)^(a2)^(^)+&C. 

This  is  the  value  of  the  potential  energy  due  to  the  mutual 
action  of  two  circular  currents  of  unit  strength,  placed  so  that 
the  normals  through  the  centres  of  the 
circles  meet  in  a  point  (7  at  an  angle 
Oy  the  distances  of  the  circumferences 
of  the  circles  from  the  point  C  being 
Cj  and  C2 ,  of  which  c^  is  the  greater. 

If  any  displacement  dx  alters  the 

value  of  if,  then  the  force  acting  in 

the  direction  of  the  displacement  is 

^      dM 

Z  =  -^.  Fig.48. 

For  instance,  if  the  axis  of  one  of  the  shells  is  free  to  turn 
about  the  point  C7,  so  as  to  cause  $  to  vary,  then  the  moment  of 
the  force  tending  to  increase  ^  is  0,  where 

dM 


0  = 


do 


*  {This  it  easily  proved  by  exprewing  the  eodaI  karmonio  Pi  ($),  which  oooan  in 
the  expreMion  for  oij  in  equation  (6)  mm  the  mm  of  a  series  of  lonal  and  tesseral 
harmonics,  with  Ca  for  axis,  and  then  using  the  fonnnla 


M-p^iwe^^d^.} 
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Performing  the  diffcrantiatioQ,  and  remembering  Uiat 

dl;(e)  _ 


t«9» 


(In 


'  =  -«m  »^'(«). 


where  /f  has  the  same  HiguiGcation  as  in  the  former  egnattwia 


.^Cji;-,aO/;-(.J/r*;- 


0  =  - 


698.]  Ab  the  valuee  of  I','  occtir  frequently  in  thee 
the  follon-ing  table  of  vftlueB  of  the  first  six  degree*  iut  ta 
useful.     In  this  table  fi  stancis  for  cos  6,  and  v  for  iin  0. 

7^=  V(2'li*-H,i»+1)  =  ]5{^*-SmV+!p*). 
/f=  V''(S3m*-30^-  +  5)  =  21(i(^*-|m*i'+  r'*)- 
(i99.]  It  is  Romt^times  convenient  to  expreas  the  aerica  for  il  a 
terms  of  linear  quantities  as  follows : — 

Let  »  be  the  radius  of  the  smaller  circuit,  d  the  distance  of  it* 
plane  from  the  orifpo,  and  c  =  -/a'  +  I/*. 

I«t  A,  B,  and  C  bu  the  corresponding  quantities  for  the  lai^ 
circuit. 

The  Hcries  fur  M  may  then  be  writt«o, 
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700.]  In  calculating  the  effect  of  a  coil  of  rectangular  section 
we  have  to  integrate  the  expressions  akeady  found  with  respect 
to  A^  the  radius  of  the  coil,  and  J5,  the  distance  of  its  plane  from 
the  origin,  and  to  extend  the  integration  over  the  breadth  and 
depth  of  the  coiL 

In  some  cases  direct  integration  is  the  most  convenient,  but 
there  are  others  in  which  the  following  method  of  approximation 
leads  to  more  useful  results. 

Let  P  be  any  function  of  x  and  y^  and  let  it  be  required  to 
find  the  value  of  P  where 

/       Pdx  dy. 

In  this  expression  P  is  the  mean  value  of  P  within  the  limits 
of  integration. 

Let  Pq  be  the  value  of  P  when  a:  =  0  and  y  =  0,  then,  ex- 
panding P  by  Taylor's  Theorem, 

Integrating  this  expression  between  the  limits,  and  dividing 
the  result  by  xy^  we  obtain  as  the  value  of  P, 

P  =  Po  +  A(.«^V2^^») 

In  the  case  of  the  coil,  let  the  outer  and  inner  radii  be  ^  +  i  f  , 
and  ^  —  I  f  respectively,  and  let  the  distances  of  the  planes  of  the 
windings  from  the  origin  lie  between  JB+^iy  and  JB^i?;,  then 
the  breadth  of  the  coil  is  17,  and  its  depth  f,  these  quantities 
being  small  compared  with  A  or  C. 

In  order  to  calculate  the  magnetic  effect  of  such  a  coil  we  may 
write  the  successive  terms  of  the  series  (6)  and  (6^)  of  Art.  695  as 
follows : — 

^  =   '^^(1+1*  — jji — r-*^r+  •••;» 

^i  =  27r^{l+^V(22-l«C?4)^+i— ^i ^' +  ...)• 
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J,  =    .a"  +iS»P, 

S.  =  ».«•((.■- Ja")  +  |f{26>-3a")  +  j,'o«, 
fto.,  ftc. 
The  qtuntitiM  G^,  G,,  G„  &&  belong  to  the  krge  coiL    Tk 
valne  of  u  at  poinUi  for  which  r  is  less  than  C  is 

■  =  -2«  +  20j-G,rii(fl)-G,r»^(fl)-lte. 
The  qauititiea  gi.gt,  &c.  belong  to  the  8m«ll  ooiL    The  vmhtt 
of  m'  ftt  points  for  which  r  ia  greater  than  e  u 

The  potential  of  the  ooe  coil  with  respect  to  the  other  wbn 
the  total  current  through  the  section  of  eAch  coil  ia  unitj  is 

To  find  M  by  Elliptic  Integrals. 

701.]  When  the  distance  of  the   circumferences  of  the  two 
eirdoA  is  moderate  as  compared  with  the  radius  of  the  smaller. 
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Jo    JO 


Aa  cos  (<!>'' 4/)  d(l>d<l/ 


where  c=-J^=, 

and  j^  and  E  are  complete  elliptic  integrals  to  modulus  0. 
From  this,  remembering  that 

and  that  c  is  a  function  of  5,  we  find 

dM         Tt       he     , ,        „^  ^       ,        ox  "TT^ 

If  r,  and  r^  denote  the  greatest  and  least  values  of  r, 
r,»  =  (il  +  a)«  +  5»,        rj2  =  (^1  -  a)*  +  h\ 

and  if  an  angle  y  be  taken  such  that  cos  y  —  -^t 


dM  h  sin  y 


»*i 


where  Fy  and  j^^  denote  the  complete  elliptic  integrals  of  the 
first  and  second  kind  whose  modulus  is  sin  y. 

If  -4  =  a,  cot  y  =  — -  >  and 

dM  ,    »,      *  -  •  •, 

^=-271  cosy  {2J^y-(l+sec'y)^y}. 

The  quantity  —  -^  represents  the  attraction  between  two 

parallel  circular  circuits,  the  current  in  each  being  unity. 

On  account  of  the  importance  of  the  quantity  M  in  electro- 
magnetic calculations  the  values  of  log  {M / ^i;  ^Aa\  which  is  a 
function  of  c  and  therefore  of  y  only,  have  been  tabulated  for 
intervals  of  6^  in  the  value  of  the  angle  y  between  60  and  90 
degrees.  The  table  will  be  found  in  an  appendix  to  this 
chapter. 


z  % 
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Second  Erprtsaim  /or  if. 
An  expression  for  M,  which  is  sometimes  more 
got  by  making  r,  =  -* ? ,  in  which  cue 


*M 


To  draw  the  Lines  of  Magnetic  Force/or  a  Circular  CurrwuL 

702.]  The  lines  of  msgnetic  force  are  evidenlij  in  plaai^ 
psssing  through  the  axis  of  the  circle,  and  in  each  of  theae  lino 
the  value  of  if  is  constant. 


tables  for  a  safBcient  number  of  values  of  0. 

Draw  rectangular  axes  of  x  and  z  on  the  paper  (the  orifia 
being  at  the  cc-ntre  of  the  circle  an<l  the  axis  of  :  the  axis  of  tht 
circle},  and,  with  centre  at  the  point  x  =  t a  (sin  d  +  eo««  <>. 
draw  a  circle  with  radius  lu(coseo9— sin9).  For  all  poinb 
of  this  orete  the  valoe  of  c,  will  be  sin  0.  Henoe,  for  all  point*  of 
this  circle, 

Jf  A', 


3/=:9-w^Aa- 


^K, 


and     A  = 


6iw' 


Now  ^  is  the  value  of  x  for  which  the  valae  of  Jtf  was  fboad. 
Hence,  if  we  draw  a  line  for  which  x  =  il,  it  will  cut  the  eirck 
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IS  we  put  m  =  8  wa,  and  M  =  nm,  then 

-4  =  a:  =  n^K$a. 
We  may  call  n  the  index  of  the  line  of  force. 

The  forms  of  these  lines  are  given  in  Fig.  X Vm  at  the  end  of 
this  volume.  They  are  copied  from  a  drawing  given  hy  Sir  W. 
Thomson  in  his  paper  on  *  Vortex  Motion  '.* 

703.]  If  the  position  of  a  circle  having  a  given  axis  is  re- 
garded as  defined  by  6,  the  distance  of  its  centre  from  a  fixed 
point  on  the  axis,  and  a,  the  radius  of  the  circle,  then  if,  the 
coefiicient  of  induction  of  the  circle  with  respect  to  any  system 
whatever  of  magnets  or  currents,  is  subject  to  the  following 
equation,  dm      d^M      IdM  _ 

To  prove  this,  let  us  consider  the  number  of  lines  of  magnetic 
force  cut  by  the  circle  when  a  or  6  is  made  to  vary. 

(1)  Let  a  become  a  +  ba^b  remaining  constant.  During  this 
variation  the  circle,  in  expanding,  sweeps  over  an  AnfinUr 
surface  in  its  own  plane  whose  breadth  is  5a. 

If  V  is  the  magnetic  potential  at  any  point,  and  if  the  axis  of 

y  be  parallel  to  that  of  the  circle,  then  the  magnetic  force  per- 

dV 
pendicular  to  the  plane  of  the  ring  is  —  -7-  • 

To  find  the  magnetic  induction  through  the  annular  surface 
we  have  to  integrate  r*'  ^    dF  ,^ 

Jo  dy 

where  $  is  the  angular  position  of  a  point  on  the  ring. 

But  this  quantity  i^epresents  the  variation  of  M  due  to  the 

variation  of  a,  or^— 5a.     Hence 

da 

(2)  Let  b  become  b  +  bb,  while  a  remains  constant.  During 
this  variation  the  circle  sweeps  over  a  cylindric  surface  of  radius 
a  and  length  d6,  {and  the  lines  of  force  which  pass  through  this 
surface  are  those  which  cease  to  pass  through  the  circle}. 

The  magnetic  force  perpendicular  to  this  surfiEtce  at  any  point 

dV 

is r-9  where  r  is  the  distance  from  the  axis.    Hence 

dr 

db=Jo   ""dr^'^  ^'^ 

•  Trant.  R.  8,  Edir^,  vol.  xxv.  p.  217  (1869). 
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Dificrentiating  eqnatjon  (2)  with  rapect  to  a,  and  (3)  witk 
respect  to  b,  we  get 

TnuupoBing  the  lost  term  we  obtain  equation  (I). 

CoepcUnt    of  Induction    of  Tvx>  Parallel   Circles   vhen    tin 
Diidance    between    the    Arcs    ia    vmaJl    cottipared    u-UA    tit 
Hadiut)  0/  either  Circle. 
704.]  We  might  deduce  the  value  of  JT  in  thia  ease  from  tb* 

expanaioD  of  the  elliptic   integrals  already  given   when   thor 

modulus  is  nearly  onity.     The  foUowing  method,  however,  i»  k 

more  direct  application  of  electrical  priDoiplea. 

Fimt  ApjrroccinuUion. 

Let  a  and  a  +  c  bo  the  radii  of  the  circlea  and  b  the  dJirtanw 
between  their  planee,  then  the  aliortext  distance  b^ween  tbcir 
circumferences  ih  given  by 

r  =  ^c^+f^. 
Via  have  to  find  the  magnetic  induction  through  the  one  circle 
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where  r^,  r^  are  the  roots  of  the  equation 

r*— 2  (a  +  c)  sin  ^r  +  c2  +  2ac  =  0, 


viz.  r^  =  (a+c)  sin  ^  +  V{a  +  c)^  sin^  ^— c*— 2ac, 

r2  =  (a+c)Bin^— -•(a  +  c)^8in2^— c*— 2ac, 

and  Bin*  ^,  =  -7-- — rs  • 

When  c  is  small  compared  to  a  we  may  put 

r^  =  2a  sin  ^, 
r^  =  c/sinO. 
Integrating  with  regard  to  p  we  have 

2b8f  '\og(—sm^0).smedez= 

2  S8  fcos  ^  |2 — log  (—  sin*  $U + 2  log  tan  -1 

=  258  (log, 2)  >  nearly. 

We  thus  find  for  the  whole  induction 

Jfac=4ira(log.  y-2). 

Since  the  magnetic  force  at  any  point,  the  distance  of  which 
from  a  curved  wire  is  small  compared  with  the  radius  of  curva- 
ture, is  nearly  the  same  as  if  the  wire  had  been  straight,  we  can 
(Art.  684)  calculate  the  difference  between  the  induction  through 
the  circle  whose  radius  is  a^c  and  the  circle  A  by  the  formula 

M^-M^  =  47ra  {log.c-.log,r}. 
Hence  we  find  the  value  of  the  induction  between  A  and  a 
^o  be  jjf^^  -  47ra(log,8a-log.r-.2) 

approximately,  provided  r  the  shortest  distance  between  the 
circles  is  small  compared  with  a, 

705.]  Since  the  mutual  induction  between  two  windings  of 
the  same  coil  is  a  very  important  quantity  in  the  calculation  of 
experimental  results,  I  shall  now  describe  a  method  by  which  the 
approximation  to  the  value  of  M  for  this  case  can  be  carried  to 
any  required  degree  of  accuracy. 

We  shall  assume  that  the  value  of  if  is  of  the  form 


Jf=4ir|illog.^  +  -B{, 
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r+^. 


a         'a*         •  a* 


A  =     a  +  AjX  +  A^' 

B  =  -2a  +  B,x  +  B,^  +B^'^  + 1 


>S*''^^ 
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where 

and 

when  a  uid  a+x  &re  the  ndii  of  the  cirelea,  ftod  y  tbo  <i 
between  their  planes. 

We  have  to  dotermme  the  valuea  of  the  eoeffiotent«  A  and  B 
It  ifl  inamfeet  that  only  even  powen  of  y  oui  oeeor  in  thot 
qoantities,  because,  if  the  Bign  of  y  is  reversed,  tlie  vmloe  of  Jf 
must  remain  the  same. 

Wo  get  another  set  of  coDdittons  from  the  reciprocal  proptrn 
of  the  coefficient  of  induction,  which  remains  the  same  whiebvrv 
circle  we  take  as  the  primary  circuit.  The  value  of  M  ma« 
therefore  remain  the  same  when  we  substitute  a  +  x  for  a,  sad 
—X  for  X  in  the  above  expreAsiona. 

We  thus  find  the  following  conditions  of  tMipneity  by  equat- 
ing the  coefficients  of  similar  combinations  of  z  and  y, 
J,  =  l~Ai,  B^=  1-2-B,, 

A^=~A^-At,         5,=  i-U,  +  i(,-5,-B„ 
A,'=-At'-A^'.        B^'=  A^'-B^'-B,'; 


■>"^-  =  -«%-:ri^.-^,^.+*^+(-M- 


+  B,  +  (n-2)B,+ 


(ii-»)(i.-8) 


B.  +  Jbc^t. 


From  the  gcoei»l  ixjuation  of  if.  Art.  703, 
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(2n-l)il,  +  (2n  +  2)il,+i  =  (2n-l)il',  +  (27i+2)^',+i 

=  n(7i-.2)5,  +  (n+l)nJB,+i+1.25',+  1.25',+j. 

Solving  these  equations  and  substituting  the  values  of  the 
coefficients,  the  series  for  M  becomes 

*if  =  47ralog  —  ll  +  i-  +  -TT2 oo   3     -^feCf 

(     ^     1^  .    3x^—2/*      a?^^xifl     „     ) 


To  ^wd  tA^  f(ymi  of  a  coil  for  which  the  coefficient  of  self- 
induction  is  a  maximum^  the  total  length  and  thickn^ess  of 
the  wire  being  given. 

706.]  Omitting  the  corrections  of  Art.  705,  we  find  by  Art.  693 

L  =  47r7i*a(log-p^--2)j 

where  n  is  the  number  of  windings  of  the  wire,  a  is  the  mean 

radius  of  the  coil,  and  R  is  the  geometrical  mean  distance  of  the 

transverse  section  of  the  coil  from  itself.     See  Art.  691.      If  this 

section  is  always  similar  to  itself,  R  is  proportional  to  its  linear 

dimensions,  and  n  varies  as  R\ 

Since  the  total  length  of  the  wire  is  2 tt an,  a  varies  inversely 

as  n.     Hence 

dn      ^dR  ,  da  dR 

—  =  2-p-,   and— =:-2-p, 
n  R  a  R 

and  we  find  the  condition  that  L  may  be  a  maximum 

.      8a       . 

If  the  transverse  section  of  the  channel  of  the  coil  is  circular, 
of  radius  c,  then,  by  Art.  692, 

and     log-^  =  i^, 
whence  a  =  3*22  c; 

*  fThis  result  may  be  obtained  directly  by  the  method  luggeited  in  Art.  704 , 
vix.  by  the  expAniioDs  of  the  elliptic  integrmli  in  the  expression  for  M  foond  in 
Art.  701.    See  C»yley*B  Elliptic  Fuueiiom,  Art.  76.] 
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or,  the  me«n  raditu  ol  the  coil  should  be  3-23  times  Um  ladnB  d 
the  tmurerae  seetioQ  of  the  cbumel  of  the  eoil  in  ordv  tbt 
SQob  a  coil  may  have  the  greatest  ooeffioient  of  B«lf-ij 
This  reenU  waa  found  by  Gaaas*. 

If  the  channel  in  which  the  coil  ia  wound  haa  a  aqnajc  a 
vene  section,  the  mean  diameter  of  the  coil  aboold  be  3-7  t 
the  side  of  the  square  section  of  the  channel 

•    IFtrk;  QSttlngn  •ditlon,  IMT,  bd.  t.  p.  SSI. 
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TaMe  of  the  values  of  log  - 


The  LogarUhma  are  to  base  10. 


(Art.  701). 


u 

*■ 

M 

"■S.V2;- 

"^iwVA^' 

60'  0' 

T-4994783 

63°  30' 

T-6963782 

67°  0' 

1-6927081 

6' 

1-5022651 

36' 

1-5991329 

6' 

T-6954642 

12' 

T.5050505 

42' 

1-6018871 

12' 

1-6982209 

IB' 

T.5078345 

48' 

1G046408 

18' 

1-7009782 

24' 

1-5106173 

54' 

1-6073942 

24' 

r7037362 

30' 

1-5133989 

64'  0' 

1-6I0I472 

30' 

r-7064949 

36' 

1-5I6I791 

6' 

1-6128998 

36' 

1-7092544 

42' 

T- 6 189582 

12' 

1-6156522 

42' 

1.7120146 

48' 

r-62I7361 

18' 

1-6184042 

48' 

T-7 147756 

54' 

1-5245128 

24' 

1621 1660 

64' 

r.7175376 

61°  0' 

1-5272883 

30' 

r-6239076 

68'  0' 

T-7203003 

6' 

T-5300628 

36' 

1-6266589 

6' 

T-7230640 

12' 

1-5328361 

42' 

1-6294101 

12' 

1-7258286 

18' 

1-5356084 

48' 

r-6321612 

18' 

r.7285942 

24' 

1-5383796 

64' 

1-6349121 

24' 

1-7313609 

30' 

T-54  11498 

65°  0' 

1-6376629 

30' 

T-73412B7 

36' 

1-5439190 

6' 

T-6404137 

36' 

T-7368975 

42' 

1-5466872 

12' 

T-6431645 

42' 

r.7396676 

48' 

1-5494S46 

18' 

1-6459163 

48' 

T-7424387 

54' 

T-5S22209 

24' 

T-64  80660 

54' 

1-7452111 

62°  0' 

1-5549864 

30' 

r-65I4169 

69°  0' 

1-7479848 

6' 

1-5577510 

36' 

r-654167B 

6' 

T-7507597 

12' 

T-5605147 

42' 

T-6569189 

12' 

r-753536I 

18' 

1-5G32776 

48' 

T.  6  596  701 

18' 

r-7563138 

24' 

r.6660398 

64' 

1.6624215 

24' 

r-7590929 

30' 

1-5688011 

66'  0' 

T-6651732 

30' 

r-7U  18735 

36' 

r.5715618 

6' 

1-6679250 

36' 

T-7646S66 

42' 

1-5743217 

12' 

T-6706772 

42' 

1-7674392 

48' 

1-5770809 

18' 

r.  6  7  34  aye 

48' 

r-7702246 

54' 

T-57983D4 

24' 

T-6761824 

64' 

r-7730114 

63'  0' 

1-5825973 

30' 

T-6789356 

70°  0' 

T-7  758000 

6' 

T-5853546 

36' 

f-6S16891 

6' 

T.7785903 

12' 

T-5881113 

42' 

1-6844431 

12' 

1-7813823 

18' 

T-5908675 

48' 

T-6871976 

18' 

r-7841762 

24' 

1-5936231 

64' 

1.6899526 

24' 

1.7869720 
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K.      ''^• 

u,     «     - 

la 

ir 

4-^J« 

^(.v'-l* 

'fVJU 

T0"JO' 

T-7897496 

76"    0' 

1-9186141 

79*  SO- 

0676I86 

»«• 

T*7)>as682 

6' 

r-9214613 

SO- 

O60M37 

(2- 

T-7053709 

12' 

T-9244136 

42' 

O64I054 

18' 

r.rmiMt 

18- 

T-9273707 

48' 

0675187 

54' 

Uomsos 

24' 

r-9303330 

54' 

O700441 

rr  0' 

1-8037882 

SO' 

1-9333006 

80"    0' 

0741816 

6' 

1-8006083 

3f 

1-9362733 

6' 

07763I6 

IJ- 

r-8094107 

42- 

T-93925I6 

11' 

0808944 

10' 

T-BI232S3 

48- 

1-9432362 

18- 

4)841701 

24' 

r.<l<04>3 

84- 

T-9482246 

24' 

41876681 

SO- 

14178617 

76*    0- 

1-9482190 

30' 

4»10«i9 

M' 

T-tiweso 

6- 

1-9612806 

36' 

4)944784 

M' 

IBJ8S080 

12' 

1-9642272 

42' 

-0979O9I 

IS- 

T-8263340 

18' 

1-9673400 

4r 

1013542 

M' 

r-8291640 

24- 

1-9002590 

64' 

1048141 

' 

ir  V 

1-8319967 

10' 

1-9632841 

81-   0' 

1081893 

•• 

f-8348316 

if 

1-9663157 

6- 

1117789 

la' 

1-8376093 

if 

1-9693537 

u- 

115IM8 

18' 

r-8403099 

88- 

1-9723983 

18' 

11680*9 

11' 

1-84  33134 

64- 

1-97J4497 

24' 

1113481 

JO' 

r-8461098 

77*    V 

t-«785079 

10' 

I869043 

36- 

r-B49OI0S 

8* 

I-88I5731 

36- 

1194778 

<>• 

T-8519018 

12- 

1-9846464 

41- 

1S30C9I 

ir 

r-8S47675 

18- 

1-9877249 

48- 

1306786 

«' 

U870I04 

84- 

1-9908118 

84' 

14030417 

rf  0' 

r-8604788 

30- 

1-9939062 

»r  0- 

1489539 

0" 

1-8033440 

se- 

1-9970082 

6' 

1476207 

IJ" 

1-6683129 

ll- 

-O00118I 

11- 

1613075 

18' 

1-8090863 

4r 

-0032369 

18- 

1650149  1 

^1 
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log • 

iOIP       

iw^Aa 

iit^Aa 

84''  0' 

•2217823 

86**  0' 

•3139097 

88*  0' 

•4385420 

6' 

.2259728 

6' 

•3191092 

6' 

4465341 

12' 

'2301983 

12' 

•3243843 

12' 

•4548064 

18' 

.2344600 

18' 

•3297387 

18' 

•4633880 

24' 

.2387591 

24' 

•3351762 

24' 

.4723127 

30' 

.2430970 

30' 

•3407012 

30' 

•4816206 

36' 

.2474748 

36' 

•3463184 

36' 

•4913595 

42' 

.2518940 

42' 

•3520327 

42' 

•5015870 

48' 

.2563561 

48' 

•3578495 

48' 

•5123738 

54' 

.2608626 

54' 

•3637749 

54' 

•5238079 

85"  0' 

•2654152 

87**  0' 

•3698153 

89**  0' 

•5360007 

6' 

•2700156 

6' 

•3759777 

6' 

•5490969 

12' 

.2746655 

12' 

•3822700 

12' 

•5632886 

18' 

.2793670 

18' 

•3887006 

18' 

•5788406 

24' 

•2841221 

24' 

•3952792 

24' 

•5961320 

30' 

.2889329 

30' 

•4020162 

30' 

•6157370 

36' 

•2938018 

36' 

•4089234 

36' 

•6385907 

42' 

•2987312 

42' 

•4160138 

42' 

•6663883 

48' 

•3037238 

48' 

•4233022 

48' 

•7027765 

64' 

•3087823 

54' 

•4308053 

54' 

•7586941 

[APPENDIX  n. 

In  the  rrrj  importsnt  csm  of  two  circnUr  eoajod  coUa  Lord  RByldfk 
hM  nggected    in   Uw  tue  of  the    foregoing   tablee  ■  tbtj  hi  mi  mill 
formnU  of  »pproxiiiifttion.     The  formulA,  sppliuble  to  knj  mimbcr  rf 
variftble*,  occun  in  Mr.  Merrifield'i  Beport  on  Qnwintiu'ca  aad  lili* 
poUtion  (o  the  Britiih  Anociation,  IS80,  »Dd  ia  kttribatcd  to  Un  ktt 
Mr.  H.  J.  PurluM.    In  the  preaent  init«nce  the  niunber  of  T~T~"n  ii 
four. 
Let  n,  n'  be  the  Dumber  of  winding!  in  the  coils, 
a,  d'  the  radii  of  their  central  windingB. 
b  the  difltaoce  between  their  centres. 
2k,  2A'  the  radi>l  breadtha  of  the  coila. 
2i,  2i<  the  axial  brvadtbc 
Alw  let/(a,  a",  6)  be  the  coefficient  of  matnal  indnetion  for  tb«  eentnl 
winding!.     Then  the  coefficient  of  mntnal  indnetion  of  the  two  ooili  ii 
(/(a  +  A.a'.6)+/{«-A.«',6) 
+/(«,<t'+A',A)+/(a.a'-V,  *) 
J«.'-    +/(«.«'.6+*)+/(«.'i',6-*) 

[  -2f{a,J.h).  ] 
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S^/-induction  of  a  cimilar  coit  of  rectangular  metioit. 

If  a  denote  the  mean  radina  of  a  coil  of  n  windiaga  vba«e  anl 

hrradth  i*  6  and  radial  breadth  ii  e,  then  the  aeU- indnetion,  aa  cakvlal^ 

hj  meani  of  the  atTies  of  Art.  705,  haa  been  ahotrn  bjr  Weinataia  Wiad, 
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ELEOTROMAGNETIO   INSTRUMENTS. 

GalvaTiometers. 

707.]  A  Qalyakometeb  is  an  instrument  by  means  of  which  an 
electric  current  is  indicated  or  measured  by  its  magnetic  action. 

When  the  instrument  is  intended  to  indicate  the  existence  of 
a  feeble  current^  it  is  called  a  Sensitive  Galvanometer. 

When  it  is  intended  to  measure  a  current  with  the  greatest 
accuracy  in  terms  of  standard  units,  it  is  called  a  Standard  Galva- 
nometer. 

All  galvanometers  are  founded  on  the  principle  of  Schweigger's 
Multiplier,  in  which  the  current  is  made  to  pass  through  a  wire, 
which  is  coiled  so  as  to  pass  many  times  round  an  open  space, 
within  which  a  magnet  is  suspended,  so  as  to  produce  within  this 
space  an  electromagnetic  force,  the  intensity  of  which  is  indicated 
by  the  magnet. 

In  sensitive  galvanometers  the  coil  is  so  arranged  that  its 
windings  occupy  the  positions  in  which  their  influence  on  the 
magnet  is  greatest.  They  are  therefore  packed  closely  together 
in  order  to  be  near  the  magnet. 

Standard  galvanometers  are  constructed  so  that  the  dimensions 
and  relative  positions  of  all  their  fixed  parts  may  be  accurately 
known,  and  that  any  small  uncertainty  about  the  position  of  the 
moveable  parts  may  introduce  the  smallest  possible  error  into  the 
calculations. 

In  constructing  a  sensitive  galvanometer  we  aim  at  making  the 
field  of  electromagnetic  force  in  which  the  magnet  is  suspended  as 
intense  as  possible.  In  designing  a  standard  galvanometer  we 
wish  to  make  the  field  of  electromagnetic  force  near  the  magnet 
as  uniform  as  possible,  and  to  know  its  exact  intensity  in  terms 
of  the  strength  of  the  current. 
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On  Standard  Oalvanometen. 

708.]  Id  a  ataod«rd  galvanometer  the  strength  of  tlw  emiM 
has  to  be  determined  from  the  force  which  it  exert*  on  the  wm- 
pended  magnet.  Now  the  diatribntion  of  the  nukgDetiam  witkia 
the  magnet,  and  the  position  of  its  centre  when  soapended.  are  im 
capable  of  being  determined  with  any  great  degree  of  •oenncT. 
Htince  it  is  necessary  that  the  coil  should  be  arranged  ao  aa  la 
produce  a  field  of  force  which  is  very  nearly  uniform  throogfaost 
the  whole  spaoe  oocapied  by  the  magnet  daring  ita  possible  nnr^ka 
The  dimensions  of  the  coil  must  therefore  in  genaiml  b«  isBtk 
larger  than  thoae  of  the  magnet. 

By  a  proper  arrangement  of  several  coiU  the  field  of  foree  witkia 
them  may  be  made  much  more  uniform  than  when  one  eoil  onh 
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Its  breadth  is  made  equal  to  some  multiple,  7?,  of  the  diameter 
of  the  covered  wire.  A  hole  is  bored  in  the  side  of  the  channel 
where  the  wire  is  to  enter,  and  one  end  of  the  covered  wire  is 
pushed  out  through  this  hole  to  form  the  inner  connexion  of  the 
coil.  The  channel  is  placed  on  a  lathe,  and  a  wooden  axis  is 
fastened  to  it ;  see  Fig.  49.  The  end  of  a  long  string  is  nailed 
to  the  wooden  axis  at  the  same  part  of  the  circumference  as  the 
entrance  of  the  wii'e.  The  whole  is  then  turned  round,  and  the 
wire  is  smoothly  and  regularly  laid  on  the  bottom  of  the  channel 
till  it  is  completely  covered  by  n  windings.  During  this  process 
the  string  has  been  wound  n  times  round  the  wooden  axis,  and 
a  nail  is  driven  into  the  string  at  the  nth  turn.  The  windings 
of  the  string  should  be  kept  exposed  so  that  they  can  easily 
be  counted.  The  external  circumference  of  the  first  layer  of 
windings  is  then  measured  and  a  new  layer  is  begun,  and  so  oq 
till  the  proper  number  of  layers  has  been  wound  on.  The  use 
of  the  string  is  to  count  the  number  of  windings.  If  for  any 
reason  we  have  to  unwind  part  of  the  coil,  the  string  is  also 
unwound,  so  that  we  do  not  lose  our  reckoning  of  the  actual 
number  of  windings  of  the  coil.  The  nails  serve  to  distinguish 
the  number  of  windings  in  each  layer. 

The  measure  of  the  circumference  of  each  layer  furnishes  a 
test  of  the  regularity  of  the  winding,  and  enables  us  to  calculate 
the  electrical  constants  of  the  coil..  For  if  we  take  the  arithmetic 
mean  of  the  circumferences  of  the  channel  and  of  the  outer  layer, 
and  then  add  to  this  the  circumferences  of  all  the  intermediate 
layers,  and  divide  the  sum  by  the  number  of  layers,  we  shall 
obtain  the  mean  circumference,  and  from  this  we  can  deduce 
the  mean  radius  of  the  coiL  The  circumference  of  each  layer 
may  be  measured  by  means  of  a  steel  tape,  or  better  by  means 
of  a  graduated  wheel  which  rolls  on  the  coil  as  the  coil  revolves 
in  the  process  of  winding.  The  value  of  the  divisions  of  the  tape 
or  wheel  must  be  ascertained  by  comparison  with  a  straight  scale. 

709.]  The  moment  of  the  force  with  which  a  unit  current  in 
the  coil  acts  upon  the  suspended  apparatus  may  be  expressed  by 
the  series  ^^  ^^  ^.^  ^  ^  ^^^^  ^.^  ^  p^,  ^^^  ^  ^^ 

where  the  coefficients  G  refer  to  the  coil,  and  the  coefficients  g  to 
the  suspended  apparatus,  B  being  the  angle  between  the  axis  of 
the  coil  and  that  of  the  suspended  apparatus ;  see  Art.  700. 
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When  the  auHpended  apparstuB  is  a  thin  nnifonnly  aad  locigi- 
tudinally  magnetized  bar  magnet  of  length  2t  and  strength  anitT. 
siinpendcd  by  its  middle, 

.  'Ji  =  2'.    9i  =  *>.    ?.  =  2/',  &c. 
The  values  of  the  coefficients  for  a  bar  magnet  of  length  !.' 
magnetixod   in  any   other   way   are  smaller   than   when   it  a 
niagnetijwd  uniformly. 

710.]  When  the  apparatus  is  used  as  a  tangent  g&lvanomMer. 
the  coil  b  fixed  with  its  piano  vertical  and  parallel  to  the  directiija 
of  the  earth's  magnetic  force.  The  equation  of  eqoilil>nain  ol 
the  magnet  is  in  this  case 

where  mg^  is  the  magnetic  moment  of  the  magnet,  //  the  hori- 
zontal component  of  the  terrestrial  magnetic  force,  and  y  ibr 
strength  of  the  current  in  the  coil.  When  the  length  of  tht 
magnet  is  small  compared  with  the  radius  of  the  coil  the  t«m> 
aiXer  the  first  in  G  and  </  may  be  neglected,  and  we  find 

y  =  ,.  cot0. 

The  angle  usually  measured  in  the  deflexion,  S,  of  the  inagncl 
which  is  the  complement  of  0,  so  that  ent0  =  tan  fi. 

Till-  current  in  thus  proportional  to  the  tangent  of  the  deflexion. 
and  the  instrument  is  therefore  called  a  Tangent  Qalvanomrtfi-. 

Another  melhotl  is  to  make  the  whole  apparatus  muve«Ur 
alwut  a  verticat  axis,  and  to  turn  it  till  the  magnet  is  ia 
e<|uilibrium  with  its  axis  parallel  to  thi-  plane  of  the  coil.  If 
the  angle  WtwceD  the  plane  of  th«-  coil  and  the  magnetic  meridiaa 
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Let  A  be  the  mean  radius  of  the  coil,  ^  its  depth,  t;  its  breadth, 
and  n  the  number  of  windings,  the  values  of  the  coefficients  are 


G.= 


8 


~       A^V^^A*     ''A*] 


(?4  =  0,  &C. 

The  principal  correction  is  that  arising  from  G^.    The  series 

becomes  approximately 

»iffi(l-3^^»(co8«d-i8in*d)). 

The  factor  of  con-ection  will  differ  most  from  unity  when  the 
magnet  is  uniformly  magnetized  and  when  ^  =  0.   In  this  case  it 

becomes  1  --  3  -j^ .  It  vanishes  when  tan  ^  =  2,  or  when  the  de- 
flexion is  tan"^l,  or  26**  34'.  Some  observers,  therefore,  arrange 
their  experiments  so  as  to  make  the  observed  deflexion  as  near 
this  angle  as  possible.  The  best  method,  however,  is  to  use  a 
magnet  so  short  compared  with  the  radius  of  the  coil  that  the 
correction  may  be  altogether  neglected. 

The  suspended  magnet  is  carefully  adjusted  so  that  its  centre 
shall  coincide  as  nearly  as  possible  with  the  centre  of  the  coil. 
If,  however,  this  adjustment  is  not  pei'fect,  and  if  the  coordinates 
of  the  centre  of  the  magnet  relative  to  the  centre  of  the  coil 
are  or,  j/,  z^  z  being  measured  parallel  to  the  axis  of  the  coil, 
the  factor  of  correction  is 

(1+^ 1^ )' 

When  the  radius  of  the  coil  is  large^  and  the  adjustment  of  the 
magnet  carefuUy  made,  we  may  assume  that  this  correction  is 
insensible. 

^   {The  couple  on  the  bar  magnet  when  its  axis  makes  an  angle  9  with  that  of  the 
«*»^"  iii/[8intf  {Gi  +  G,f  (22»-(a^  +  y»))}+8coBtfG,2i/i*Ty«]. 

Since  (^i  +  ^s  I  (^^  "  (^  '*'y'))  ^  ^^^  ioiK^  at  x,  y,  z  paraUel  to  the  axis  of  the  coil  and 

is  the  force  at  right  angles  to  the  axis.  Thus  when  the  arrangement  is  used  as  a  sine 
galvanometer  the  factor  of  correction  is 

1+  ^»|(22*-(««-i'y»))  which  is  equal  to  l-|i5{2s*-(x«+/)}}. 

A  a  2 
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Gitugain'g  Arrangevient. 
712.]  In  order  to  get  rid  of  the  correction  depending  on  G. 
Qaug&in  constructed  a  galvanometer  in  which  thU  term  ww 
rendered  zero  by  Buspendiog  the  luagnet,  not  at  the  oantre  of  tlir 
coil,  but  at  a  point  on  the  axis  at  a  distance  from  the  omtn 
equal  to  half  the  radius  of  the  coil.     The  form  of  6',  is 

G,  =  4, (;^^-. 

and,  sinco  in  this  arrangement  B  =  \A,  0^  =  0. 

Thin  arrangement  would  be  an  improvement  on  the  first  fora 
if  we  could  be  sure  that  the  centre  of  the  suspended  magoet  i> 
exactly  at  the  point  thus  deiined.  The  position  of  the  eeotrv  0/ 
the  magnet,  however,  b  always  uncertain,  and  this  uDccrtaiiuj 
introducvs  a  factor  of  corri-ctiuu  of  unknown  amount  depen-iia^ 

(>n  (/',  and  of  the  form  ( 1  —  S  -r).  where  z  is  the  unknown  rxcvM 

of  distance  of  the  centre  of  the  magnet  from  the  plane  of  tlw 

coil.     This  oorrection  depends  on  thv  first  power  <*f  -7  •      Henn 

Gaugain's  coil  with  eccentrically  suspended  magnet  is  ■ubjt.>^  to 
far  greater  uncertainty  than  the  old  fonu. 

Udmholtz'n  Arraw/ement. 

713.]  Ht'lmholtz  couvt-rted  Oaugain's  ga]%'anomet«r  into  s 
truHtworthy  im>trumciit  by  placing  a  m-oond  coil,  efjual  to  ik« 
first,  at  Hn  equal  distance  on  the  othi-r  xidf  of  tho  magiiet. 

Hy  [ilacing  the  coilH  Rvmiiit'trically  on  )ioth  sides  of  the  magnrt 
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It  appears  from  these  results  that  if  the  section  of  the  channel 
of  the  0  coils  be  rectangular,  the  depth  being  (  and  the  breadth 
Tjy  the  value  of  G^,  as  corrected  for  the  finite  size  of  the  section, 
will  be  small,  and  will  vanish,  if  ^^  is  to  i?^  as  36  to  31. 

It  is  therefore  quite  unnecessary  to  attempt  to  wind  the  coils 
upon  a  conical  surface,  as  has  been  done  by  some  instrument 
makers,  for  the  conditions  may  be  satisfied  by  coils  of  rectangular 
section,  which  can  be  constructed  with  far  greater  accuracy  than 
coils  wound  upon  an  obtuse  cone. 

The  arrangement  of  the  coils  in  Helmholtz  s  double  galvano- 
meter is  represented  in  Fig.  53,  Art.  725. 

The  field  of  force  due  to  the  double  coil  is  represented  in 
section  in  Fig.  XIX  at  the  end  of  this  volume. 

Galvanometer  of  Four  Coils, 

714.]  By  combining  four  coils  we  may  get  rid  of  the  coefficients 
^2J  G^i  G^4i  G^6,  and  G^.  For  by  any  symmetrical  combination 
we  got  rid  of  the  coefficients  of  even  orders.  Let  the  four  coils 
be  parallel  circles  belonging  to  the  same  ^here,  corresponding 
to  angles  ^,  </>,  tt  — </>,  and  -n—O. 

Let  the  number  of  windings  on  the  first  and  fourth  coils  be  n, 
and  the  number  on  the  second  and  third  pn.  Then  the  condition 
that  (?3  =  0  for  the  combination  gives 

n&m^e£;{e)-k'pnHm'<f>P^'{4>)  =  0,  (1) 

and  the  condition  that  (?5  =  0  gives 

n  sin2d7J'(^)+;>7i  8in-^<^i^'(<^)  =  0.  (2) 

Putting  sin'^d  =  x    and    sin^c^  =  y,  (3) 

and  expressing  TJ'  and  P/  (Art.  698)  in  terms  of  these  quantities, 
the  equations  (1)  and  (2)  become 

4iC— 5x*-  +  4/>y  — 5^2/*  =  0,  (4) 

8a;-28x-  +  21Jc3  +  8/?2/-28/>2/^-f  21/77/3  «  q.  (5) 

Taking  twice  (4)  from  (5),  and  dividing  by  3,  we  get 

6u^-7Q^  +  6pf-'7py''^  =  0. 

Hence,  from  (4)  and  (6), 

ajSo-  — 4       x^Tx  —  Q 

^      y^-5y      y'6-7y 
and  we  obtain 

7x-6  1        32     7a;-6 


2/=?7r-T' 


5iC  — 4  p       49ic(5a;  — 4)* 


SS8 
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Both  X  snd  y  are  the  aquarea  of  the  Bines  of  anglcfl  and  ■■« 
therefore  lie  between  0  and  1.  Hence,  either  x  is  between  0  amA 
4,  in  which  caac  yia  between  }  and  l,and  i/p  between  aeaikd  }! 
or  elae  x  is  between  f  and  1,  in  which  case  y  is  between  0  aad 
f ,  and  l/p  between  0  and  }}. 

Oalvanometer  of  Thee  Coils. 

71 B,]  The  most  convenient  arrangement  is  that  in  which  x  s  1. 

Two  of  the  coilfl  then  coincide  and  form  a  great  circle  of  ik 

sphere  whose  radius  is   C.    The  number  of  windings   in  tka 

compound  coil  is  64.     The  other  two  coils  form  small  circle*  <i 

the  sphere.     The  radius  of  each  of  them  is  -/^C.     The  disUnit 

of  either  of  them  from  the  plane  of  the  fust  is  v'r  ^>  The  nomW 

of  windings  on  each  of  these  coils  is  49. 

„         .         ,  „   .   240w 
The  value  of  (r,  is     _-  . 

This  arrangement  of  coils  is  represented  in  Fig.  60. 
Since  in  this  three-coiled  galvanometer  the  first  teiia  afttr 
__  Cr,    which    haa    a  finite 

^1^*''''''^^^  vftlu"  In  0',,  a  large  par- 

/^  _      ^  tion   of   the   sphw  «■ 

whiJHo   anrbee  the  eaft 
lie  forms  &  field  <if  kna- . 
iibly  uniform.  i 

If  we  couU  wind  ihe 
ire     over     the     wfaelt 
of  a    spherical 
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the  direction  of  the  axis  on  a  magnet  or  coil  suspended  within  it, 
with  its  axis  coinciding  with  that  of  the  coils ;  see  Art.  673.  For 
in  this  case  all  the  coefficients  of  odd  orders  disappear,  and  since 

Hence  the  expression  (6),  Art.  695,  for  the  magnetic  potential 
near  the  centre  of  the  coil  becomes,  there  being  n  windings  in 
each  of  the  coils, 

On  the  Proper  Thickness  of  the  Wire  of  a  Galvanometer,  the 

External  Resistance  being  given. 

716.]  Let  the  form  of  the  channel  in  which  the  galvanometei* 
coil  is  to  be  wound  be  given,  and  let  it  be  required  to  determine 
whether  it  ought  to  be  filled  with  a  long  thin  wire  or  with  a 
shorter  thick  wire. 

Let  I  be  the  length  of  the  wire,  y  its  radius,  y  +  b  the  radius 
of  the  wire  when  covered,  p  its  specific  resistance,  g  the  value  of 
G  for  unit  of  length  of  the  wire,  and  r  the  part  of  the  resistance 
which  is  independent  of  the  galvanometer. 

The  resistance  of  the  galvanometer  wire  is 

iry^ 
The  volume  of  the  coil  is 

V=irl{y-\-by. 
The  electromagnetic  force  is  y(?,  where  y  is  the  strength  of  the 
current  and  q  .-  gi^ 

If  E  is  the  electromotive  force  acting  in  the  circuit  whose 
resistance  is  i2  +  r,  E  =  y{R-\-r). 

The  electromagnetic  force  due  to  this  electromotive  force  is 

which  we  have  to  make  a  maximum  by  the  variation  of  y  and  L 
Inverting  the  fraction,  we  find  that 

pi        r 

Trg  y^    gl 

is  to  be  made  a  minimum.     Hence 

^pdy      rdl  _ 

^  — q  +  "fir  —  ^' 
IT  y^        r 
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If  the  volume  of  the  coil  remaiiui  constant 

I  I/  +  0 

ElimiiuitiDg  lU  and  dy,  we  obtain 

f  ?+''_*■ 
;    / T' 

r       y  +  fc 
or  u  = 

Heoce  tbe  (hicknesn  of  the  wire  of  tlie  galvanoraeter  sbool: 
be  such  that  the  external  rtitistancu  iit  to  the  reniHtaim!  uf  thr 
Ifalvano meter  coil  an  the  diameter  of  thv  covered  wire  to  tbt 
diameter  of  the  wire  itself. 


On  SenitUive  Gidvnnometetv. 

717.]  In  the  coostructiun  of  a  sc-nsitive  ^vanometcr  the  aim 
of  every  part  of  the  arrangcntvnt  in  tu  produce  tbe  grestnt 
possible  deflexion  of  tbe  magnet  by  mvans  of  a  givvn  Mnall 
(■lectn>moti%'e  force  acting  betwi-en  the  cK>ctroilea  of  tlu>  coil. 

The  current  through  the  wire  pro<luoe.H  tlio  gn-ateitt  cflTect  when 
it  L4  plact-d  as  near  h»  jiossible  to  thv  iiuiii><>ii<le<l  magnet.  Tbe 
ma)^L-t,  boweviT,  mimt  be  loft  frei-  to  oscillate,  and  tlterer-r< 
there  is  a  certain  space  which  inuHt  lie  lt>ft  empty  wiUiin  the 
coil.     This  dclinoa  the  interna)  boundary  of  tin-  mil. 

Uutside  of  tbitt  xpave  each  winding  iiiuxt  lie  placeil  tm  as  l>.t 
have  tlie  greati-xt  jKiwilile  i-tfect  on  the  iiia([n<>t.  Art  the  nuiDtaT 
<if  wiiidiugH  iixTfastti,  the  muHt  ailvanlH^^t-oun  poNitions  U-conir 
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and  y  the  current  which  flows  in  it,  the  magnetic  force  at  the 
centre   of  the  galvanometer  resolved 
in  the  direction  of  the  axis  is 

,sin^ 

If  we  write        r*  =  a:2sin^,  (1) 

this  expression  becomes  y  -r.  • 


Hence,  if  a  surface  be  constructed, 
similar  to  those  represented  in  section 
in  Fig.  51,  whose  polar  equation  is 

r2  =  a:j2  sin  d,  (2) 

where  Xy^  is  any  constant,  a  given  length 
of  wire  bent  into  the  form  of  a  circular 
arc  will  produce  a  greater  magnetic  yic.  61. 

effect  when  it  lies  within  this  surface 

than  when  it  lies  outside  it.  It  follows  from  this  that  the  outer 
surface  of  any  layer  of  wire  ought  to  have  a  constant  value  of  a:, 
for  if  a;  is  greater  at  one  place  than  another  a  portion  of  wire 
might  be  transferred  from  the  first  place  to  the  second,  so  as  to 
increase  the  force  at  the  centre  of  the  galvanometer. 
The  whole  force  due  to  the  coil  is  yG,  where 

"=/!•  w 

the   integration  being  extended  over  the  whole  length  of  the 
wire,  X  being  considered  as  a  function  of  Z. 

719.]  Let  y  be  the  radius  of  the  wire,  its  transverse  section 
will  be  Try^.  Let  p  be  the  specific  resistance  of  the  material 
of  which  the  wire  is  made  referred  to  unit  of  volume,  then  the 

resistance  of  a  lemrth  I  is  — ^, ,  and  the  whole  resistance  of  the 

^  Try- 

coil  is  /*  ji 

R='-     ^^  (4) 

where  y  is  considered  a  function  of  I, 

Let  Y^  be  the  area  of  the  quadrilateral  whose  angles  are  the 
sections  of  the  axes  of  four  neighbouring  wires  of  the  coil  by  a 
plane  through  the  axis,  then  YH  is  the  volume  occupied  in  the 
coil  by  a  length  I  of  wire  together  with  its  insulating  covering, 
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and  ineluding  any  vacant  space   neeenarily  left  Iwftin  A* 
windingB  of  the  coil.     Hence  the  whole  volume  of  the  «oU  i» 


'unction  of  /. 
figure  of  revolu 


where  )'  is  eonsiJered  a  function  of  /. 
But  since  the  coil  is  a  %ure  of  revolution 


or,  exprc«s>Dg  r  in  terms  of  x,  by  equation  (1), 

V=2wffa^(t,ine)*tlxd0.  .:• 

Now  2  V  /    (sin  0)i  Us  is  a  numerical  quantity,  cftll  it  S,  thea 
K=i.W-i;,  .#1 

where  Fg  is  the  volume    of   the  tnt«rior  space  left   for  Ike 
magnet. 

Let  us  now  consider  a  layer  of  the  coil  contained  between  tkt 
surfacvfl  x  and  x  +  dx. 

The  volume  of  this  layer  is 

dV=Nj?tlx=  Y'dl.  iS) 

where  dl  is  the  length  of  wire  in  this  layer. 

This  givtn  us  ti^  in  terms  of  dx.    Substituting  thia  in  eqoaxiow 
(3)  and  (4),  we  find  .tj- 

d<j  =  y 
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Let  Gq  and  Rq  be  the  values  of  G  and  of  iJ  +  r  when  the  given 
layer  is  excluded  from  the  calculation.     We  have  then 

0    _Go  +  dG  ,-2^ 

R  +  r^  R^  +  dR*  ^     ' 

and  to  make  this  a  maximum  by  the  variation  of  the  value  of  y 
for  the  given  layer  we  must  have 

—  fir 

d£^^G^±dG_jO_  .^3. 

d     ,p      R^-^dR"  R  +  r  ^     ' 

-J-*  an        " 

dy 

Since  dx  is  very  small  and  ultimately  vanishes,  -j^  will  be 

sensibly,  and  ultimately  exactly,  the  same  whichever  layer  is 
excluded,  and  we  may  therefore  regard  it  as  constant.  We  have 
therefore,  by  (10)  and  (11), 

-  -0(1  +  — :}^)  =  —jr—  =  constant.  (14) 

vy^^        y  dY^  G 

If  the  method  of  covering  the  wire  and  of  winding  it  is  such 
that  the  space  occupied  by  the  metal  of  the  wire  bears  the  same 
proportion  to  the  space  between  the  wires  whether  the  wire  is 
thick  or  thin,  then 

and  we  must  make  both  y  and  Y  proportional  to  x,  that  is  to 
say,  the  diameter  of  the  wire  in  any  layer  must  be  proportional 
to  the  linear  dimension  of  that  layer. 

If  the  thickness  of  the  insulating  covering  is  constant  and 
equal  to  6,  and  if  the  wires  are  arranged  in  square  order, 

7=  2(2/ +  6).  (16) 

and  the  condition  is 

^^1^)  =  constant.  (16) 

In  this  case  the  diameter  of  the  wire  increases  with  the  dia- 
meter of  the  layer  of  which  it  forms  part,  but  not  at  so  great  a 
rate. 

If  we  adopt  the  first  of  these  two  hypotheses,  which  will  be 
nearly  true  if  the  wire  itself  nearly  fills  up  the  whole  space,  then 
we  may  put  ^  ^  ^^^         y^  ^^^ 
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whoro  a  and  ^  are  conBtant  numerical  quantities,  mni  (by  (lOi 
and  (11)  J 

where  u  ts  a  contitant  depending  upon  the  aize  and  form  of  tbr 
free  space  left  inside  the  coil. 

Hence,  if  we  make  the  thickness  of  the  wire  vary  in  the  sanH 
ratio  as  j;  we  obtain  very  little  advantage  by  increSMUig  the  ci- 
t^-mal  size  of  the  coil  after  the  external  diineoBions  have  liecoiDe 
a  large  multiple  of  the  iut^mal  dimenuions. 

73U.]  If  incn-Bse  of  resitttance  ia  not  regardi-d  as  a  def<>ct.  a* 
when  the  external   resixtADce  is  far  greater  than  that  of  tfar 
galvanometer,  or  when  our  only  object  is  to  produce  a  field  of 
intense  force,  we  may  make  y  and  1'  constant.     We  have  then 
V 

where  n  is  a  contrtant  depending  on  the  vacant  space  iiuitte  th*- 
coil.  In  this  ease  the  value  of  G  incrcAM.-^  uniformly  as  th« 
dimentuonx  of  tlie  ooil  are  incrcaM'd,  so  that  there  is  no  limit  k> 
the  value  of  6'  except  the  labour  and  expense  uf  making  tb« 
coil. 

Ou  Suf/i^n-lfi  Cuih. 
721.]    In  Uie  ordinary  galvanometer  a  suspended   magnet  is 
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torsion  of  a  metal  wire  capable  of  eupporting  tbe  coil  aod 
transmittiiig  the  curreot  is  much  greater  than  that  of  a  silk 
fibre,  it  must  be  taken  specially  into  account.  This  suspension 
has  been  brought  to  great  perfection  in  the  instramenta  con- 
utmcted  by  M.  Weber, 

The  other  method  of  suspension  is  by  means  of  a  single  wire 
which  is  connected  to  one  extremity  of  the  coil.  The  other  ex- 
tremity of  the  coil  is  connected  to 
another  wire  which  is  made  to  hang 
down,  in  the  same  vertical  straight 
line  with  the  Sisb  wire,  into  a  cup 
of  mercury,  as  is  shewn  in  Fig.  56, 
Art,  726.  In  certain  cases  it  is 
convenient  to  fasten  the  extremities 
of  the  two  wires  to  pieces  by  which 
they  may  be  tightly  stretched,  care 
being  taken  that  the  line  of  these 
wires  passes  through  the  centre  of 
gi-avity  of  the  coil.  The  apparatus 
in  this  form  may  be  used  when  the 
axis  is  not  vertical ;  see  Fig.  52. 

722]  The  suspended  coil  may  I 
sensitive  galvanometer,  for,  by  increasing  the  intensity  of  the 
magnetic  force  in  the  field  in  which  it  hangs,  the  foree  due  to 
a  feeble  current  in  the  coil  may  be  greatly  increased  without 
adding  to  the  mass  of  the  coil,  Tbe  magnetic  force  for  this 
purpose  may  be  produced  by  means  of  permanent  magnets,  or 
by  electromagnets  excited  by  an  auxiliary  current,  and  it  may 
be  powerfully  concentrated  on  the  suspended  coil  by  means  of 
soft  iron  armatures.  Thus,  in  Sir  W.  Thomson's  recording 
apparatus.  Fig.  52,  the  coil  is  suHpended  between  the  opposite 
poles  of  tbe  electromagnets  jV  and  S,  and  in  order  to  concentrate 
the  lines  of  magnetic  force  on  the  vertical  sides  of  the  coil, 
a  piece  of  sofl  iron,  D,  is  fixed  between  the  poles  of  the  magnets. 
This  iron  becoming  magnetized  by  induction,  produces  a  very 
powerful  field  of  force,  in  tbe  intervals  between  it  and  the  two 
magnets,  through  which  the  vertical  sides  of  the  coil  are  free  to 
move,  so  that  the  coil,  even  when  the  current  through  it  is  very 
feeble,  is  acted  on  by  a  considerable  force  tending  to  turn  it 
about  its  vertical  axid. 


I  used  as  an  exceedingly 
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723.]  Another  application  of  the  nuspended  coil  i»  to  detensiiM 
)>y  comparison  with  a  tangent  galvanometer,  the  horixontal  eoiD< 
ponent  of  terrestrial  magnotiam. 

The  coil  is  suspended  bo  that  it  is  in  stable  eqaiUbriam  vhe* 
its  plane  is  parallel  to  the  magnetic  meridian.  A  curreot  y  » 
paiuHMl  through  the  coil  and  causes  it  to  be  deflected  into  a  new 
position  of  equilibrium,  making  an  angle  B  with  the  ma/nciie 
tncridiiin.  If  tlic  suspension  is  bifilar,  the  moment  of  the  ounple 
which  produces  this  <K-flexion  is  Fain  6,  and  this  must  l<e  n^nal 
to  Hyi/cosB,  where  H  is  the  borizonlal  component  of  terresUitl 
magnetism,  y  is  the  current  in  the  coil,  and  g  is  the  sum  of  the 
areas  i>r  all  the  wiodings  of  the  cuil.     Hence 

y 

Uy  =      Un  e. 
0 
If  A  is  the  moment  of  inertia  of  the  coil  about  its  axis  of  fiu- 
pt-nsion,  and  T  the  time  of  a  half  vibration,  when  no  eurrvnt  i» 
passing, 

and  we  obtain  Hy=  '--  tan 0. 

If  the  Hamc  current  jMLMtcs  through  thv  coil  of  a  tangent 
galvanometer,  and  deHects  the  magnet  thntugh  an  angle  ^, 

where  <r  is  the  princiiuU  constant  of  the  tangent  galvanoniet«r 
Art.  710. 

From  theite  two  etjuations  we  obtain 
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the  deflexion  of  the  coil  be  $,  and  that  of  the  magnet  <^,  then  the 
variable  part  of  the  energy  of  the  system  is 

—  i/'ygr  sin  d—my(?  sin  (d—<^) —i/m  cos  <^—jP  cos  d. 

Differentiating  with  respect  to  0  and  <f>,  we  obtain  the  equa- 
tions of  equilibrium  of  the  coil  and  of  the  magnet  respectively, 

'■'HygcosO'-myGco8(0-'<l>)  +  FsmO  =  0, 
myG  cos  {0  —  <t>)i-  Hvi  sin  <^  =  0. 

From  these  equations  we  find,  by  eliminating  /T  or  y,  a  quad- 
ratic equation  from  which  y  or  H  may  be  found.  If  m,  the 
magnetic  moment  of  the  suspended  magnet,  is  very  small,  we 
obtain  the  following  approximate  values, 


^  =  ?V 


— -4Gsin^cos(d— <^)      -  mG  co8(d— <^) 

—  s 


g  cos  ^  sin  <f>  g        cos  6 

_  :^       /     -- ^  sin  ^  sin  <f>     _^xV}  ^^^^ . 
y V^  Gg cos 6 cos{e-4>)         gcosO' 

In  these  expressions  G  and  g  are  the  principal  electric  con- 
stants of  the  coil,  A  its  moment  of  inertia,  T  its  half-time  of  vibra- 
tion, VI  the  magnetic  moment  of  the  magnet,  H  the  intensity  of 
the  horizontal  magnetic  force,  y  the  strength  of  the  current,  "^ 
the  deflexion  of  the  coil,  and  (f>  that  of  the  magnet. 

Since  the  deflexion  of  the  coil  is  in  the  opposite  direction  to 
the  deflexion  of  the  magnet,  these  values  of  H  and  g  will  always 
be  real. 

Weber  8  Electrodynamometer. 

725.]  In  this  instrument  a  small  coil  is  suspended  by  two 
wires  within  a  larger  coil  which  is  fixed.  When  a  current  is 
made  to  flow  through  both  coils,  the  suspended  coil  tends  to  place 
itself  parallel  to  the  fixed  coil.  This  tendency  is  counteracted 
by  the  moment  of  the  forces  arising  from  the  bifilar  suspension, 
and  it  is  also  affected  by  the  action  of  terrestrial  magnetism  on 
the  suspended  coil. 

In  the  ordinary  use  of  the  instrument  the  planes  of  the  two 
coils  are  nearly  at  right  angles  to  each  other,  so  that  the  mutual 
action  of  the  currents  in  the  coils  may  be  as  great  as  possible, 
and  the  plane  of  the  suspended  coil  is  nearly  at  right  angles  to 
the  magnetic  meridian,  so  that  the  action  of  terrestrial  magnetism 
may  be  as  small  as  possible. 
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Let  the  magnetic  aamuth  of  the  plane  of  the  fixed  eoil  be  a. 
uid  let  the  angle  which  the  nzia  of  the  suspended  eoil  makr* 
with  the  plane  of  the  tixed  coil  be  0  +  ^,  where  /3  is  the  valn- 
of  thin  angle  when  the  coil  it)  in  equilibrium  and  do  eomnt  :« 
flowing,  and  0  is  the  deflexion  due  to  the  current.  The  equotiaa 
of  equilibrium  is,  y,  being  the  current  in  the  fixed,  y^  that  la  iht 
moveable  coil, 

G^Jy^y^COli{0  +  0)-HgYil^m{e  +  fi  +  a)-F»iu0^  0. 

Let  UB  Biippoie  that  the  intitrumcDt  is  adjusted  so  that  a  uid  i 
are  both  very  small,  and  that  Utjy^  is  sn^l  compared  with  F 
We  have  in  tbia  csAe,  approximately, 

Ggy,y,cmti  _  //f/y,sin(a  +  )i)      IJGfy^l      G^^y^t*<in= 
F  F'        ~  F* 

If  the  deflexions  when  the  signs  of  y^  and  y,  are  changed  air 
OS  follows,  ^_  ^hen  y,  is  +  and  >-,  +  , 


ntf  =  - 


then  we  find 

JP 

^'''.•=  ^(/yco^d***"  ^'"^  **""»"'*"  "'"*"*•*■ 

If  it  is  the  samo  current  which  flows  throu;rh  both  eoila  wa  muj 
put  >■,>,  =■  7*,  and  thus  obtain  tho  value  of  y. 

When  the  curn-nbi  an-  not  %'cry  constant  it  is  best  to  adoft 
thix  nivilKHl,  whii-li  in  calli-I  tlio  M<'tbod  uf  Tau);t'nts. 

If  tbc'  cunviiU  tire  so  ronstant  that  we  can  ailjust  ;3,  the  an^ 
of  till-  InrMion-lit-od  uf  t)u'  inxtruint-nt,  we  may  get  rid  of  the 
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the  BritiEh  Association.  We  are  indebted  to  Hr.  Clarfc  for  tk 
drawing  of  the  etectrodynamometer  in  Fig.  fi3,  in  whieh  Hcl»> 
holtz's  arrangement  of  two  coils  is  adopted  both  for  the  fixed 
and  for  the  suspended  coil  *.  The  toreion-bead  of  the  instmiDm. 
by  which  the  bitiUr  Buspension  is  adjusted,  is  represented  ia 
Fig.  fi4.  The  equality  of  the  tensions  of  the  suspension  vim  u 
ensured  by  their  being  attached  to  the  extremities   of  a  tilc 
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reflexion  of  a  scale  in  the  mirror,  shewn  just  beneath  the  axis  of 
the  suspended  coil. 

The  instrument  originally  constructed  by  Weber  is  described 
in  his  Elektrodynamiache  MacLabestimmungen.  It  was  intended 
for  the  measurement  of  small  currents,  and  therefore  both  the 
fixed  and  the  suspended  coils  consisted  of  many  windings,  and 
the  suspended  coil  occupied  a  larger  part  of  the  space  within 
the  fixed  coil  than  in  the  instrument  of  the  British  Association, 
which  was  primarily  intended  as  a  standard  instrument,  with 
which  more  sensitive  instruments  might  be  compared.  The 
experiments  which  he  made  with  it  furnish  the  most  complete 
experimental  proof  of  the  accuracy  of  Amp^e's  formula  as 
applied  to  closed  currents,  and  form  an  important  part  of  the 
researches  by  which  Weber  has  raised  the  numerical  deter- 
mination of  electrical  quantities  to  a  very  high  rank  as  regards 
precision. 

Weber's  form  of  the  electrodynamometer,  in  which  one  coil  is 
suspended  within  another,  and  is  acted  on  by  a  couple  tending 
to  turn  it  about  a  vertical  axis,  is  probably  the  best  fitted  for 
absolute  measurements.  A  method  of  calculating  the  constants 
of  such  an  arrangement  is  given  in  Art.  700. 

726.]  If,  however,  we  wish,  by  means  of  a  feeble  current,  to 
produce  a  considerable  electromagnetic  force,  it  is  better  to  place 
the  suspended  coil  parallel  to  the 
fixed  coil,  and  to  make  it  capable  of 
motion  to  or  from  it. 

The  suspended  coil  in  Dr.  Joule's 
current- weigher.  Fig.  55,  is  horizontal, 
and  capable  of  vertical  motion,  and  the 
force  between  it  and  the  fixed  coil  is 
estimated  by  the  weight  which  must 
be  added  to  or  removed  from  the  coil 
in  order  to  bring  it  to  the  same  relative 
position  with  respect  to  the  fixed  coil 
that  it  has  when  no  current  passes.  ^' 

The  suspended  coil  may  also  be  fastened  to  the  extremity  of 
the  horizontal  arm  of  a  torsion-balance,  and  may  be  placed 
between  two  fixed  coils,  one  of  which  attracts  it,  while  the  other 
repels  it,  as  in  Fig.  56. 

By  arranging  the  coils  as  described  in  Art.  729,  the  force 
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kctiiig  OD  the  stupended  ooil  may  bo  made  nearly  onifonB  withia 
a  small  distaQce  of  the  position  of  equilibrium. 

Another  ootl  may  be  fixed  to  Uie  other  extremity  of  tlie  ani 
of  the  toruon-balanoe  and  placed  between  two  fixed  ooila.  If 
the  two  suspended  ooils  are  similar,  but  with  the  eorreni  flowia| 


in  oppoaite  directions,  the  effect  of  terreetrial  magnetism  on  th« 
position  of  tlie  arm  of  the  torsion-bal&nce  will  be  complet«lT 
eliminated. 

727.]  If  the  Ruspended  coil  is  in  the  shape  of  a  long  soleooiJ. 
and  is  capable  of  rooving  parallel  to  its  axis,  so  as  to  [>&>«  inlu 
the  interior  of  a  larger  lixed  Holenoid  having  the  same  axin,  tbrn 
if  the  current  in  in  the  same  direction  in  both  ■olenoids,  the  ■ 
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which  indicates  a  nearly  uniform  force  on  a  small  suspended  coil. 
The  arrangement  of  the  coils  in  this  case  is  that  of  the  two  outer 
coils  in  the  galvanometer  with  three  coils,  described  at  Art.  715. 
See  Fig.  50. 

729.]  If  we  wish  to  suspend  a  coil  between  two  coils  placed 
so  near  it  that  the  distance  between  the  mutually  acting  wires  is 
small  compared  with  the  radii  of  the  coils,  the  most  uniform 
force  is  obtained  by  making  the  radius  of  either  of  the  outer  coils 

exceed  that  of  the  middle  one  by  -—=.  of  the  distance  between  the 

planes  of  the  middle  and  outer  coils.  This  follows  from  the 
expression  proved  in  Art.  705  for  the  mutual  induction  between 
two  circular  currents  *. 

*  { In  this  case,  if  M  is  the  mutual  potential  eneivy  of  the  inside  and  one  of  the 
ontside  coils,  then,  using  the  notation  of  Art.  705,  the  variation  in  the  force  for  a 
displacement  y  will,  since  the  coils  are  symmetrically  placed,  be  proportional  to 
d}M/d^,  The  most  important  term  in  this  expression  is  d*  log  r/dj^^  wUch  Tanishee 
when  8x'— jf*.] 
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BLECTBOMAONETIC  OB3EBTATION8. 

730.]  So  many  of  the  meunrementB  of  eleotrioal  qtuittitMi 
depend  on  obserTfttioos  of  the  motion  of  a  Titwating  bodj  that 
we  shall  devote  some  attentioD  to  the  nature  of  thia  tnotiou,  and 
the  best  methods  of  observing  it 

The  small  oecillationB  of  a  body  about  a  position  of  stabfe 
equilibriam  are,  in  general,  similar  to  those  of  a  point  acted  tm 
by  a  force  varying  directly  as  the  distance  from  a  fixed  poiaL 
In  the  ca«e  of  the  vibrating  bodies  in  our  ezperimenta  then 
IB  also  a  reaistance  to  the  motion,  depending  on  a  variety  nt 
canaoa,  such  as  the  visooaity  of  the  air,  and  that  of  the  sosponiioa 
6bre.  In  many  electrical  inatruments  there  is  another  eaiwe  of 
resi^tanoe,  namely,  the  reflex  action  of  eurrenta  Indnoed  in  eo*- 
ducting  oireuits  placed  near  vibrating  magnets.  These  carieBt* 
are  indnoed  by  the  motion  of  the  magnet,  and  their  action  on  th« 
magnet  is,  by  the  law  of  Lenz,  invariably  opposed  to  its  n 
This  is  in  many  oases  the  principal  part  of  the  resistance. 

A  metallic  circuit,  called  a  Damper,  is  sometimes  placed  i 
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731.]  The  following  application,  by  Professor  Tait*,  of  the 
principle  of  the  Hodograph,  enables  us  to  investigate  this  kind 
of  motion  in  a  very  simple  manner  by  means  of  the  equiangular 
spiral. 

Let  it  be  required  to  find  the  acceleration  of  a  particle  which 
describes  a  logarithmic  or  equiangulai*  spiral  with  uniform  angular 
velocity  o)  about  the  pole. 

The  propei*ty  of  this  spiral  is,  that  the  tangent  PT  makes 
with  the  radius  vector  PS  a  constant  angle  a. 

If  V  is  the  velocity  at  the  point  P,  then 

v.sin-a  =  (Mi.SP. 

Hence,  if  we  draw  SP^  parallel  to  PT  and  equal  to  SPy  the 
velocity  at  P  will  be  given  both  in  magnitude  and  direction  by 


V  = 


0) 


sma 


SP". 


Fig.  67. 

Hence  P'  will  be  a  point  in  the  hodograph.  But  SP^  is  SP 
turned  through  a  constant  angle  ir— a,  so  that  the  hodograph 
described  by  R  is  the  same  as  the  original  spiral  turned  about 
its  pole  through  an  angle  ir—a. 

The  acceleration  of  Pis  represented  in  magnitude  and  direction 

by  the  velocity  of  P'  multiplied  by  the  same  factor,  - 


Bin  a 


*  Proe.  B.  8.  Edin,,  Deo.  16, 1S67. 
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Hence,  if  we  perforni  on  typ"  the  same  opention  of 
through  an  angle  «— a  into  the  poeition  SP",  the 
P  will  be  equal  in  magnitude  and  direction  to 

"!  SJ-. 

Bin' a 
where  SP"  U  equal  to  SP  turned  through  an  angle  3t—  >«. 
If  we  draw  PF  c(|ual  and  parallel  to  SP",  the  acccictmtioa 

will  be  ~ — -  PF,  which  we  may  resolve  into 
8in'a 

^^P.S'and  -^PK. 
Biu'a  Bin*o 

The  first  of  these  components  is  a  oentral  acceleration  towank 

S  proportionaJ  to  the  distance. 

The  second  is  in  a  direction  opposite  to  the  velocity,  and  upc 

PK  =  2C08  aP'S  =  -  " 

this  acceleration  may  be  written 


2 (■ 


The  acceleration  of  the  particle  is  therefore  oompoanded  of  t«v 
parts,  the  first  of  which  is  due  to  an  attractive  force  itr,  dircctni 
towards  S,  and  proportional  to  the  distance,  and  tlie  aecond  t* 
—  2Jn<,  a  reaistanoe  to  the  motion  proportional  to  the  veloeitT. 
where 

<u-  ,   ,  COHO 

fi  =  — ■—    and  k  =  w  -:—    - 


If  in  these  expreuions  we  make  °  =  „.  the  orbit  beooiiM*  a 
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We  have  therefore  a  complete  construction  for  the  rectilinear 
motion  of  a  point,  subject  to  an  attraction  proportional  to  the 
distance  from  a  fixed  point,  and  to  a  resistance  proportional  to 
the  velocity.  The  motion  of  such  a  point  is  simply  the  hori- 
zontal part  of  the  motion  of  another  point  which  moves  with 
uniform  angular  velocity  in  a  logarithmic  spiral. 

733.]  The  equation  of  the  spiral  is 

r  =  (7e-*<»'«. 

To  determine  the  horizontal  motion,  we  put 

<f)  =  (otj        a;  =  a4-rsin<^, 
where  a  is  the  value  of  x  for  the  point  of  equilibrium. 

If  we  draw  BSD  making  an  angle  a  with  the  vertical,  then 
the  tangents  BX,  DY,  GZ,  &c.  will  be  vertical,  and  X,  F,  Z,  &c. 
will  be  the  extremities  of  successive  oscillations. 

734.]  The  observations  which  are  made  on  vibrating  bodies 
are — 

(1)  The  scale-reading  at  the  stationary  points.  These  are 
called  Elongations. 

(2)  The  time  of  passing  a  definite  division  of  the  scale  in  the 
positive  or  negative  direction. 

(3)  The  scale- reading  at  certain  definite  times.  Observations 
of  this  kind  are  not  often  made  except  in  the  case  of 
vibrations  of  long  period  * 

The  quantities  which  we  have  to  determine  are — 

(1)  The  scale-reading  at  the  position  of  equilibiium. 

(2)  The  logarithmic  decrement  of  the  vibrations. 

(3)  The  time  of  vibration. 

To  determine  the  Reading  at  the  Position  of  Equilibrium 
from  Three  Consecutive  Elongations. 

735.]  Let  x^j  x^^  x^  be  the  observed  scale-readings,  correspond- 
ing to  the  elongations  X,  F,  Z,  and  let  a  be  the  reading  at  the 
position  of  equilibrium,  S^  and  let  r^  be  the  value  of  SB^ 

Xi  —  a  =     r,  sin  a, 

x^^a  =  —  r^sinae"'***, 


2vooia 


a^—a=     r^smac" 

*  See  Gaan  and  W.  Weber,  EendtaU  da  wut^uMitehmi  Vermin*,  18S6.  Chap-  H* 
pp.  84-60. 
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From  these  values  we  fiod 

{a;,-a)(ic,-a)  =  («,-a)*, 

,  x,x,  —  xJ 

whence        a  =  — *-^ — ^ — 

When  fl^  does  not  differ  much  from  Xi  we  mmj  oae  m  m 
approximate  fonnula 

a  =  l(ar,  + 2  *,  +  «,). 


To  dftermijie  the  Logarithmic  Dwrmient. 
786.]  The  logarithm  of  the  ratio  of  the  ampUlDde  ot  a  Tibratioa 
to  that  of  the  next  following  is  called  the  Logarithmic  DecrcmtAL 
If  we  write  p  for  this  ratio, 

P  =  J— T'         ^  =  ^ogul*'        ^  =  log***- 
/>  is   called   the  common  l<^rithnuo  decrement,  and   A  the 
Napierian  logarithmic  decrement.    It  ia  manift.-8t  that 
k  s=  L  1(^,  10  =  »  cot  o. 

Henoe  a  =  cot"'  - 1 

w 

which  determines  the  angle  of  the  logarithmic  apiraL 

In  making  a  special  determination  of  A  we  allow  tb«  body  to 
perform  a  considerable  number  of  vibrations.  If  r,  is  the  ampli- 
tude of  the  first,  and  c,  that  of  the  n*^  vibntion, 


i-og-Q)- 


If  we  suppose  the  accuracy  of  obitenration  to  be  the  s 
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Time  of  Vibration. 

738.]  Having  determined  the  scale-reading  of  the  point  of 
equilibrium,  a  conspicuous  mark  is  placed  at  that  point  of  the 
scale,  or  as  near  it  as  possible,  and  the  times  of  the  passage  of 
this  mark  are  noted  for  several  successive  vibrations. 

Let  us  suppose  that  the  mark  is  at  an  unknown  but  very 
small  distance  x  on  the  positive  side  of  the  point  of  equilibrium, 
and  that  ^|  is  the  observed  time  of  the  first  transit  of  the  mark 
in  the  positive  direction,  and  ^2>  ^8>  ^^-  ^®  times  of  the  following 
transits. 

If  T  be  the  time  of  vibration  {i.  e.  the  time  between  two 
consecutive  passages  through  the  position  of  equilibrium},  and 
^,  j^,  I^y  &c.  the  times  of  transit  of  the  true  point  of  equilibrium, 

where  Vi,  Vg*  ^^'  ^^  ^^  successive  velocities  of  transit,  which  we 

may  suppose  uniform  for  the  very  small  distance  x. 

If  p  is  the  ratio  of  the  amplitude  of  a  vibration  to  that  of  the 

next  in  succession,  X  x  x 

Vo  = v,,  and    —  =  — p— • 

If  three  transits  are  observed  at  times  ^i,  ^2>  ^s»  ^®  ^^ 

X  ^1 """  ^  ^2  "^  '3 

The  time  of  vibration  is  therefore 

The  time  of  the  second  passage  of  the  true  point  of  equili- 
brium is  To — 1  )*  . 

P2=  i  (^l+2e2  +  y-i^^^2(^l-2^2  +  ^). 

Three  transits  are  sufficient  to  determine  these  three  quantities, 
but  any  greater  number  may  be  combined  by  the  method  of 
least  squares.     Thus,  for  five  transits^ 

The  time  of  the  third  transit  is, 
^3=*(^  +  2^2  +  2^3  +  2^,  +  g-t(^i-2^2  +  2ea-2e,  +  g|^^. 

739.]  The  same  method  mtj  be  extended  to  a  series  of  any 
number  of  vibrations.    If  the  vibrations  are  so  rapid  that  the 
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time  of  every  tramit  osimot  be  recorded,  we  111*7  neotd  th* 
time  of  every  third  or  every  fifth  transit,  taking  ears  that  tW 
directions  of  suoo^sive  tTansita  are  opposite.  If  the  Tibtatiaai 
continue  regular  for  a  long  time,  we  need  not  obaerre  during  tk 
whole  time.  We  may  begin  by  obaerving  a  suffieieDi  nnmber  td 
transits  to  determine  approximately  the  time  of  vibratioo.  T. 
and  the  time  of  the  middle  transit,  P,  noting  whether  thta  tzasM: 
is  in  the  positive  or  the  negative  direction.  We  may  then  eitfafr 
go  on  counting  the  vibnitions  without  recording  the  times  ef 
transit,  or  we  may  leave  the  apparatus  nnwatohed.  We  ihca 
observe  a  second  aeries  of  transits,  and  deduce  the  time  of 
vibration  T  and  the  time  of  middle  transit  I",  noting  iit 
direction  of  this  transit 

If  T  and  T,  the  tiroes  of  vibration  as  deduced  from  the  tm 
sets  of  observations,  are  nearly  equal,  we  may  proceed  to  a 
more  accurate  determination  of  the  period  by  oombining  the 
two  series  of  observations. 

Dividing  P'—P  by  T,  the  quotient  ought  to  be  wj  tieariy 
an  integer,  even  or  odd  according  as  the  transits  P  and  J**  an 
in  the  same  or  in  opposite  directions.  If  this  is  not  the  owe, 
the  series  of  observations  is  worthless,  but  if  the  result  is  verr 
nearly  a  whole  number  n,  we  divide  P'  —  P  hy  n,  and  thus  Bad 
the  mean  value  of  T  for  the  whole  time  of  swin^ng. 

740.]  The  time  uf  vibration  T  thus  found  is  the  actoal  mwi 
time  of  vibration,  and  is  subjeot  to  corrections  if  we  wish  l« 
deduce  from  it  the  time  of  vibration  in  infinitely  small  arcs  aai 
without  damping. 

'I'i   !■■   ii:r-'  i'i.'   .ili-iTVi  1  timi-   M  ih"  tinv  in   infinit."lv  Mnall 
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To  find  the  time  Tq  when  there  is  no  damping,  we  have  Art.  731 

To=  r^sina 

=  ^1       "^ 


741.]  The  equation  of  the  rectilinear  motion  of  a  body,  attracted 
to  a  fixed  point  {by  a  force  proportional  to  the  distance}  and 
resisted  by  a  force  varying  as  the  velocity,  is 

g+2*g  +  a.«(x-a)  =  0.  (1) 

where  x  is  the  coordinate  of  the  body  at  the  time  t^  and  a  is  the 
coordinate  of  the  point  of  equilibrium. 
To  solve  this  equation,  let 

ic— a  =  e"*'y;  (2) 

then  §+(«'-*^')y  =  0;  (3) 

the  solution  of  which  is 


y  =  Ocos  ( y/ui^—k^t  +  a),  when  k  is  less  than  o) ;  (4) 

y  =  A-^-Bty  when  k  is  equal  to  w  ;  (5) 

and    y  =  C cos h ( ^k^^  —  o)*^  +  a),  when  k  is  greater  than ».     (6) 

The  value  of  x  may  be  obtained  from  that  of  y  by  equation  (2). 
When  k  is  less  than  o),  the  motion  consists  of  an  infinite  series  of 
oscillations,  of  constant  periodic  time,  but  of  continually  de- 
creasing amplitude.  As  k  increases,  the  periodic  time  becomes 
longer,  and  the  diminution  of  amplitude  becomes  more  rapid. 

When  k  (half  the  coefficient  of  resistance)  becomes  equal  to  or 
greater  than  oi,  (the  square  root  of  the  acceleration  at  unit 
distance  from  the  point  of  equilibrium,)  the  motion  ceases  to  be 
oscillatory,  and  during  the  whole  motion  the  body  can  only 
once  pass  through  the  point  of  equilibrium,  after  which  it 
reaches  a  position  of  greatest  elongation,  and  then  returns 
towards  the  point  of  equilibrium,  continually  approaching,  bat 
never  reaching  it. 

Galvanometers  in  which  the  resistance  is  so  great  that  the 
motion  is  of  this  kind  are  called  dead  heat  galvanometers. 
They  are  useful  in  many  experiments,  but  especially  in  tele- 
graphic signalling,  in  which  the  existence  of  free  vibrations 
would  quite  disguise  the  movements  which  are  meant  to  be 
observed. 

Whatever  be  the  values  of  k  and  m,  the  value  of  a,  the  scale- 
reading  at  the  point  of  equilibrium,  may  be  deduced  from  five 
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ecale-resdiogs,  p,  q,  r,  s,  t,  tftkea  at  equal  iotervBla  of  timt,  hj 
the  fonnul& 

q  [n-qt)  +  T(pt-r')  +  s(qr-p») 
"  (j}-2q  +  r)(r~28  +  t)-{q-2r+B)'' 

On  the  Olmrvation  of  the  GtdvanomHer. 

742.]  To  mesAure  a  constant  current  with  the  tangent  galvaaft- 
meter,  the  instrumeot  U  adjusted  with  the  plane  of  iU  eoik 
parallel  to  the  magnetic  meridian,  and  the  zero  reading  ia  taks. 
Ttie  ourrent  is  then  made  to  pass  through  the  ooUe.  and  ikc 
deflexion  of  the  luognet  correeponding  to  its  new  poaition  of 
equilibrium  is  observed.     Let  this  be  denoted  by  ^. 

Then,  if  H  is  the  horizontal  magnetic  force,  Q  the  eoeffietcst 
of  the  galvanometer,  and  y  the  strength  of  the  corrent. 


G 


(U 


If  the  coefficient  of  torsion  of  the  suspenmon  fibre  ia  tMH  (sm 
Art.  462),  we  must  use  the  corrected  formula 

y  =  g  (tan^  +  T^sec^).  (Si 

Bea  valve  of  the  DeJUxion. 

743.]  In  some  galvanometers  the  number  of  winding*  of  tbt 
coil  through  which  the  cum-nt  flows  can  be  altered  at  ple*MiTfc 
In  others  a  known  fraction  of  the  current  can  bo  diverted  froB 
the  galvanometer  by  a  conductor  called  a  Shunt     In  either  cast 


744-]  METHOD   OF   APPLYING  THE   CURRENT.  383 

as  nearly  equal  to  if  as  is  possible ;  so  that  for  strong  currents  it 
is  better  not  to  use  too  sensitive  a  galvanometer. 

On  the  Bed  Method  of  applying  the  Current, 

744.]  When  the  observer  is  able,  by  means  of  a  key,  to  make 
or  break  the  connexions  of  the  circuit  at  any  instant,  it  is 
advisable  to  operate  with  the  key  in  such  a  way  as  to  make 
the  magnet  arrive  at  its  position  of  equilibrium  with  the  least 
possible  velocity.  The  following  method  was  devised  by  Gauss 
for  this  purpose. 

Suppose  that  the  magnet  is  in  its  position  of  equilibrium,  and 
that  there  is  no  current.  The  observer  now  makes  contact  for  a 
short  time,  so  that  the  magnet  is  set  in  motion  towards  its  new 
position  of  equilibrium.  He  then  breaks  contact.  The  force  is 
now  towards  the  original  position  of  equilibrium,  and  the  motion 
is  retarded.  If  this  is  so  managed  that  the  magnet  comes  to  rest 
exactly  at  the  new  position  of  equilibrium,  and  if  the  observer 
again  makes  contact  at  that  instant  and  maintains  the  contact, 
the  magnet  will  remain  at  rest  in  its  new  position. 

If  we  neglect  the  effect  of  the  resistances  and  also  the 
inequality  of  the  total  force  acting  in  the  new  and  the  old 
positions,  then,  since  we  wish  the  new  force  to  generate  as  much 
kinetic  energy  during  the  time  of  its  first  action  as  the  original 
force  destroys  while  the  circuit  is  broken,  we  must  prolong  the 
first  action  of  the  current  till  the  magnet  has  moved  over  half 
the  distance  from  the  first  position  to  the  second.  Then  if  the 
original  force  acts  while  the  magnet  moves  over  the  other  half 
of  its  course,  it  will  exactly  stop  it.  Now  the  time  required  to 
pass  from  a  point  of  greatest  elongation  to  a  point  half  way  to 
the  position  of  equilibrium  is  one-third  of  the  period,  from  rest 
to  rest. 

The  operator,  therefore,  having  previously  ascertained  the  time 
of  a  vibration  from  rest  to  rest,  makes  contact  for  one-third  of 
that  time,  breaks  contact  for  another  third  of  the  same  time, 
and  then  makes  contact  again  during  the  continuance  of  the  ex- 
periment. The  magnet  is  then  either  at  rest,  or  its  vibrations  are 
so  small  that  observations  may  be  taken  at  once,  without  waiting 
for  the  motion  to  die  away.  For  this  purpose  a  metronome 
may  be  adjusted  so  as  to  beat  three  times  for  each  vibration  of 
the  magnet. 
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The  rale  is  BOmewhat  mora  complicated  when  the  reiiilBti  m 
of  sufficient  mftgnitude  to  be  taken  into  account,  but  in  this  eaw 
the  vibrations  die  away  so  fast  that  it  is  unnecessary  to  apply 
any  corrections  to  the  rule. 

When  the  mafpet  is  to  be  restored  to  its  original  pOMtion,  tbr 
circuit  is  broken  for  one-third  of  a  vibration,  made  again  for  >a 
equal  time,  and  finally  broken.  This  leaves  Uie  magnet  at  nu 
in  its  former  position. 

If  the  reversed  reading  is  to  be  taken  immediately  aAer  tbr 
direct  one,  the  circuit  is  broken  for  the  time  of  a  single  vibia- 
tion  and  then  reversed.  This  brings  the  magnet  to  rest  in  the 
reversed  position. 

MtiiiturcTnfnt  by  the  Find  Su-iny. 
745.]  When  there  is  no  time  to  make  more  than  one  ohaerra- 
tion,  the  current  may  be  measured  by  the  extreme  elongstioo 
observed  in  the  first  swing  of  the  magnet.  If  there  i-t  no  re> 
xislance,  the  permanent  deflexion  4>  is  half  the  extreme  eloogmtion. 
If  the  resistance  is  such  that  the  ratio  of  uue  vil»atiun  to  tb« 
next  is  p,  and  if  $^  is  the  zero  reading,  and  0,  the  extmiM 
elongation  in  the  tirst  swing,  the  deflexion,  0,  corresptHiding 
to  the  point  of  e<|uilihrium  is 

In  this  way  the  deflexion  may  be  calculated  without  waiting 
for  the  magnet  to  come  to  rest  in  ib*  position  of  equilibrium. 
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observation  are  eliminated.  The  operator,  by  carefully  timing 
the  making  and  breaking  of  contact,  can  easily  regulate  the 
extent  of  the  vibrations,  so  as  to  make  them  sufficiently  small 
without  being  indistinct.  The  motion  of  the  magnet  is  graphi- 
cally represented  in  Fig.  58,  where  the  abscissa  represents  the 
time,  and  the  ordinate  the  deflexion  of  the  magnet.  If  6i..,6q 
be  the  observed  algebraical  values  of  the  elongations,  the  de- 
flexion is  given  by  the  equation 


Pig.  58. 


Method  of  Mvitiplicdtion. 

747.]  In  certain  cases,  in  which  the  deflexion  of  the  galva- 
nometer magnet  is  very  small,  it  may  be  advisable  to  increase 
the  visible  effect  by  reversing  the  current  at  proper  intervals,  so, 
as  to  set  up  a  swinging  motion  of  the  magnet.  For  thispurpose 
after  ascertaining  the  time,  T,  of  a  single  vibration  { i.  e.  one 
from  rest  to  rei^t)  of  the  magnet,  the  current  is  sent  in  the 
positive  direction  for  a  time  T,  then  in  the  reverse  direction  for 
an  equal  time,  and  so  on.  When  the  motion  of  the  magnet  has 
become  visible,  we  may  make  the  reversal  of  the  current  at  the 
observed  times  of  greatest  elongation. 

Let  the  magnet  be  at  the  positive  elongation  ^q,  and  let  the 
current  be  sent  through  the  coil  in  the  negative  direction.  The 
point  of  equilibrium  is  then  —  ^,  and  the  magnet  will  swing  to 
a  negative  elongation  B^,  such  that 

or         -p<?i  =  ^o  +  (p  +  l)*- 
Similarly,  if  the   current  is   now  made   positive  while    the 
magnet  swings  to  0^^ 

or        P^^,=  ^o  +  (p+l)'*; 
and  if  the  current  is  reversed  n  times  in  succession,  we  find 


(-l)-d.  =  p-d,+  ^±l(l-p-}</>, 


VOL.  II. 
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whcDce  wo  may  find  ^  in  the  form 

If  n  is  a  number  bo  great  that  p~'  may  be  negleeted,  the  «i- 
pression  becomes  „  _  1 

p+  1 

The  application  of  this  mcthotl  to  exact  measurement  reqairr' 
an  accurate  knowludge  of  p,  tlie  ratio  of  one  vibrmtion  of  Uv 
magnet  to  the  next  under  the  influence  of  the  resistAnom  whtd 
it  experiences.  The  uncertainties  arising  from  the  difficaiiy  tf 
avoiding  irregularities  in  the  value  of  p  geooratly  outweifrh  thr 
advantages  of  the  large  angular  elongation.  It  is  only  wh«t« 
we  wish  to  establish  the  existence  of  a  very  small  carrent  bi 
canning  it  to  produce  a  visible  movement  of  the  needle  that  th:i 
method  is  rt-ally  valuable. 

On  tfit  ifentmremtnt  0/  Traneient  Currents, 
748.]  When  a  current  lasta  only  during  a  very  small  ftmcti«a 
of  the  time  of  vibration  of  the  galvanometer-magnet,  thf  wboi< 
quantity  of  electricity  transmitted  by  the  current  may  tv 
incasurod  by  the  angular  velocity  communicated  to  the  magnet 
during  the  passage  of  the  current,  and  this  may  be  (leterouit«>i 
from  the  elongation  of  the  tirst  vibration  of  the  magnet. 

If  we  neglect  the  reaiiitancu  which  damps  the  vibrations  of  tbf 
magnt't,  tht-  investigHtion  liecomcs  very  simple. 

I^'t  y  i<v  tile  intensity  of  the  current  at  any  in.'itant,  and  Q  the 
([uautity  of  electricity  which  it  transmits,  then 
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This  shews  that  the  passage  of  the  quantity  Q  produces  an  angular 
momentum  MGQ  cos  6^  in  the  magnet,  where  Oq  is  the  value  of  0 
at  the  instant  of  passage  of  the  current.  If  the  magnet  is 
initially  in  equilibrium,  we  may  put  d^,  =  0,  C  =  0. 

The  magnet  then  swings  freely  and  reaches  an  elongation  6^ . 
If  there  is  no  resistance,  the  work  done  against  the  magnetic 
force  during  this  swing  is  MH  (l  —cos  ^,). 

The  energy  communicated  to  the  magnet  by  the  current  is 

Equating  these  quantities,  we  find 


de 

~dt 


=  2-^(l-C0sdi),  (4) 


whence  g  =  2  ^y/^ein  i^,, 

=  ^Qby(3).  (6) 

But  if  T  be  the  time  of  a  single  vibration  of  the  magnet  from 
rest  to  rest, 

H  T 
and  we  find  Q  =  77  - 2  sin  i  (?,,  (7) 

Cr  w 

where  H  is  the  horizontal  magnetic  force,  0  the  coeflScient  of 
the  galvanometer,  T  the  time  of  a  single  vibration,  and  Oy  the 
first  elongation  of  the  magnet. 

749.]  In  many  actual  experiments  the  elongation  is  a  small 
angle,  and  it  is  then  easy  to  take  into  account  the  effect  of  re- 
sistance, for  we  may  treat  the  equation  of  motion  as  a  linear 
equation. 

Let  the  magnet  be  at  rest  at  its  position  of  equilibrium,  let  an 
angular  velocity  v  be  communicated  to  it  instantaneously,  and 
let  its  first  elongation  be  0^. 

The  equation  of  motion  is 

d  =  Ce--i'*-»^sina)ie,  (8) 

dQ 

=  (7»iSec^«--i«*«^cos(coje  +  i3).  (9) 

1  d6       ^ 
When  ^  =  0,  ^  =  0,  and  -jr  =  <7««>i  =  v. 

c  c  a 
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e  =  Ce"G"')'"'c<»j8  =  0,.  (I". 

Hence                      0,  =  -e'^''''''"'coap.  ill 

Now  by  Art.  (741)     ^''  =  »»  =  -,»"««'^'  "- 

tan/3  =  ^.          »,  =  ^.  '11 

and  by  equation  (5)          ^'  ~    'a'  ^'  ' " 


H       f. 


Hence  tf,  = 

which  gives  the  fint  elongation  in  terms  of  the  quantity  af 
electricity  in  the  tranaient  current,  and  conversely,  where  T 
is  the  observed  time  of  a  single  vibratiuD  as  affected  tty  tb« 
actual  reaiHtance  of  damping.  Wliun  A  in  mnall  we  mfty  ow 
the  approximate  formula 

//  T 

<2  =  y  ,(i  +  *A)(i,.  (ir- 

.\ftlIiod  of  RecoU. 
750.]  The  metho<l  given  above  8Upposi-s  the  magnet  to  be  al 
rettt  in  it«  pottitiun  of  e<{uilibrium  when  the  transient  cumnt  i» 
paiuicd  through  the  coil.     If  wo  wish  to  repeat  the  experimcM 
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The  velocity  instantaneously  communicated  to  the  magnet  at 
starting  is  j^q 

Vo  =  ^Qo-  (20) 

When  it  returns  through  the  point  of  equilibrium  in  a  negative 
direction  its  velocity  will  be 

t;j  =  — t;e-\  (21) 

The  next  negative  elongation  will  be 

^2  =  -6;,e-'^  =  6j.  (22) 

When  the  magnet  returns  to  the  point  of  equilibrium,  its  velocity 
will  be 


Vg  =  v^e-^K  (23) 

Now  let  an  instantaneous  current,  whose  total  quantity  is 

—  Q,  be  transmitted  through  the  coil  at  the  instant  when  the 

magnet  is  at  the  zero  point.     It  will  change  the  velocity  v.^  into 

r.,  — V,  where  \fn. 

V  =  ~Q.  (24) 

If  Q  is  greater  than  QqC'^^  the  new  velocity  will  be  negative 
and  equal  to  MG 

The  motion  of  the  magnet  will  thus  be  reversed,  and  the  next 
elongation  will  be  negative, 

0,  =  -K{Q-  Q,e-'  ^)  =  c^  =  -KQ  +  0,e-'  \  (25) 

The  magnet  is  then  allowed  to  come  to  its  positive  elongation 

6^  =  -^3^-^  =  cifi  =  e-^iKQ-^a^e-^^),  (26) 

and  when  it  again  reach^  the  point  of  equilibrium  a  positive 
current  whose  quantity  is  Q  is  transmitted.  This  throws  the 
magnet  back  in  the  positive  direction  to  the  positive  elongation 

e,^KQ  +  0^e'^^;  (27) 

or,  calling  this  the  first  elongation  of  a  second  series  of  four, 

a2  =  /f(2(l-€-2A)  +  ^^g-4A,  (28) 

Proceeding  in  this  way,  by  observing  two  elongations  +  and  — , 
then  sending  a  negative  current  and  observing  two  elongations 
—  and  + ,  then  sending  a  positive  current,  and  so  on,  we  obtain 
a  series  consisting  of  sets  of  four  elongations,  in  each  of  which 

^-^  =  .-\  (29) 


a—c 
(a-6)c-»*+d-c 


and  ^(2  =  ^^^;:?^^  (30) 
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If  n  seriea  of  elongations  have  been  observed,  then  we  fiad  t 

logarithmic  decremont  from  the  equation 

2  (a)- 2(c) 
and  Q  from  tbe  equation 
KQ{l+e'^}(2n-l) 


Tbe  motion  of  tbe  magnet  in  tbe  method  of  reooil  is  f^impl 
cally  represented  in  Fig.  89,  where  the  abacissa  represenu  ti 
time,  and  the  ordinate  the  deflexion  of  tho  magnet  at  that  tin 
See  Art.  760. 

Method  of  ifaitijiliration. 

751.]  If  we  make  tbe  tranHiont  curruat  pass  every  time  thi 

the  magnet  passeti  through  thu  zero   point,  and  alwa^-s  no  t 

to  increase  the  velocity  of  thu  magnet,  then,  if  it,,  (*,,  fce.  «i 

the  successive  elongations, 

«,  =  -A'Q-e-/tf,.  (j: 
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to  act  on  the  moving  magnet  of  the  galvanometer,  it  is  essential 
that  the  whole  current  should  pass  while  the  distance  of  the 
magnet  from  the  zero  point  remains  a  small  fraction  of  the 
total  elongation.  The  time  of  vibration  should  therefore  be 
large  compared  with  the  time  required  to  produce  the  current, 
and  the  operator  should  have  his  eye  on  the  motion  of  the 
magnet,  so  as  to  regulate  the  instant  of  passage  of  the  current 
by  the  instant  of  passage  of  the  magnet  through  its  point  of 
equilibrium.  - 

To  estimate  the  eiTor  introduced  by  a  failure  of  the  operator 
to  produce  the  current  at  the  proper  instant,  we  observe  that 
the  effect  of  an  impulse  in  increasing  the  elongation  varies  as 

e***"^cos(</)  +  ^),* 

and  that  this  is  a  maximum  when  <^=0.  Hence  the  error 
arising  from  a  mistiming  of  the  current  will  always  lead  to 
an  under-estimation  of  its  value,  and  the  amount  of  the  error 
may  be  estimated  by  comparing  the  cosine  of  the  phase  of  the 
vibration  at  the  time  of  the  passage  of  the  current  with  unity. 

*  { I  liave  not  succeeded  in  verifying  this  expression ;  using  the  notation  of  Art.  748. 
I  find  that  the  elongation  when  the  impulse  is  applied  at  ip  bears  to  the  elongation 
produced  by  the  same  impulse  when  <p  =*  0  the  ratio 

'  r^      MGQ      I' 

where  <p  has  been  assumed  to  be  so  small  that  its  squares  and  higher  powers  may  be 
neglected,  j 
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Experimental  DetemilTuttum  of  the  Electrual  Couttants 

,/„£•„;/. 

753.]  We  bavti  setsn  in  Art.  717  that  in  a  Bensitive  galvsoo- 
met«r  the  coils  should  be  of  Binall  radius,  and  should  eonlaia 
many  windings  of  the  wire.  It  would  be  extremely  diffieah 
to  determine  the  electrical  conatanta  of  such  a  coil  by  dircA 
measurement  of  ito  form  and  dimensions,  even  if  we  ooaU 
obtain  acoeiui  to  every  winding  of  the  wire  in  order  to  mramn 
it  But  in  fact  the  greater  number  of  the  windings  are  not  oolj 
completely  hidden  by  the  outer  windings,  but  we  are  uncertaia 
whether  the  pressure  of  the  outer  windings  may  Dot  hav' 
altered  the  form  of  the  inner  ones  afler  the  coiling  of  the  wire. 

It  is  better  therefore  to  determine  the  electrical  eonstanu  of 
the  coil  by  direct  electrical  comparison  with  a  standard  enl 
whose  coiiAtants  are  known. 

Since  the  dimi.'nnionN  of  the  standard  coil  must  l>o  determiitni 
by  actual  rat'asurenient,  it  must  l>e  made  of  considerable  tue. 
HO  that  the  unavoidable  error  of  iiicasuri'ment  of  its  diamttcT 


753-]  CONSTANTS   OP   A   COIL.  393 

The  principal  constants  which  we  wish  to  determine  are- 


(1)  The  magnetic  force  at  the  centre  of  the  coil  due  to  a 
unit-current.     This  is  the  quantity  denoted  by  G^  in  Art.  700. 

(2)  The  magnetic  moment  of  the  coil  due  to  a  unit-current. 
This  is  the  quantity  g^, 

753.]  To  determine  G^.  Since  the  coils  of  the  working  galva- 
nometer are  much  smaller  than  the  standard  coil,  we  place  the 
galvanometer  within  the  standard  coil,  so  that  their  centi*es 
coincide,  the  planes  of  both  coils  being  vertical  and  parallel 
to  the  earth's  magnetic  force.  We  have  thus  obtained  a  diflFer- 
ential  galvanometer  one  of  whose  coils  is  the  standard  coil,  for 
which  the  value  of  G^  is  known,  while  the  constant  of  the  other 
coil  is  Cr/,  the  value  of  which  we  have  to  determine. 

The  magnet  suspended  in  the  centre  of  the  galvanometer  coil 
is  acted  on  by  the  currents  in  both  coils.  If  the  strength  of  the 
current  in  the  standard  coil  is  y,  and  that  in  the  galvanometer 
coil  y\  then,  if  these  currents  flowing  in  opposite  directions  pro- 
duce a  deflexion  5  of  the  magnet, 

^tan5=  GiV-Giy,  .  (l) 

where  //  is  the  horizontal  magnetic  force  of  the  earth. 

If  the  currents  are  so  an-anged  as  to  produce  no  deflexion,  we 
may  find  G/  by  the  equation 

(?/  =  4<?a.  (2) 

y 

We  may  determine  the  ratio  of  y  to  y'  in  several  ways.  Since 
the  value  of  G^  is  in  general  greater  for  the  galvanometer  than 
for  the  standard  coil,  we  may  arrange  the  circuit  so  that  the 
whole  current  y  flows  through  the  standard  coil,  and  is  then 
divided  so  that  y'  flows  through  the  galvanometer  and  resistance 
coils,  the  combined  resistance  of  which  is  iJ^,  while  the  re- 
mainder y—y  flows  through  another  set  of  resistance  coils  whose 
combined  resistance  is  R,^. 

<>f  iu  various  parts.  Hence  any  concealed  flaw  in  the  continuity  of  the  metal  may 
cause  the  main  stream  of  electricity  to  flow  either  close  to  the  outside  or  close  to  the 
inside  of  the  circular  ring.  Thus  the  true  path  of  the  current  becomes  uncertain, 
l^sides  this,  when  the  current  Hows  only  once  round  the  circle,  esi)ecial  care  is 
necessary  to  avoid  any  action  on  the  suspended  magnet  due  to  the  current  on  its 
way  to  or  from  the  circle,  because  the  current  in  the  electrodes  is  equal  to  that  in 
the  circle.  In  the  construction  of  many  instruments  the  action  of  this  part  of  the 
current  seems  to  have  been  altogether  lost  sight  of. 

The  moit  perfect  nietliod  is  to  make  one  of  the  electrodes  in  the  form  of  a  metal 
tube,  and  the  other  a  wire  covered  with  insulating  material,  and  placed  inside  the 
tube  and  concentric  with  it.  The  external  action  of  the  electrodes  when  thus  arranged 
is  zero,  by  Art.  683. 
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We  have  then,  by  Art.  276, 

or         '  =     '„    '•  \l 

„d        e,-=  ?!  +  *.(;_.  ,i 

If  there  ill  any  uDcerttunty  &bout  the  actual  rcsistuic^  of  tl^ 
gaWanometer  coil  (on  account,  say,  of  an  unoertainty  as  to  it* 
tempeiatun.-)  we  may  add  resistance  coils  to  it,  so  that  the  n»i>t- 
ancQ  of  the  galvanoiDctC'ritNclf  forms  but  a  Hmall  part  of  A,,  an-! 
thus  introduces  but  little  uncertainty  into  tlic  final  rettolt. 

754.]  To  determine  ij^,  the  magnetic  moment  of  a  small  eii^ 
due  to  a  unit  current  flowing  through  it,  the  magnet  is  still  hp- 
ponded  at  the  centre  of  the  standard  coil,  but  the  small  ttn'. 
u  moved  paralkl  to  iUself  along  the  common  axis  of  hwtb  coil*. 
till  the  uamv  current,  flowing  in  opposite  directions  round  tfcr 
coils,  no  longer  detiectH  the  magnet.  If  the  distance  botwvrs 
the  centres  of  the  coiLs  is  r,  we  lia%-e  now  (Arl  700) 


1  ^         ^t         ^s 


By  repeating  the  experiment  with  the  small  coil  on  the  o[^k~ 
Hite  xide  of  the  standard  coil,  and  mea»uriDg  the  dUtanc*  l>vtw«vB 
the  jKisitiunit  of  the  small  cuil,  we  eliminate  the  uncertain  em< 
in  the  determination  of  the  position  of  the  centres  of  the  ma^DM 
and  of  the  nmall  cuil,  and  wo  gut  rid  of  the  terms  in  -/j,  g^.  kc. 

If  the  Htandaril  coil  ia  so  axran)^ed  that  we  can  aend  Uk 
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Comixirison  of  Coefficients  of  Induction. 

755.]  It  is  only  in  a  small  number  of  cases  that  the  direct 
calculation  of  the  coeiGcients  of  induction  from  the  form  and 
position  of  the  circuits  can  be  easily  performed.  In  order  to 
attain  a  sufficient  degree  of  accuracy,  it  is  necessary  that  the 
distance  between  the  circuits  should  be  capable  of  exact  measure- 
ment. But  when  the  distance  betweeti  the  circuits  is  suffi- 
cient to  prevent  errors  of  measurement  from  introducing  large 
errors  into  the  result,  the  coefficient  of  induction  itself  is  neces- 
sarily very  much  reduced  in  magnitude.  Now  for  many  experi- 
ments it  is  necessary  to  make  the  coefficient  of  induction  large, 
and  we  can  only  do  so  by  bringing  the  circuits  close  together, 
so  that  the  method  of  .direct  measurement  becomes  impossible, 
and,  in  order  to  determine  the  coefficient  of  induction,  we  must 
compare  it  with  that  of  a  pair  of  coils  arranged  so  that  their 
coefficient  may  be  obtained  by 
direct  measurement  and  calcu- 
lation. 

This  may  be  done  as  follows : 

Let  A  and  a  be  the  standard 
pair  of  coils,  B  and  b  the  coils  to 
be  compared  with  them.  Con- 
nect A  and  B  in  one  circuit, 
and  place  the  electrodes  of  the 
galvanometer,  G,  at  P  and  Q, 
so  that  the  resistance  of  PAQ 
is  R,  and  that  of  QBP  is  S,  K 
being  the  resistance  of  the  galvanometer.  Connect  a  and  b  in 
one  circuit  with  the  battery. 

Let  the  current  in  -4.  be  ap,  that  in  -B,  y,  and  that  in  the  gal- 
vanometer, X  — y,  that  in  the  battery  circuit  being  y. 

Then,  if  M^  is  the  coefficient  of  induction  between  A  and  a,  and 
ilf^  that  between  B  and  6,4the  integral  induction  current  through 
the  galvanometer  at  breaking  the  battery  circuit  is 


Fig.  60. 


x-y-y 


S 


Ml 

R 


,      K      K 
^^R^-S 


(8) 


By  adjusting  the  resistances  R  and  S  till  there  is  no  current 
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tbrougb  the  galvanometer  at  inakiDg  or  breaking  the  baUnr 
circuit,  thu  ratio  of  M^  to  J/,  may  be  detertnined  by  mcawiriB^ 
that  of  S  to  R. 

*  [The  expressioa  (8)  may  be  proved  as  followa:  Let  £,.  L.. 
N  anil  r  be  the  cuefHcientA  of  self-induction  of  tba  eoils  A.B.m^ 
and  the  galvanometer  rexpectively.  The  kinetie  energy  7*  of  th* 
Hystem  is  then  approximately, 

U,i'  +  U.y  +  *r(*-»=  +  i.\V+Jf,*)'  +  -W,>r. 

The  dishipation  function  F,  i.e.  half  the  rate  at  which  Uk 
energy  of  the  curr4'iittt  is  wanted  in  beating  the  coils,  is  (se«  Lor: 
Rayleigb's  Tlieunj  of  tiinind,  vol.  i.  p.  78) 

where-  Q  is  the  rettistonce  of  the  battery  ^d  battery  ooila. 

The  (.'(juatiou  of  currents  correoponding  to  any  variable  x  '.* 
then  of  the  form  j  tlT      dT      tlF 

where  (  ih  the  correspoDding  electromotive  force. 
Hence  we  have 

/,,*  +  r(>-.y)  +  J/,y  +  ftr+ A*(i-jf)  =  0. 

i^v-r(>-y;  +  if,y  +  .s>-A'(.r_»=o. 

Thette  equations  can  be  at  once  int4.'grated  in  reganl  to  (.  Of- 
serving  that  r,  r.  f.  jf.  y  are  zero  initially,  if  we  write  J'  — y  =  ; 
we  tinil,  on  eliniinatiiig  »j.  an  e<|uation  uf  the  funn 

A  itliort  time  after  Itatt4.-ry  contact  the  current  y  will  havr 
Ix-cunie  ntoaily  and  the  currtnt  i  will  have  dieii  away.     Hence 
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SELF-INDUCTION. 
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Coviparison  of  a  Coefficient  of  Self-Induction  with  a  Coefficient 

of  Mutual  Induction, 

756.]  In  the  branch  AF  of  Wheatstone's  Bridge  let  a  coil  bo 
inserted,  the  coefficient  of  self-induction  of  which  we  wish  to 
find.     Let  us  call  it  L. 

In  the  connecting  wire  between  A  and  the  battery  another 
coil  is  inserted.     The  coefficient  of  mutual  induction  between 
this  coil  and  the  coil  in  AF  is  Jf.     It 
may   be    measured    by    the    method 
described  in  Art.  755. 

If  the  current  from  ^  to  i^  is  OJ, 
and  that  from  A  to  H  \h  t/,  that  from 
Z  to  A,  through  5,  will  be  x-^y. 
The  external  electromotive  force  from 

The  external  electromotive  force 
along  AH  is 

A-H  =  Qy.  (10) 

If  the  galvanometer  placed  between  F  and  H  indicates  no 
current,  either  transient  or  permanent,  then  by  (9)  and  (10), 
since  if- i^=  0,  p^^Qy.  (Hj 


Fig.  61. 


and 


whence 


y,dx       itM^/dx      dvs 


dt 


dt   '   dt 


X  =  -(l  +  |)if. 


(12) 
(13) 


Since  L  is  always  positive,  M  must  be  negative,  and  therefore 
the  current  must  flow  in  opposite  directions  through  the  coils 
placed  in  P  and  in  B.  In  making  the  experiment  we  may 
either  begin  by  adjusting  the  resistances  so  that 

PS=QR,  (14) 

which  is  the  condition  that  there  may  be  no  permanent  current, 
and  then  adjust  the  distance  between  the  coils  till  the  galvano- 
meter ceases  to  indicate  a  transient  cun*ent  on  making  and 
breaking  the  battery  connexion ;  or,  if  this  distance  is  not 
capable  of  adjustment,  we  may  get  rid  of  the  transient  current 
by  altering  the  resistances  Q  and  S  in  such  a  way  that  the  ratio 
of  Q  to  /S  remains  constant. 
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If  this  double  adjustmeot  is  found  too  tronbleaome,  wc  bsi 
adopt  a  tliird  method.  Beginning  with  an  arrftngemeDt  a 
which  the  transient  current  duo  to  self-induction  is  Bligbtlr 
in  excess  of  that  due  to  mutual  induction,  we  tn*y  get  rid  of 
the  inequality  by  inserting  a  conductor  whoae  resiataaee  it  W 
between  A  and  Z.  The  condition  of  no  permanent  emiel 
through  the  galvanometer  is  not  affected  by  the  introdactioB  of 
W.  We  may  therefore  get  rid  of  the  transient  coireot  by  ad- 
justing the  resistance  of  W  alone.  When  this  is  done  the  Tslat 
ofZis 

£  =  -(,  +  ^+^+^)Jf.  (,s, 

Cvmparivon  of  tht  CoepfUnte  of  Sdf-Jndwiion  of  Two  CoiU. 

757.]  Insert  the  coils  in  two  adjacent  branches  of  WbeatMone't 
Bridge.  Let  L  and  A'  be  the  coefficients  of  self-induction  of  ^i» 
coils  inserted  in  P  and  in  R  respectively,  then  the  oondition  of 
no  galvanometer  current  is  Fig.  61, 

whence  PS  =  QR,  for  no  permanent  current,  (IT) 

and  ■p=  p  t  for  no  transient  current.  (191 

Hence,  by  a  proper  adjustment  of  the  rosistAnoes,  both  the 
permanent  and  the  transient  currents  can  be  got  rid  of,  and  tbea 
the  ratio  of  Z.  to  N  can  be  determined  by  a  comparison  of  the 
resistances. 


APPENDIX  TO  CHAPTER  XVII. 

{  The  method  of  measaring  the  coefficient  of  self-induction  of  a  coil  is 
described  in  the  following  extract  from  Maxwell's  paper  on  a  Dynamical 
Theory  of  the  Electromagnetic  Field,  PhiL  Trans.  155,  pp.  475-477. 

*  On  Uie  Determination  of  Coefficients  of  Induction  hy  the  Electric 

Balance. 

Tlie  electric  balance  consists  of  six  conductors  joining  four  points 
A,  Cf  D,  £j  two  and  two. 


Fig.  62. 

One  pair,  ACy  of  these  points  is  connected  through  the  battery  A  The 
opposite  pair,  DE,  is  connected  through  the  galvanometer  G.  Then  if  the 
resistances  of  the  four  remaining  conductors  are  represented  by  P,  Q,  B,  Sj 
and  the  currents  in  them  by  or,  x  —  z,  y,  and  y  +  2;,  the  current  through 
(r  will  be  z.  Let  the  potentials  at  the  four  points  be  i4 ,  (7,  D,  E,  Then 
the  conditions  of  steady  currents  may  be  found  from  the  equations 

Px—A-D,  Q(x-z)=zD-C,  \ 

Ry^A^E,  S{y  +  z)^E^C,  \ 

Gz  ^D'-E.  B{xJty)^-A'\'C-\-F.) 

Solving  these  equations  for  z,  we  find 

In  this  expression  F  is  the  electromotive  force  of  the  battery ;  z  the 
current  through  the  galvanometer  when  it  has  become  steady;  P,  Q,  R,  S, 


(21) 


(22) 
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Iho  miRUncea  in  the  fonr  Knas;  B  tlut  of  th«  bttttety  a 
iitid  G  that  of  tli«  fcalntDometcr. 

(14)  If  PS  =  Q/t.  then  :  =  0,  uiil  there  will  be  no  ileAdf  canrcnL  W 
»  tmuieiit  curreut  tliruufth  tbo  galrADometer  nuj  he  prodnmi  u 
iiuk)ugorlireakiii<;  circuit  ou  kccouDt  of  iuJui-tion, and  tlie  iDdieaiioe*'^ 
the  gklrniioroeler  may  be  used  to  determine  tlie  ctH-fficiente  of  iadoctiot. 
Itrovided  we  undi-ntand  tba  actiun*  whicb  take  pbice. 

We  t'hall  euppo»«  PS  =  QIC,  M  that  tbe  current  s  vmalrltr*  w^i 
i>ufficient  time  u  allovreil,  and 

Let  the  induction  coeffiuii-iits  l>etwe<-n  P,  Q,  I!,  S  be  ffiTro  hj  tM 
lollowing  Table,  the  coefficient  of  inducttoo  of /*  on  itself  bciti|[^,bet«««a 
/'  and  (j,  h,  ajid  m>  on. 


R     S 


Let  jf  be  thecot'(Bcit-nt  of  inducliun  of  the  galvanometer  nn  itaelf.  atMllK 
it  be  out  uf  riiK-b  of  tbe  imlucliun  iulliienre  of  P.  Q.  R,  S  («i>  it  moit  bt 
in  onler  to  Bv..id  din-ct  lution  of  P.  <J.  R,  S  on  tlie  n<-edle).  I*t  J,  T  X 
lie  tbe  int4-(!nitB  uf  t.  y,  Z  with  reit[)ect  to  I.  At  niakiiifi  contact  r,  y  t 
are  lero.  Aller  a  time  =  dirapjieurK,  Bn<l  x  ami  y  n-ach  constant  vala«a 
Tlie  iiguatiuna  for  eatii  mndui'tor  will  titerefore  lie 

/'.V  +  (;.  + A)  J-  +  (i  +  /}  .V  =/A  dt-/DM.  . 
V(.V-Z)+{A  +  .,|  j-  +  (m  +  n)y=//''/'-/CA.  I 
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Now  let  the  deflexion  of  the  galvanometer  by  the  instantaneous  current 
whose  intensity  {total  quantity}  la  Z  he  a. 

Let  the  permanent  deflexion  produced  by  making  the  ratio  of  PS  to 
QRf  p  instead  of  unity,  be  0, 

Also  let  the  time  of  vibration  of  the  galvanometer  needle  from  rest  to 
rest  be  T,     Then  calling  the  quantity 

-m(i  +  l)+«(i-l)  +  o(i-.l)=r.    (26) 

we  and  ^^lpi^Z=JL^.  (27) 

In  determining  r  by  experiment  it  is  best  to  make  the  alteration  in 
the  resistance  in  one  of  the  arms  by  means  of  the  arrangement  described 
by  Mr.  Jenkin  in  the  Report  of  the  British  Association  for  1863,  by 
which  any  value  of  p  from  1  to  1-01  can  be  accurately  measured. 

We  observe  {a},  the  gi*eatest  deflexion  {throw J  due  to  the  impulse  of 
induction  when  the  galvanometer  is  in  circuit,  when  the  connexions  are 
made,  and  when  the  resistances  are  so  adjusted  as  to  give  no  permanent 
current. 

We  then  observe  {^},  the  greatest  deflexion  {throw}  produced  by  the 
permanent  current  when  the  resistance  of  one  of  the  arms  is  increased  in 
the  ratio  of  p  to  1,  the  galvanometer  not  being  in  circuit  till  a  little  while 
after  the  connexion  is  made  with  the  battery. 

In  order  to  eliminate  the  effects  of  resistance  of  the  air,  it  is  best 
to  vary  p  till  ^  =  2  a  nearly :  then 

If  all  the  arms  of  the  balance  except  P  consist  of  resistance  coils 
of  very  fine  wire  of  no  great  length  and  doubled  before  being  coiled,  the 
induction  coefficients  belonging  to  these  coils  will  be  insensible,  and 
T  will  be  reduced  to  p/P.  The  electric  balance  therefore  affords  the 
means  of  measuring  the  self-induction  of  any  circuit  whose  resistance 
is  known.' 
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CHAPTER  XVIII. 

BLBCTROHAnNRTIC  UNIT  Of  BESISTANCB. 

On  the  Dttermi nation  of  the  Revidanct  of  a  Coil  in 
Eleitroniayndic  Meavure. 
758.]  The  resiataoct'  of  a  conductor  is  defined  as  tbr  ratio  t-f 
tho  numerical  value  of  the  electromotive  force  to  thai  of  tht 
current  wbieh  it  producea  in  the  conductor.  The  detemiinaiioa 
uf  the  value  of  the  current  in  electromagnetic  measare  can  br 
made  by  means  of  a  standard  galvanometer,  when  we  koow  tht 
value  of  the  earth's  niaf^etic  force.  The  determination  i4  th* 
value  of  the  electromotive  force  ia  more  difficult,  as  the  odIt  ea«r 
in  which  we  can  din-ctly  calculate  its  value  is  when  it  ariar* 
from  the  relative  motion  of  the  circuit  with  respect  to  a  kaova 
magnetic  system. 

7it9.]  The  first  determination  of  the  resistance  of  a  wit*  ia 
cluctru magnetic  measure  was  made  by  Kirchhoff*.    He  employoi 
two  <»>iW  of  known  (onn.  A^  aai 
,  and  ealoulatal  th^ir  cxxA- 


^ 
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deflexion  of  the  galvanometer.  If  the  coil  il^  is  now  removed 
quickly  from  A2  and  placed  in  a  position  in  which  the  coeffi- 
cient of  mutual  induction  between  A^  and  A2  is  zero  (Art.  538), 
a  current  of  induction  is  produced  in  both  circuits,  and  the 
galvanometer  needle  receives  an  impulse  which  produces  a  certain 
transient  deflexion*. 

The  resistance  of  the  wire,  R^  is  deduced  from  a  comparison 
between  the  permanent  deflexion,  due  to  the  steady  current,  and 
the  transient  deflexion,  due  to  the  current  of  induction. 

Let  the  resistance  of  QGA^P  be  JST,  of  PAJBQ^  B,  and  of 
PQ,  R. 

Let  Z,  M  and  N  be  the  coefficients  of  induction  of  A^  and  ^[2* 

Let  X  be  the  current  in  6,  and  ^  that  in  By  then  the  current 
from  P  to  Q  is  i—y. 

Let  E  be  the  electromotive  force  of  the  battery,  then 

{K  +  R)x^R^+  j^  {Lx+My)  =  0,  (1) 

^Rx^(B-\-R)y^  j^{Mx^Ny)  =  E.  (2) 

When  the  currents  are  constant,  and  everything  at  rest, 

(K-^R)x-^Ry  =  0.  (3) 

If  M  now  suddenly  becomes  zero  on  account  of  the  separation 
of  -4i  from  A^^  then,  integrating  with  respect  to  t, 

{K  +  R)x-Ry-My^O,  (4) 

^Rx  +  {B  +  R)y-'Mx=:  fEdt  =  0;  (5) 

whence  x  =  J^  ,^b^R)(K^R)^^  '  ^^^ 


Substituting  the  value  of  ^  in  tei'ms  o(  x  from  (3),  we  find 

X     M  {B  +  R){K  +  R)  +  B* 


(7) 


i      R  {B  +  R){K  +  R)-R^ 


*  { Initead  of  removing  the  coil  Ai ,  it  !■  more  conyenient  to  reyerte  the  current 
through  A^;  in  thii  cmse  the  quAutity  of  electricity  pMsing  through  the  balliitie 
g»lvAnometer  ii  twice  that  in  the  text.  Kirchhoff*s  method  hM  been  uied  by  Menra. 
OUzebrook,  Sargant  and  Doddt  to  determine  a  redstanoe  in  abeolnte  meaiure.  Phil. 
Trans.  1683,  pp.  223-268.} 

Dd  2 
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When,  aa  in  Kirobhoff's  experiment,  both  B  and  K  are  kff* 

oontpkred  with  R,  this  equation  is  recluoed  to 

X      M 

lt=R-  "' 

Of  these  quantities,  x  ia  found  from  the  throw  of  thr  cm]Tma»- 
meter  due  to  the  induction  current.  See  Art.  748.  The  prr- 
maoent  current,  i,  w  found  from  the  permanent  deflexion  do* 
to  the  steady  current :  we  Art.  746.  J/  is  fonnd  either  hr 
direct  calculation  from  the  geometrical  data,  or  by  m  eomparuc'D 
with  a  pair  of  coils,  for  which  this  calculation  has  been  mad* . 
see  Art  76S.  From  these  three  quaotitiea  R  can  be  detenniiicd 
in  electromagnutio  measure. 

Iliese  methods  iovolvc  tht)  determination  of  the  period  ot 
vibration  of  the  galvanometer  magnet,  and  of  the  logmrithmic 
docri'ment  of  its  oacillatiomt. 

Wel^'^  ifrthud  hij  Tranfient  CurrtnU*. 
760.]  A  coil  of  conBiderabte  size  is  mounted  on  an  axle,  so  as 
to  l>e  capable  of  revolving  about  a  vertical  diameter.  The  win 
uf  this  coil  is  connt'Ctctl  with  that  of  a  tan^^ent  galvanometer  m 
aH  to  form  a  single  circuit.  Let  the  resistance  of  thia  eireaii 
be  R.  \M  the  Urge  coil  be  place)  with  its  positive  face  per- 
pendicular to  the  magnetic  meridian,  and  h-t  it  )«  quirkly 
turned  round  half  a  revolution.  There  will  W  an  induc*^ 
current  due  to  the  earth 'k  magnetic  force,  and  the  total  iiuantitv 
of  clwtricity  in  tbi.t  current  in  electromagnetic  measure  will  W 
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the  magnet,  then,  if  we  neglect  the  resistance  to  the  motion  of 
the  magnet,  we  have,  by  Art.  748, 

Q  =  ^^2smie,  (2) 

where  G  is  the  constant  of  the  galvanometer,  T  is  the  time  of 
vibration  of  the  magnet,  and  0  is  the  observed  elongation. 
From  these  equations  we  obtain 

The  value  of  H  does  not  appear  in  this  result,  provided  it  is 
the  same  at  the  position  of  the  coil  and  at  that  of  the  galvano- 
meter. This  should  not  be  assumed  to  bo  the  case,  but  should 
be  tested  by  comparing  the  time  of  vibration  of  the  same 
magnet,  first  at  one  of  these  places  and  then  at  the  other. 

761.]  To  make  a  series  of  observations  Weber  began  with  the 
coil  parallel  to  the  magnetic  meridian.  He  then  turned  it  with 
its  positive  face  north,  and  observed  the  first  elongation  due  to 
the  negative  current.  He  then  observed  the  second  elongation 
of  the  freely  swinging  magnet,  and  on  the  return  of  the  magnet 
through  the  point  of  equilibrium  he  turned  the  coil  with  its 
positive  face  south.  This  caused  the  magnet  to  recoil  to  the 
positive  side.  The  series  was  continued  as  in  Art.  750,  and  the 
result  corrected  for  resistance.  In  this  way  the  value  of  the 
resistance  of  the  combined  circuit  of  the  coil  and  galvanometer 
was  ascertained. 

In  all  such  experiments  it  is  necessary,  in  order  to  obtain 
sufficiently  large  deflexions,  to  make  the  wire  of  copper,  a  metal 
which,  though  it  is  the  best  conductor,  has  the  disadvantage  of 
altering  considerably  in  resistance  with  alterations  of  tempera- 
ture. It  is  also  very  difficult  to  ascertain  the  temperature  of 
every  part  of  the  apparatus.  Hence,  in  order  to  obtain  a  result 
of  permanent  value  from  such  an  experiment,  the  resistance  of 
the  experimental  circuit  should  be  compared  with  that  of  a 
carefully  constructed  resistance-coil,  both  before  and  after  each 
experiment. 

yfeher'^  Method  by  observing  the  DecremerU  of  the  Oscillations 

of  a  Magnet. 

762.]  A  magnet  of  considerable  magnetic  moment  is  suspended 
at  the  centre  of  a  galvanometer  coiL     The  period  of  vibration 
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and  the  log&rithmio  decrement  of  the  oeeilUtioofl  ia  ohMrred. 
tiret  with  the  circuit  of  the  galvanometer  open,  and  that  wilk 
the  circuit  closed,  aod  the  oooductivitjr  of  the  galvanoiDeter  cwl 
iH  deduced  from  the  effect  Trhich  the  curreots  induced  in  it  hy 
the  motion  of  the  magnet  have  in  resisting  that  motion. 

If  T  is  the  obserretl  time  of  a  single  vibivtion,  and  A  tbe  Na- 
pierian logarithmic  decrement  for  each  single  vibration,  th<«.  d 
we  write  » 

"  =  ?•  '" 

»nd  «  =  ^.  (r 

the  equation  of  motion  of  the  magnet  is  of  the  fonn 

^  =  Cc-"  COB  {«(  +  /*).  (ll 

This  exprcues  the  nature  of  the  motion  u  det«nnioed  h% 
observation.  We  must  compare  this  with  the  dynanicft! 
equation  of  motion. 

Let  Jf  be  tbe  coefficient  of  induction  between  the  galvano- 
meter coil  and  the  suspended  magnet.     It  is  of  the  form 

31  =  GiffiiiW  +  G.Ji^.W  +  'c-.  '*• 

where  Cj,  Gg,  &c.  are  coefficients  belonging  to  the  coil,  ^,,  <;,.  ke. 
to  the  magnet,  and  Pi{0).  P,(&),  tc  are  zonal  bannonics  of 
the  angle  between  the  axes  of  the  coil  and  the  magnet.  Srr 
Art.  700.  By  a  proper  arrangement  of  the  ooiU  of  tbe  galvano- 
meter, and  by  building  up  the  suspendMl  magnet  of  several 
uiagnetfi  placed  side  by  HJite  at  proper  distances,  we  may  camt 
all  the  tcmiB  of  M  aftvr  the  first  to  become  insensible  oomparvd 
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The  moment  of  the  force  with  which  the  current  y  acts  on  the 
magnet  is  y-rr^  or  (rmy  cos  <^.  The  angle  <^  is  in  this  experi- 
ment so  small,  that  we  may  suppose  cos<^  =  1. 

Let  us  suppose  that  the  equation  of  motion  of  the  magnet 
when  the  circuit  is  broken  is 

where  A  is  the  moment  of  inertia  of  the  suspended  apparatus, 

B-j-  expresses  the  resistance  arising  from  the  viscosity  of  the  air 

and  of  the  suspension  fibre,  &c.,  and  dft  expresses  the  moment 
of  the  force  arising  from  the  earth's  magnetism,  the  torsion  of 
the  suspension  apparatus,  &c.  tending  to  bring  the  magnet  to 
its  position  of  equilibrium. 
The  equation  of  motion,  as  affected  by  the  current,  will  be 

A^^B'^+Ci,  =  (hn,y.  (9) 

To  determine  the  motion  of  the  magnet,  we  have  to  combine 
this  equation  with  (7)  and  eliminate  y.     The  result  is 

a  linear  differential  equation  of  the  third  order. 

We  have  no  occasion,  however,  to  solve  this  equation,  because 
the  data  of  the  problem  are  the  observed  elements  of  the  motion 
of  the  magnet,  and  from  these  we  have  to  determine  the  value 
ofi?. 

Let  Oq  and  ca^  be  the  values  of  a  and  a>  in  equation  (3)  when 
the  circuit  is  broken.  In  this  case  R  is  infinite,  and  the  equation 
(10)  is  reduced  to  the  form  (8).     We  thus  find 

B=2Aa,,         C=^(ao»  +  0.  (11) 

Solving  equation  (10)  for  i?,  and  writing 


-7^  =  — (a  +  ico),     where  1  =  ^—1,  (12) 

we  find 

^ __  G^m^ a+iu) ^.       .   X     /.,x 
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Since  the  T&lue  of  at  U  in  general  mooh  greater  than  that  of  a. 

the  beet  value  of  iJ  is  found  by  equating  the  terma  in  iw. 


R  =  - 


t-\L{Sa-^-''—'>)-  <ll} 


We  may  also  obtaio  a  value  of  R  by  equating  th«  t«mt  bm 
involving  i,  but  kb  these  terms  are  small,  the  equation  ia  oseht 
only  as  a  means  of  testing  the  accuracy  of  the  obaei » aUuui 
From  these  equations  we  find  the  following  testing  equation. 

Since  LA  w*  is  very  small  compared  with  G*m,',  this  ec)oali<ja 
si™  <«»-V  =  <'o*-°*;  i»*' 

and  equation  (14)  may  be  written 

In  this  expression  0  may  be  determined  either  from  the  Uneai 
measurement  of  the  galvanometer  coil,  or  better,  by  oompahwo 
with  a  standard  coil,  according  to  the  method  of  Art.  783.  A  '» 
the  moment  of  inertia  of  the  magnet  and  ita  auqiended  ap- 
paratus, which  is  to  be  found  by  the  proper  dyoamieal  method 
u,  Wg,  a  and  a,,  are  given  by  obaer\'ation. 

The  determination  of  the  value  of  m,  the  magnetia  moment  of 
the  suspended  magnet,  is  the  most  diffieult  part  of  the  inveatiga- 
tion,  because  it  is  affected  by  temperature,  by  the  eartb't 
magnetic  force,  and  by  mechanical  violence,  so  that  great  can 
must  be  taken  to  moasure  thi«  quantity  when  the  magnet  is  ia 
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A  circular  coil  is  made  to  revolve  with  uniform  velocity  about 
a  vertical  axis.  A  small  magnet  is  suspended  by  a  silk  fibre  at 
the  centre  of  the  coil.  An  electric  current  is  induced  in  the  coil 
by  the  earth's  magnetism,  and  also  by  the  suspended  magnet. 
This  current  is  periodic,  flowing  in  opposite  directions  through 
the  wire  of  the  coil  during  different  parts  of  each  revolution,  but 
the  effect  of  the  current  on  the  suspended  magnet  is  to  produce 
a  deflexion  from  the  magnetic  meridian  in  the  direction  of  the 
rotation  of  the  coil. 

764.]  Let  H  be  the  horizontal  component  of  the  earth's  mag- 
netism. 

Let  y  be  the  strength  of  the  current  in  the  coiL 

g  the  total  area  inclosed  by  all  the  windings  of  the  wire. 

G  the  magnetic  force  at  the  centre  of  the  coil  due  to  unit- 
current. 

L  the  coefiicient  of  self-induction  of  the  coil. 

M  the  magnetic  moment  of  the  suspended  magnet. 

0  the  angle  between  the  plane  of  the  coil  and  the  mag- 
netic meridian. 

<^  the  angle  between  the  axis  of  the  suspended  magnet  and 
the  magnetic  meridian. 

A  the  moment  of  inertia  of  the  suspended  magnet. 

MHt  the  coeflicient  of  torsion  of  the  suspension  fibre. 

a  the  azimuth  of  the  magnet  when  there  is  no  torsion. 

R  the  resistance  of  the  coiL 

The  kinetic  energy  of  the  system  is 
T:=^\LY'-Hgymie--MGy%m(e^4>)^-MHQOB4>^\A4>\    (1) 

The  first  term,  \  Ly^^  expresses  the  energy  of  the  current  as 
depending  on  the  coil  itself.  The  second  term  depends  on  the 
mutual  action  of  the  current  and  terrestrial  magnetism,  the 
third  on  that  of  the  current  and  the  magnetism  of  the  suspended 
magnet,  the  fourth  on  that  of  the  magnetism  of  the  suspended 
magnet  and  terrestrial  magnetism,  and  the  last  expresses  the 
kinetic  energy  of  the  matter  composing  the  magnet  and  the 
suspended  apparatus  which  moves  with  it. 

The  {variable  pait  of  the)  potential  enei^y  of  the  suspended 
apparatus  arising  from  the  torsion  of  the  fibre  is 

F=^r(.^»-2<^«).  (2) 
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The  electromagnetic  momentiiin  of  the  eurrent  is 

P=  i-  —  Ly  —  Ug%m$—tiQtAa{9—^),  (Ji 

ftod  if  A  is  the  resiBtaoce  of  the  eoil,  the  eqiutioB  of  tW 
rurreat  ia  .nm 


{R  +  L'i)y=  //3»C09fl4Jf(?(».-#)cOI.Cd-*>.  .i 

765.]  It  is  the  result  alike  of  theory  and  observation  that  ^ 
the  azimuth  of  the  magnet,  is  aubject  to  two  kinds  of  periodic 
variations.  One  of  these  is  a  free  oscillation,  whose  periodic 
time  depends  on  the  intensity  of  terrestrial  magnetism,  and  k 
in  the  experiment,  several  beconds.  The  other  ia  a  fomii 
vibration  whoRe  period  is  half  that  of  the  revolving  coil,  mm 
whose  amplitude  is,  as  we  tihall  see,  insensible.  Umoe,  ia 
determining  y,  we*may  treat  ^  as  sensibly  oouatant. 

We  thus  find 


//.'/ 


"W* 


( it  cos  ($-  4>)  + 1.»  sin  (0-  ^}: . 


The  last  term  of  this  expressiun  soon  dies  awky  when  ih* 
rotation  is  continued  uniform. 
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Beginning  with  the  terms  in  (11)  which  do  not  involve  $,  and 
which  must  collectively  vanish,  we  find  approximately 

jl^\^l2-%  1%  (^  cos  </»o  +  ^"  sin  <^o)  +  GMR  \ 

=  2afir(8in^o  +  ^(*o-«)).     (13) 

Since  L  tan  4>q  is  generally  small  compared  with  Gg^  { and  GM  sec  4> 

with  gH^]  the  solution  of  the  quadratic  (13)  gives  approximately 

V         am  <^o^ 

If  we  now  employ  the  leading  term  in  this  expression  in 
equations  (7),  (8),  and  (11)*,  we  shall  find  that  the  value  of  n  in 

equation  (12)  is  A/-^sec<^o.     That  of  c,  the  amplitude  of 

the   forced   vibrations,  is    i— 5  sin<f)o.     Hence,   when   the   coil 

makes  many  revolutions  during  one  free  vibration  of  the 
magnet,  the  amplitude  of  the  forced  vibrations  of  the  magnet 
is  very  small,  and  we  may  neglect  the  terms  in  (11)  which 
involve  c. 

766.]  The  resistance  is  thus  determined  in  electromagnetic 
measure  in  terms  of  the  velocity  o)  and  the  deviation  <^.  It 
is  not  necessary  to  determine  H^  the  horizontal  terrestrial  mag- 
netic force,  provided  it  remains  constant  during  the  experiment. 

M 

To  determine  -^  we  must  make  use  of  the  suspended  magnet 

to  deflect  the  magnet  of  the  magnetometer,  as  described  in 
Art.  454.  In  this  experiment  M  should  be  small,  so  that  this 
correction  becomes  of  secondary  importance. 

For  the  other  corrections  required  in  this  experiment  see  the 
Report  of  the  British  Assodation  for  1863,  p.  168. 

Jo\de%  CaloHmetric  Method. 
767.]  The  heat  generated  by  a  cuiTent  y  in  passing  through  a 
conductor  whose  resistance  is  i2  is,  by  Joule's  law,  Art.  242, 

h  =  ^jfRy^dt,  (1) 

*  { It  ii  shorter  and  m  aocurmte  to  put  L  «  0  in  equAtion  (6)  and  labttitute  ih« 
corre»pondiog  value  of  7  in  (11).} 
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where  J  is  the  equivalent  in  dynunic&l  meMure  of  Um  onit  d 
heat  employed. 

Henoe,  if  if  ia  conatant  during  the  experimeot,  tta  valos  i> 

jy-dt 

This  method  of  determiniDg  R  involves  the  detertninatioa  ti 
h,  the  heat  generated  by  the  current  in  a  given  time,  and  of  r 
the  square  of  tbf  strength  of  the  current 

In  Joule's  experiments*,  h   was  determined   by  the  rise  at' 
temperature  of  the  water  in  a  vessel  in  which  the  eondiKUac 
wire  was  immersed.     It  was  corrected  for  the  effects  of  radislif 
Sic  by  alternate  experiments  in  which  no  eorrent  waa  pMaoi    , 
through  the  wire. 

The  tttrength  of  the  current  was  measured  by  meana  of  > 
tangent  galvanometer.  This  method  involves  the  determinatka 
of  the  intensity  of  terrestrial  magnetism,  which  was  done  by  tk> 
method  described  in  Art.  457.  These  measurements  wov  aW 
tested  by  the  current  weigher,  described  in  Art.  726,  whiek 
measures  y*  directly.     The  most  direct   method   of  meaamuf 

/  y*dt,  however,   is  to  pass  tlie  current  through  a  nrlf  artif 

electrodynamometer  (Art.  728)  with  a  scale  which  gives  readiap 
proportional  to  y*,  and  to  make  the  observations  at  evjual  i»- 
tervals  of  time,  which  may  be  done  approximately  by  takiBf 
the  reading  at  the  extnimities  of  every  vibration  of  the  ia- 
strumeiit  during  the  whole  course  of  Uiu  experiment  t- 


CHAPTEE  XIX. 

COMPARISON   OF   THE    ELECTROSTATIC   WITH   THE    ELECTRO- 
MAGNETIC  UNITS. 

Determination  of  the  Numher  of  Electrostatic  Units  of 
Electricity  in  one  Electromagnetic  Unit. 

768.]  The  absolute  magnitudes  of  the  electrical  units  in  both 
systems  depend  on  the  units  of  length,  time,  and  mass  which  we 
adopt,  and  the  mode  in  which  they  depend  on  these  units  is 
different  in  the  two  systems,  so  that  the  ratio  of  the  electrical 
units  will  be  expressed  by  a  different  number,  according  to  the 
different  units  of  length  and  time. 

It  appears  from  the  table  of  dimensions,  Art.  628,  that  the 
number  of  electrostatic  units  of  electricity  in  one  electro- 
magnetic unit  varies  inversely  as  the  magnitude  of  the  unit  of 
length,  and  directly  as  the  magnitude  of  the  unit  of  time  which 
we  adopt. 

If,  therefore,  we  determine  a  velocity  which  is  represented 
numerically  by  this  number,  then,  even  if  we  adopt  new  units 
of  length  and  of  time,  the  number  representing  this  velocity  will 
still  be  the  number  of  electrostatic  units  of  electricity  in  one 
electromagnetic  unit,  according  to  the  new  system  of  measure- 
ment. 

This  velocity,  therefore,  which  indicates  the  relation  between 
electi*08tatic  and  electromagnetic  phenomena,  is  a  natural  quan- 
tity of  definite  magnitude,  and  the  measurement  of  this  quantity 
is  one  of  the  most  important  researches  in  electricity. 

To  shew  that  the  quantity  we  are  in  search  of  is  really  a 
velocity,  we  may  observe  that  in  the  case  of  two  parallel  currents 
the  attraction  experienced  by  a  length  a  of  one  of  them  is,  by 
Art.  686, 
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where  C,  C  are  the  oumerical  values  of  the  cunenU  in  deOn- 
inagnetic  measure,  and  b  the  distance  between  them.  If  «• 
make  b  =  2a,  then  j!>_  (jq/ 

Now  tlie  quantity  of  electricity  trannnitted  by  the  eamM  < 
in  the  time  t  ia  Ct  in  electromagnetic  mvanire,  or  nCt  in  «leeu»- 
static  measure,  if  n  is  the  number  of  electrostatio  unita  ia  oar 
electromagnetic  unit. 

Let  two  small  condactoru  be  charged  with  the  qouititie*  of 
electricity  transmit!^  by  the  two  currents  in  the  time  (,  aai 
placed  at  a  distance  r  from  each  other.  The  repnlaioo  bttwitt 
them  will  be  CCn^f 

Let  the  distance  r  be  bo  chosen  that  this  repulsion  ia  eqoal  i» 
the  attraction  of  the  currents,  then 

T- 

Hence  r  =  nt: 

or  the  distance  r  must  increase  with  the  time  t  at  the  rate  a 
Hence  n  is  a  velocity,  the  absolute  magnitude  of  which  is  tfe 
•ame.  whatever  units  we  assume. 

TB!).]  To  obtain  a  pbytiical  conception  of  this  velocity,  let  m 
imagine  a  plane  surface  charged  with  electricity  to  the  elcdiv- 
static  8urface-ilvn»ity  a,  and  moving  in  its  own  plane  with  » 
velocity  v.  This  moving  eloctriRwl  surface  will  be  1  nuji  iliai 
to  au  L'lt'ctric  current- sheet,  the  strengtli  of  the  current  flowisf 
through  unit  of  breadth  of  the  surface  toeing  a  t>  in  cIectro»tatK 
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But     u  =  -  crv,     and    u'=  -av',  so  that  the  attraction  is 

2'n<ra  — r  • 

The  ratio  of  the  attraction  to  the  repulsion  is  equal  to  that  of 
vi/  to  nK  Hence,  since  the  attraction  and  the  repulsion  are 
quantities  of  the  same  kind,  n  itiust  be  a  quantity  of  the  same 
kind  as  v,  that  is,  a  velocity.  If  we  now  suppose  the  velocity 
of  each  of  the  moving  planes  to  be  equal  to  7i,  the  attraction 
will  be  equal  to  the  repulsion,  and  there  will  be  no  mechanical 
action  between  them.  Hence  we  may  define  the  ratio  of  the 
electric  units  to  be  a  velocity,  such  that  two  electrified  surfaces, 
moving  in  the  sanie  direction  with  this  velocity,  have  no 
mutual  action.  Since  this  velocity  is  about  300000  kilometres 
per  second^  it  is  impossible  to  make  the  experiment  above 
described. 

770,]  If  the  electric  surface-density  and  the  velocity  can  be 
made  so  great  that  the  magnetic  force  is  a  measurable  quantity, 
we  may  at  least  verify  our  supposition  that  a  moving  electrified 
body  is  equivalent  to  an  electric  current. 

We  may  assume*  that  an  electrified  surface  in  air  would 
begin  to  discharge  itself  by  sparks  when  the  electric  force  2  it  a 
reaches  the  value  1 30.     The  magnetic  force  due  to  the  current- 

sheet  is  27rn--«      The  horizontal  maxmetic  force  in  Britain  is 

about  0-175.  Hence  a  surface  electrified  to  the  highest  degree, 
and  moving  with  a  velocity  of  100  metres  per  second,  would  act 
on  a  magnet  with  a  force  equal  to  about  one-four-thousandth 
part  of  the  earth's  horizontal  force,  a  quantity  which  can  be 
measured.  The  electrified  surface  may  be  that  of  a  non-con- 
ducting disk  revolving  in  the  plane  of  the  magnetic  meridian, 
and  the  magnet  may  be  placed  close  to  the  ascending  or  descending 
portion  of  the  disk,  and  protected  from  its  electrostatic  action  by 
a  screen  of  metal.  I  am  not  aware  that  this  experiment  has 
been  hitherto  attempted  f* 

♦  Sir  W.  ThomBon,  R.  8.  Proc.  or  Reprint,  Art  xlx.  pp.  247-269. 

t  {Thii  effect  was  discovered  by  Prof.  RowUnd  in  1876.  For  sabteqaent  ex- 
periinenU  on  this  sabject  see  KowUnd  and  Hatchinion,  PkiL  Mag,  27.  445  (1887)  ; 
Kont^en,  JFietL  Ann.  40.  98;  Himstedt,  Wied,  Ann,  40.  720.} 
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I.    Comparison  of  Units  of  EUetrtritjf, 

771.]  Since  the  ratio  of  tbe  electromagnetic  to  the  deetn- 
Btatic  unit  of  electricity  Ib  represented  hj  a  velocity,  we  ihaH 
in  future  denote  it  by  the  symbol  v.  Tbe  first  nnmcriBkl 
determination  of  this  velocity  was  made  by  Weber  and  K^k- 
ransdi* 

Their  method  was  founded  on  tbe  meMUiemeDt  of  the  mmt 
quantity  of  electricity,  firet  in  electrostatic  and  then  in  electn^ 
magnetic  mcosuro. 

The  quantity  of  electricity  measured  waa  the  chai;ge  of  a 
Leyden  jar.  It  was  measured  in  electrostatic  measure  as  tkt 
product  of  the  capacity  of  tbe  jar  into  the  differunce  of  poccnlial 
of  its  coatings.  The  capacity  of  the  jar  was  determined  bi 
comparison  witb  that  of  a  sphere  suspended  in  an  open  space  at 
a  distance  from  other  bodies.  The  capacity  of  such  a  ^^en  m 
expretmed  id  electrostatic  measure  by  its  radiua.  Thus  the 
capacity  of  the  jar  may  be  found  and  expressed  as  a  eertaia 
length.     See  Art.  227. 

The  difference  of  the  potentials  of  the  coatings  of  the  jar  wa« 
measured  by  connecting  the  coatings  with  the  electrvdeN  of  aa 
electrometer,  tbe  constant!)  of  which  were  carefully  determined. 
^^>  tlut  the  difference  of  the  potentials,  E,  became  known  ia 
electrostatic  uifaaure. 

By  multiplying  this  by  i%  the  capacity  of  the  jar,  tht.'  char;^  of 
the  jar  whh  expn-Hsed  in  elect r oh tatic  measure. 

To   (let4-niiiiio   the   value   of  the   charge   in   electromagiwtje 
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where  Q  is  the  quantity  of  electricity  in  electromagnetic  measure. 
We  have  therefore  to  determine  the  following  quantities : — 

H,  the  intensity  of  the  horizontal  component  of  terrestrial 
magnetism  ;  see  Art.  456. 

G,  the  principal  constant  of  the  galvanometer ;  see  Art.  700. 

T,  the  time  of  a  single  vibration  of  the  magnet ;  and 

0,  the  deviation  due  to  the  transient  current. 

The  value  of  v  obtained  by  MM.  Weber  and  Kohlrausch  was 

V  =  310740000  metres  per  second. 

The  property  of  solid  dielectrics,  to  which  the  name  of  Electric 
Absorption  has  been  given,  renders  it  difficult  to  estimate 
correctly  the  capacity  of  a  Leyden  jar.  The  apparent  capacity 
varies  according  to  the  time  which  elapses  between  the  charging 
or  discharging  of  the  jar  and  the  measurement  of  the  potential, 
and  the  longer  the  time  the  greater  is  the  value  obtained  for  the 
capacity  of  the  jar. 

Hence,  since  the  time  occupied  in  obtaining  a  reading  of 
the  electrometer  is  large  in  comparison  with  the  time  during 
which  the  discharge  through  the  galvanometer  takes  place,  it 
is  probable  that  the  estimate  of  the  discharge  in  electrostatic 
measure  is  too  high,  and  the  value  of  v,  derived  from  it,  is 
probably  also  too  high. 

IL  *t;*  expressed  as  a  Resistance. 

772.]  Two  other  methods  for  the  deiermination  of  v  lead  to 
an  expression  of  its  value  in  terms  of  the  resistance  of  a  given 
conductor,  which,  in  the  electromagnetic  system,  is  also  ex- 
pressed as  a  velocity. 

In  Sir  William  Thomson's  form  of  the  experiment,  a  constant 
current  is  made  to  flow  through  a  wire  of  great  resistance.  The 
electromotive  force  which  urges  the  cun-ent  through  the  wire  is 
measured  electrostatically  by  connecting  the  extremities  of  the 
wire  with  the  electrodes  of  an  absolute  electrometer,  Arts.  217, 
218.  The  strength  of  the  current  in  the  wire  is  measured  in 
electromagnetic  measure  by  the  deflexion  of  the  suspended  coil 
of  an  electrodynamometer  through  which  it  passes,  Art.  725.' 
The  resistance  of  the  circuit  is  known  in  electromagnetic  measure 
by  comparison  with  a  standard  coil  or  Ohm.  By  multiplying 
the  strength  of  the  current  by  this  resistance  we  obtain  the 
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electromotiTe  foree  in  electromagnfltie  meaaore.  and  fraa  i 
eomparuon  of  ibis  with  the  electrostatic  tncftsare  the  tkIm  at 
viflobtuned. 

This  method  requires  the  simultaneous  detcnninatioa  of  two 
foroes,  by  meftiis  of  the  electrometer  and  electrodynamooMtcr  n- 
Bpectively,  and  it  is  only  the  ratio  of  these  foroes  which  mfptan 
in  the  rexult. 

773.]  Another  method,  in  which  these  forcea,  iiiBt««d  of  beisf 
separately  measured,  are  directly  opposed  to  each  other,  w 
employed  by  the  present  writer.  The  ends  of  the  great  rwirtsnw 
ooi)  are  connected  with  two  parallel  disks,  one  of  whidi  it 
moveahlo.  The  name  diffi-rcnco  of  potentials  which  sends  iW 
curreDt  through  the  great  rosiBtance,  also  causes  an  t 
between  these  disks.  At  the  same  time,  an  eleetrie  < 
which,  in  the  actual  experiment,  was  (listinet  from  the  ] 
current,  is  sent  through  two  coils,  fastened,  ooe  to  the  back  of  tks 
tixed  disk,  and  the  other  to  the  back  of  the  moveable  disk.  The 
currvnt  flows  in  opposite  directions  through  tbeso  coik,  so  that 
they  repel  one  another.  By  adjusting  the  distance  of  th«  t«« 
disks  tbf  attraction  is  exactly  balanced  by  the  repubioo.  whiW 
at  the  same  time  anotb<.-r  oh8or\-er,  by  means  of  a  diSer«iiliaI 
{^lvanoniet<-r  with  shunts,  dctfrmvnt'S  the  ratio  of  the  priman 
to  the  secondary  cum-nt. 

In  this  experiment  the  only  moaxurement  which  nmst  he  n- 
fertx'd  to  a  material  standanl   is  that  of  the  great  i 
which  iiiunt  be  dctcmiijied  in  alisolutt-  measure  by  oomp 
with  the  Ohm.     The  other  nieanurcments  are  required  only  &K 
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The  value  of  t;,  as  found  by  Thomson's  method,  was  28-2 
Ohms*;  by  Maxwell's,  28-8  Ohmsf. 

in.  Electrostatic  Capacity  in  Electromagnetic  Measure. 

774.]  The  capacity  of  a  condenser  may  be  ascertained  in 
electromagnetic  measure  by  a  comparison  of  the  electromotive 
force  which  produces  the  charge,  and  the  quantity  of  electricity 
in  the  current  of  discharge.  By  means  of  a  voltaic  battery  a 
current  is  maintained  through  a  circuit  containing  a  coil  of 
great  resistance.  The  condenser  is  charged  by  putting  its  elec- 
trodes in  contact  with  those  of  the  resistance  coil.  The  current 
through  the  coil  is  measured  by  the  deflexion  which  it  produces 
in  a  galvanometer.     Let  <^  be  this  deflexion,  then  the  current  is, 

by  Art.  742,  j{ 

y=  gtan<^, 

where  H  is  the  horizontal  component  of  terrestrial  magnetism, 
and  G  is  the  principal  constant  of  the  galvanometer. 

If  i2  is  the  resistance  of  the  coil  through  which  this  current  is 
made  to  flow,  the  difference  of  the  potentials  at  the  ends  of  the 
coil  is  E:=Ry, 

and  the  charge  of  electricity  produced  in  the  condenser,  whose 
capacity  in  electromagnetic  measure  is  C,  will  be 

Q  =  EC. 
Now  let  the  electrodes  of  the  condenser,  and  then  those  of  the 
galvanometer,  be  disconnected  from  the  circuit,  and  let  the 
magnet  of  the  galvanometer  be  brought  to  rest  at  its  position 
of  equilibrium.  Then  let  the  electrodes  of  the  condenser  be 
connected  with  those  of  the  galvanometer.  A  transient  current 
will  flow  through  the  galvanometer,  and  will  cause  the  magnet  to 
swing  to  an  extreme  deflexion  $.  Then,  by  Art  748,  if  the  dis- 
charge is  equal  to  the  charge, 

H  T 
Q  =  7^  -  2  sin  I  ^, 

We  thus  obtain  as  the  value  of  the  capacity  of  the  condenser  in 
electromagnetic  measure 

^      r  1  2  sin  I  ^ 
v  si   tan<f» 

*  Report  o/Brituh  AtMociation,  1869,  p.  484. 

t  Phil.  Trant.,  1868.  p.  648 ;  and  RtpaH  qfBriiM  Aiioeiaium,  1869,  p.  486. 
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The  capacity  of  tho  condenser  is  thus  dflteiniiMd  in  tcras  ^ 

the  following  quantities : — 

T,  the  time  of  vibraUon  of  the  ma^et  of  the  galTmDonrtrr 
from  rest  to  rest. 

A,  the  rewBt&QCo  of  the  coil. 

6,  the  extreme  limit  of  the  swing  produced  by  the  diachar^. 

4>,  the  coDst&Dt  deflexion  due  to  the  cuirent  through  the  eoil  A. 
This  method  was  employed  by  Proffssor  Fleeming  Je&kixi  in  deUr- 
mining  the  capacity  of  condeDscrs  in  electromagnetic  iik«hor  *. 

If  c  be  the  capacity  of  the  same  condenser  in  eleetrostabe 
measure,  as  doterniined  by  comparison  with  a  oondenaer  wboar 
capacity  can  be  calculated  from  its  geometrical  dat*, 
c  =  ir't'. 


Hence 


tani^ 


The  quantity  v  may  therefore  be  found  iu  this  way.  Ii 
depends  on  the  determination  of  R  in  electromagnetic  me«sar». 
but  as  it  involve«  only  the  s<|uare  root  of  iZ,  an  error  in  th:* 
dett.'rmination  will  not  affect  the  value  of  f  so  much  as  in  tht 
raetho«l8  of  Art«.  772,  773. 

lutermitttHt  Current. 
775.]  If  the  wire  of  a  battery-circuit  be  broken  at  aoy  potat. 
and  the  broken  ends  connected  with  the  electrodes  of  a  oond«-nMff. 
the  carrent  will  flow  into  the  condenser  with  a  stnngth  whiA 
<liminiHheB  as  the  ilifference  of  the  potentials  of  the  platea  of  the 
condenser  increases,  so  that  when  the  condenser  has  rt««iTcd 
the  full  charge  corresponding  to  the  electromotive  force  actis^ 
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allow  of  the  complete  discharge  of  the  condenser,  the  quantity  of 
electricity  transmitted  by  the  wire  in  each  interval  will  be  2  EC^ 
where  E  is  the  electi*omotive  force,  and  C  is  the  capacity  of  the 
condenser. 

If  the  magnet  of  a  galvanometer  included  in  the  circuit  is 
loaded,  so  as  to  swing  so  slowly  that  a  great  many  discharges 
of  the  condenser  occur  in  the  time  of  one  free  vibration  of  the 
magnet,  the  succession  of  discharges  will  act  on  the  magnet  like 

a  steady  current  whose  strength  is  -Tp- ' 

If  the  condenser  is  now  removed,  and  a  resistance  coil  substi- 
tuted for  it,  and  adjusted  till  the  steady  current  through  the 
galvanometer  produces  the  same  deflexion  as  the  succession  of 
discharges,  and  if  i2  is  the  resistance  of  the  whole  circuit  when 
this  is  the  case,  E      2  EG  ,  , 

ij  =  -?-'  <^) 

iJ  =  ^-  (2) 

We  may  thus  compare  the  condenser  with  its  commutator  in 
motion  to  a  wire  of  a  certain  electrical  resistance,  and  we  may 
make  use  of  the  different  methods  of  measuring  resistance  de- 
scribed in  Arts.  345  to  357  in  order  to  deteimine  this  resistance. 

776.]  For  this  purpose  we  may  substitute  for  any  one  of  the 

wires  in  the  method  of  the  Differential  Galvanometer,  Art.  346, 

or  in  that  of  Wheatstone's  Bridge,  Art.  347,  a  condenser  with  its 

commutator.     Let  us  suppose  that  in  either  case  a  zero  deflexioil 

of  the  galvanometer  has  been  obtained,  first  with  the  condenser 

and  commutator,  and  then  with  a  coil  of  resistance  iJ^  in  its 

T 
place,  then  the  quantity  — ^  will  be  measured  by  the  resistance 

of  the  circuit  of  which  the  coil  R^  forms  part,  and  which  is 
completed  by  the  remainder  of  the  conducting  system  including 
the  battery.  Hence  the  resistance,  12,  which  we  have  to  calcu- 
late, is  equal  to  R^,  that  of  the  resistance  coil,  together  with  R.^\ 
the  resistance  of  the  remainder  of  the  system  (including  the 
battery),  the  extremities  of  the  resistance  coil  being  taken  as  the 
electrodes  of  the  system. 

In  the  cases  of  the  differential  galvanometer  and  Wheatstone's 
Bridge  it  is  not  necessary  to  make  a  second  experiment  by 
substituting  a  resistance  coil  for  the  condenser.    The  value  of 
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the  resistanco  required  for  this  purpose  may  be  foond  bj  f  k« 
lation  from  the  other  known  reeistancee  in  the  Bystem. 

Uung  the  ootatioD  of  Art.  347,  and  Buppodng  the  rnniliT 
and  commutator  substituted  for  the  condaetor  AC  m  Wbcat- 
Btone's  Bridge,  and  the  galvanometer  inserted  in  OA,  and  tkat 
the  deflexion  of  the  galvanometer  is  zero,  then  we  know  that  the 
nnistance  of  a  coil,  which  placed  in  AC  would  givtt  a  aero  de- 
flexion, is  .  ^ 

The  other  part  of  the  resistance,  iZ,,  is  that  of  the  systcfn  U 
conductors  AO,  OC,  AB,  BO  and  OB,  the  points  A  and  C  ba^ 
considered  aa  the  electrodes.    Heooe 

P   -  g(''  +  P)(y*-°>  +  <-g(y  +  o)  +  ytt(f  +  n) _ 
■^  (,+a)(y  +  a)  +  ^(e+«  +  y  +  «)  *" 

In  this  expression  a  denotes  the  internal  resistanoe  of  the  battor 
and  its  eonuexioos,  the  vahie  of  which  cannot  be  determined 
with  certainty ;  but  by  making  it  small  compared  with  tkt 
other  resistances,  this  uncertainty  will  only  sli^tly  afieet  thr 
value  of  H^. 
The  value  of  the  capacity  of  the  condenser  in  aleetromagnetie 

measure  is  T 

C  =  -    - ••  iS 

''    2(/j,+iy  " 

*  {  A*  tU>  mrtlMd  U  of  gnat  importauM  In  iDiaranng  Um  eafiadtj  of  k  «a*Ai«M 
IB  il«rUtuiu|{Detia  maaaara,  wa  culijoiB  k  aomawhat  taHat  iBvaatigatiaa  of  il,  nta^tfi 
til  tba  («M  nhra  Ibc  cirllodar  hM  a  ^ard-riiiB. 

Tba  ariBntfciuint  umplojad  in  tbii  maaauratnant  ia  T«p^»«a)<d  in  iW  aawNiJ 
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777.]  If  the  condenser  has  a  large  capacity,  and  the  commu- 
tator is  very  rapid  in  its  action,  the  condenser  may  not  be  fully 

A  BCD  U  A  WheaUione's  Bridge  with  the  galvanometer  at  O,  and  the  battery 
between  B  and  C,  The  arm  AB  is  broken  at  R  and  S,  which  are  two  poles  of  a 
commutator,  which  alternately  come  into  contact  with  a  spring  P,  connected  with  the 
middle-plate,  //,  of  the  condenser.  The  plate  without  the  guard-ring  is  connected  to  8, 
The  points  C  and  B  are  connected  respectively  with  L  and  M,  the  two  poles  of  a 
commutator,  which  alternately  oome  into  contact  with  a  spring  Q,  attached  to  the 
guard-ring  of  the  condenser.  The  system  is  arranged  so  that  when  the  commutators 
are  working  the  order  of  events  is  as  follows  : 

I.  P  on  S.  Condenser  discharged. 

Q  on  M,  Guard-ring  discharged. 

IL  P  on  B,  Condenser  b^us  to  charge. 

Q  on  Jf. 

IIL  P  on  B,  Condenser  completely  charged  to  potential  (A)-{B), 

Q  on  X.  Guard-ring  charged  to  potential  {C)-{B). 

IV.  P  on  5.  Condenser  b^ns  discharging. 

Qon  L. 

V.  P  on  6.  Condenser  discharged. 

Q  on  M.  Guard*ring  discharged. 

Thus,  when  the  commutators  are  working,  there  will,  owing  to  the  flow  of  electricity 
to  the  condenser,  be  a  succession  of  momentary  currents  through  the  galvanometer. 
The  resistances  are  so  adjusted  that  the  effect  of  these  momentary  currents  on  the 
galvanometer  just  balances  the  effect  due  to  the  steady  current,  and  there  is  no 
deflexion  of  the  galvanometer. 

To  investigate  the  relation  between  the  resistances  when  this  is  the  case,  let  us 
suppose  that  when  the  guard-ring  and  condenser  are  charging 

X  *  current  through  BO, 

y  =  current  through  AB, 

i  B  current  through  A  D, 

to  *  current  through  CL, 

Thus,  if  a,  b,  a,  /3,  7  are  the  resistances  in  the  arms  BC,  AC,  AD,  BD,  CD 
respectively,  X  the  coeflBcient  of  self  induction  of  the  galvanometer,  and  J^  the 
electromotive  force  of  the  battery,  we  have  from  circuits  ADC  and  BCD  respectively, 

Li?  +  (6  +  7  +  o)«  +  (b  +  7)y  +  7A-7i  -0,  (1) 

(a  +  7  +  /3)i-(7  +  ^)y-7i-(7  +  /3)ib-£:-0.  (2) 

Now  it  is  evident  that  the  currents  are  expressed  by  equations  of  the  following 

where  Jr^  and  i^  express  the  steady  currents  when  no  electricity  is  flowing  into  the 

condenser,  and  x,,  i,  are  of  the  form  Ae^^^,  Be"^^,  and  express  the  variable  parts  of 

the  currents  due  to  the  charging  of  the  condenser ;  y  and  ip  wiU  be  of  the  form  Ce~^', 

De"-^^  ;  <  in  all  these  expressions  is  the  time  which  has  elapsed  since  the  condenser 
commenced  to  charge. 

Equations  (1)  and  (2)  will  thus  contain  constant  terms,  and  terms  moltiplied  by 

«~~^',  and  the  latter  must  separately  vanish,  hence  we  have 

XJf,  +  C6  +  7  +  a)i,  +  (6+7)y+7ib-7i,-0,  (8) 

(a  +  7  +  ^)*,-(7  +  ^)y-7^i-(7  +  /3)*-0.  (4) 

Let  Z,  X  be  the  quantities  of  electricity  which  have  paswd  through  the  galvano- 
meter and  battery  respectively,  in  consequence  of  the  charging  of  the  condenser,  and 
Y  and  W  the  charges  in  the  condenser  and  guard-ring.  Then  integrating  equations 
(3)  and  (4)  over  a  time  extending  from  just  before  the  condenser  began  to  chaige 
until  it  is  fully  charged,  remembering  that  at  each  of  these  times  i,  »  0,  we  get 

(6  +  7  +  o)Z+(b^7)r+7ir-7X-0, 
(a  +  7  +  ^)Z-(7  +  ^)r-7Z-(7  +  ^)ir-0; 
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diMharged  at  each  reversal.     The  eqoation  of  the  eleeCrie  comet 
during  the  discharge  is 

tit 

where  Q  is  the  charge,  C  the  capadty  of  the  oondeiwer,  R.  lir 
re9istanc«  of  the  rest  of  the  sjBtom  between  the  electrode*  of  t^ 
<x>nden»er,  an<l  E  the  electromotive  force  dae  to  the  c 
with  the  battery. 

Hence  Q  =  (Q„  +  EC)e'^-EC, 

where  Qu  is  the  initial  value  of  Q. 


-r;?.T)->1'*'-.^^-"-'.-Tf7j 


Id  pnctica  the  hstUrj  r*«l*Uoc«  !■  vmj  inwll  iDde«d  cooparMl  <rUk  0,  k  sa  f  * 
UuL  <bt  tblr^l  Unn  a^j  ba  Dei[l«ct«]  In  comparuoa  <rith  1^  — -it-|.  amit  **  ^ih 
MylactiBg  the  bkttaij  r«ri»t«Bc«^ 


i -r  I- 

It{A},lB),  {D)  AnoU  tb>p>tMitUlior.i,/l,  £)  whtalU 
chu|[ed,  C  the  c^ncity  of  iha  ouodsBMr,  then 

...'••♦^'"        • 

7 
Tho  ri)ihl-lui>d  lide  ol  lliii  cqoation  U  eridaDtl;  i, ,  tha  iU*d;earr 
(■iTBiKHueter,  mi  U»t 
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If  r  is  the  time  during  which  contact  is  maintained  during 
each  discharge,  the  quantity  in  each  discharge  is 


Q=  2EC 


l-e 


R^C 


(8) 


l  +  e 


RmC 


By  making  c  and  y  in  equation  (4)  large  compared  with  ^,  a, 
or  a,  the  time  represented  by  R,fi  may  be  made  so  small  com- 
pared with  Ty  that  in  calculating  the  value  of  the  exponential 
expression  we  may  use  the  value  of  (7  in  equation  (5).     We 


thus  find 


=  2 


Rx-^R^T 


(9) 


R2G  R2     T  * 

where  R^  is  the  resistance  which  must  be  substituted  for  the 
condenser  to  produce  an  equivalent  efiect.  R^  is  the  resistance 
of  the  rest  of  the  system,  T  is  the  interval  between  the  begin- 
ning of  a  discharge  and  the  beginning  of  the  next  discharge,  and 
r  is  the  duration  of  contact  for  each  discharge.  We  thus  obtain 
for  the  corrected  value  of  C  in  electromagnetic  measure 


(7=i 


1  +e 


Ri  +  R 


2  H        T 

1-6  ^» 


(10) 


IV.  Comparison  of  the  Electrostatic  Capacity  of  a  Condenser  with 
the  Electromagnetic  Capacity  of  Self-induction  of  a  Coil. 
778.]  If  two  points  of  a  conducting  circuit,  between  which  the 
resistance  is  ii,  are  connected  with  the  electrodes  of  a  condenser 
whose  capacity  is  (7,  then,  when  an 
electromotive  force  acts  on  the  circuit, 
part  of  the  current,  instead  of  passing 
through  the  resistance  ii,  will  be  em- 
ployed in  charging  the  condenser. 
The  current  through  R  will  therefore 
rise  to  its  final  value  from  zero  in  a 
gradual  manner.  It  appears  from  the 
mathematical  theory  that  the  manner 
in  which  the  current  through  R  rises 
from  zero  to  its  final  value  is  expressed 
by  a  formula  of  exactly  the  same  kind  as  that  which  expresses 
the  value  of  a  current  urged  by  a  constant  electromotive  force 
through  the  coil  of  an  electromagnet.     Hence  we  may  place 


Fig.  65. 
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a  condonscr  and  ui  electromagnet  io  two  oppoaita  meiaben  -^ 
Whcatstono's  Bridge  io  such  a  way  that  the  earreot  thraogk  U# 
galvanomeU'r  ia  always  zero,  even  at  the  uut«nt  of  makiaf « 
breaking  tiio  battery  circuit. 

In  the  figure,  let  P,  (j,  R,  S  he  the  rcsistanees  of  tbe  Lmt 
memlMTs  of  Wfaeatstone's  Bridge  respectively.  Let  a  eul 
whose  cocflieioDt  of  self-induction  is  Z,  be  miade  |MUt  of  ib 
member  All,  whose  resiatanco  is  Q,  and  K-t  the  elvctnxlea  at  « 
condenser,  whose  capacity  is  (7,  be  connected  by  pieces  of  taaS. 
resistance  with  the  points  F  and  Z.  For  the  sake  of  aimplieiii. 
we  shall  assume  ttiat  there  is  no  current  in  the  galvftoometer  *i. 
the  electrodes  of  which  are  connected  to  F  and  H.  We  ka>« 
therefore  to  dek'rmine  the  condition  that  the  potential  at  Fmn 
he  equal  to  that  at  //.  It  is  only  when  we  wish  to  etitiraate  lb 
degree  of  accuracy  of  ttie  method  that  we  retiuire  to  calcnlaM 
the  current  through  the  galvanometer  when  this  oonditioo  ia  »< 
fulKlled. 

Let  jr  be  the  total  quantity  of  electricity  which  \ma  paacc 
through  the  member  AF,  and  z  that  which  has  paaocd   Uuo^ 
FZ  at  the  time  /,  then  j-  — 2  will  be  the  charge  of  the  condenKf    ' 
The  electrouotivo  force  acting  between  the  electrodes  of  ur 

condenser  is,  by  Ohm's  law,  it  -^  t  so  that  if  the  capacity  of  tte 

condenser  is  C,  nr,*^ 

Let  ^  be  the  total  quantity  of  electricity  which  has  p«M«c 
through  the  iiiemln-r  AH,  the  ek-ctromotive  force  from  A  to  E 
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The  condition  of  no  final  current  is,  as  in  the  ordinary  form  of 
Wheatstone  s  Bridge,  n/j  _  gp^  /^\ 

The  additional  condition  of  no  current  at  making  and  breaking 

the  battery  connexion  is        r 

I  =  HC.  (6) 

Here  ^  and  RC  are  the  time-constants  of  the  members  Q  and 

R  respectively,  and  if,  by  varying  Q  or  /J,  we  can  adjust  the 
members  of  Wheatstone's  Bridge  till  the  galvanometer  indicates 
no  current,  either  at  making  and  breaking  the  circuit,  or  when 
the  current  is  steady,  then  we  know  that  the  time-constant  of 
the  coil  is  equal  to  that  of  the  condenser. 

The  coefficient  of  self-induction,  X,  can  be  determined  in 
electromagnetic  measure  from  a  comparison  with  the  coefiicient 
of  mutual  induction  of  two  circuits,  whose  geometrical  data  are 
known  (Art.  756).     It  is  a  quantity  of  the  dimensions  of  a  line. 

The  capacity  of  the  condenser  can  be  determined  in  electro- 
static measure  by  comparison  with  a  condenser  whose  geomet- 
rical data  are  known  (Art.  229).  This  quantity  is  also  a  length,  c. 
The  electromagnetic  measure  of  the  capacity  is 

C  =  ^-  (7) 

Substituting  this  value  in  equation  (6),  we  obtain  for  the 

value  of  tr*  ^ 

r^='j-QR,  (8) 

where  c  is  the  capacity  of  the  condenser  in  electrostatic  measure, 
L  the  coefficient  of  self-induction  of  the  coil  in  electromagnetic 
measure,  and  Q  and  R  the  resistances  in  electromagnetic  measure. 
The  value  of  v,  as  determined  by  this  method^  depends  on  the 
determination  of  the  unit  of  resistance,  as  in  the  second  method, 
Arts.  772,  773. 

V.   Combination  of  the  Electrostatic  CapcLcity  of  a  Condenser 

with  the  Electrorruignetic  Capacity  of  Self-inductum  of  a 

CoU. 

779.]  Let  C  be  the  capacity  of  the  condenser,  the  surfaces  of 

which  are  connected  by  a  wire  of  resistance  R.     In  this  wire  let 

the  coils  L  and  U  be  inserted,  and  let  L  denote  the  sum  of  their 

capacities  of  self-induction.     The  coil  L'  is  hung  by  a  bifilar 
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gnspeiiBion,  and  cooaists  of  two  parallel  coils  in  vettieBl  flMw 
between  wtiich  panBos  a  vertical  axis  which  oatries  tbe  nagDM  M 
the  axis  of  which  revolves  in  abor* 
EOQtal  plane  between  the  coib  I'L 
Tbe  coil  L  has  a  large  ooclScMtf 
of  self-induction,  and  is  fiidi. 
The  suspended  ooil  L'  ia  prolMi*-: 
from  the  currenta  of  ur  caused  i} 
tbe  rotation  of  tbe  magiiei  b; 
enclosing  the  rot«tiiig  paru  in  a 
hollow  case. 

The  motion  of  tbe  magnet  itimh 

currents  of  indaction  in  the  eod 

and  these  are  acted   on   l>;  tb 

magnet,  so  that  tbe  plane  of  tkt 

y^g_  gg,  suspcnded  ooil  is  deflected  in  tbt 

direction  of  tbe  rotation  of  tbt 

DU^et.     Let  us  determine  tbe  strength  of  the  indoeed  enneoh 

and  the  magnitude  of  tbe  deflexion  of  the  suspended  coil. 

Let  X  bo  the  charge  of  electricity  on  tbe  upper  surfaee  of  thv 
condenser  C,  then,  if  E  is  the  electromotive  force  which  prodoea 
this  charge,  we  have,  by  the  theory  of  the  condenser, 

X  =  CE.  , : 

We  have  alito,  by  the  theory  uf  electric  currents, 

^+  J^  {f-i  +  -V  cos  '}}  +  E=0,  I ;. 

where   J/  ia  thi>  elt'ctrumsgnctic  momentum  of  the  circuit  L 
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of  the  time.     The  other,  which  may  be  called  the  forced  current, 
depends  entirely  on  the  term  in  0,  and  may  be  written 

x  =  AsmO-^B  cos  0.  (5) 

Finding  the  values  of  A  and  B  by  substitution  in  the  equation 
(3),  we  obtain 

- -.^   RCn  cos  ^  —  (1  -  CLn^)  sin  0  .^ 

x  =  ^MCn       ji^c^^.^^^^cLn^y (6) 

The  moment  of  the  force  with  which  the  magnet  acts  on  the 
coil  L\  in  which  the  current  w  is  flowing,  being  the  reverse  of 
that  acting  on  the  magnet  the  coil  being  by  supposition  fixed,  is 

given  by  .  ^  zir        ^,^       i^  •    ^^^  /^\ 

0  =— fl?^(^cos^)  =  Msme-^-  (7) 

Integrating  this  expression  with  respect  to  t  for  one  revolution, 
and  dividing  by  the  time,  we  find,  for  the  mean  value  of  0, 

If  the  coil  has  a  considerable  moment  of  inertia,  its  forced 
vibrations  will  be  very  small,  and  its  mean  deflexion  will  be 
proportional  to  0. 

Let  D|,  Dj,  Z),  be  the  observed  deflexions  corresponding  to 
angular  velocities  n^,  n^t  n^  of  the  magnet,  then  in  general 

P^  =  (l-CLny-^R'C,  (9) 

where  P  is  a  constant. 

Eliminating  P  and  R  from  three  equations  of  this  form, 
we  find 

(7^Z*  = i^l — ^ 00) 

If  7i2  is  such  that  CLn^^  =  1^  the  value  of  j:  will  be  a  minimum 

for  this  value  of  n.  The  other  values  of  n  should  be  taken,  one 
greater,  and  the  other  less,  than  n,. 

The  value  of  CL,  determined  from  equation  (10),  is  of  the 
dimensions  of  the  square  of  a  time.     Let  us  call  it  r'. 

If  C^  be  the  electrostatic  measure  of  the  capacity  of  the  con- 
denser, and  L^  the  electromagnetic  measure  of  the  self-induction 
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of  the  coil,  both  C,  and  £.  are  tines,  and  the  prodoet 

C.Z.  =  v'C.L.  =  v'C^L^  =  »»r";  r.h 

and  V*  =  - j—  .  (11' 

where  r*  is  the  value  of  C*L*,  determined  by  this  AxpcriaaL 
The  experiment  here  suggested  aa  a  method  of  determining  r  ii 
of  the  same  nature  as  one  described  hj  Sir  W.  R.  Gnm. 
PhiL  Mag.,  March  1868,  p.  184.  See  also  reioarka  on  tbt 
experimeDt,  by  the  present  writer,  in  the  number  for  Hay  1K& 
pp.  360-363. 

TL  EUrtrodatk  Meamirement  of  SesiMantt.     (See  Art.  Ul.| 

780.]  Let  a  condenser  of  capacity  C  be  discharged  throo^  s 

conductor  of  resistance  R,  then,  if  z  ia  the  charge  at  aoy  inalui. 

Hence  aj  =  r^e   ".  (t 

If,  by  any  method,  we  can  make  contact  for  •  abort  ttaa 
which  is  accurately  known,  so  as  to  allow  the  earreot  to  flrr  | 
through  the  condaetor  for  the  time  t,  then,  if  E,  and  JS,  air  ibt 
readings  of  an  electrometer  pat  in  connexion  with  the  amigmm 
before  and  after  the  operation, 

itC(log,^,-log,ff,)=(.  ID 

If  C  is  known  in  electrostatic  measure  as  a  linear  qttuitiiy.  I 

may  be  found  from  this  equation  in  clectraetatic  meaaore  m  tk 


CHAPTER    XX. 

ELECTROMAGNETIC   THEORY   OP   LIGHT. 

781.]  In  several  parts  of  this  treatise  an  attempt  has  been 
made  to  explain  electromagnetic  phenomena  by  means  of  me- 
chanical action  transmitted  from  one  body  to  another  by  means 
of  a  medium  occupying  the  space  between  them.  The  undu- 
latory  theory  of  light  also  assumes  the  existence  of  a  medium. 
We  have  now  to  shew  that  the  properties  of  the  electromagnetic 
medium  are  identical  with  those  of  the  luminiferous  medium. 

To  fill  all  space  with  a  new  medium  whenever  any  new  phe- 
nomenon is  to  be  explained  is  by  no  means  philosophical,  but  if 
the  study  of  two  different  branches  of  science  has  independently 
suggested  the  idea  of  a  medium,  and  if  the  properties  which 
must  be  attributed  to  the  medium  in  order  to  account  for 
electromagnetic  phenomena  are  of  the  same  kind  as  those  which 
we  attribute  to  the  luminiferous  medium  in  order  to  account  for 
the  phenomena  of  light,  the  evidence  for  the  physical  existence 
of  the  medium  will  be  considerably  strengthened. 

But  the  properties  of  bodies  are  capable  of  quantitative 
measurement.  We  therefore  obtain  the  numerical  value  of  some 
property  of  the  medium,  such  as  the  velocity  with  which  a 
disturbance  is  propagated  through  it,  which  can  be  calculated 
from  electromagnetic  experiments,  and  also  observed  directly  in 
the  case  of  light.  If  it  should  be  found  that  the  velocity  of 
propagation  of  electromagnetic  disturbances  is  the  same  as  the 
velocity  of  light,  and  this  not  only  in  air,  but  in  other  trans- 
parent media,  we  shall  have  strong  reasons  for  believing  that 
li<(ht  is  an  electromagnetic  phenomenon,  and  the  combination  of 
the  optical  with  the  electrical  evidence  will  produce  a  conviction 
of  the  reality  of  the  medium  similar  to  that  which  we  obtain,  in 
the  case  of  other  kinds  of  matter,  from  the  combined  evidence 
of  the  senses. 
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783.]  When  Mght  is  vmitted,  a  certain  unoant  of  tnergr  » 
expcndi-d  by  tho  luminous  body,  and  if  the  light  is  abiiorbfil  hr 
anutlicT  iKxly,  thin  body  becomea  lioated,  abcwuig  that  it  hu  re- 
ceived energy  from  without.  During  tlie  interval  of  timr  wAit 
the  li^ht  k>ft  the  tirnt  body  and  beftire  it  reached  the  aeeouLs 
must  hKvc  existed  as  energy  in  the  intervening  apace. 

According  to  the  theory  of  cniiHsion,  tho  trananiiMiea  of 
enorgj'  is  cffccteil  by  the  actual  transference  of  liglil.eorpD»c«M 
front  the  luininouH  to  tho  illuminated  hixly,  carrying  with  thm 
their  kinetic  energy,  together  with  any  other  kind  of  foergr  ^ 
vltich  they  may  be  the  receptaclcfl. 

According  to  tlie  theory  of  undulation,  there  is  a  mat^ral 
medium  which  filU  the  apace  between  the  two  bodiea,  and  it  » 
by  the  action  of  contiguous  parta  of  this  rae^liom  tttat  tb>> 
envrgy  is  paseod  on,  from  one  portion  to  tbe  next,  till  it  r^-acbra 
the  illuminattHl  body. 

Tlic  luminifcrous  medium  in  therefore,  during  tbe  paAn^  if 
light  through  it,  a  receptacle  of  energy.  In  th<^-  un<lulau-n 
theory,  aa  developed  by  IIuygenH,  Fresm-l.  Young,  tJivwu  t'- 
thi-s  energy  ia  supjwavd  to  bv  jtartly  [)otvntial  and  partly  IciDttx. 
The  potential  energy'  is  suppostid  to  be  duo  to  the  dihtortion  ci 
the  elcmi-ntary  portionn  of  the  medium.  We  muat  thervfen 
regard  the  nti-dium  as  elastic.  The  kinetic  energy  ia  !>uppaa«d 
Ui  be  due  to  the  vibratory  umtiun  of  the  molium.  W«  mw* 
therefore  n>gard  tho  medium  aa  having  a  tiiiit«  density. 

In  the  theory  of  electricity  and  ma^tietiniii  ailoptt-U  in  tbt 
tn'atisf.  twu   f(Hiim   of  energy  an-  recogiiiswl,  thf   fl('c:r>  Mat:; 
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783.]  Let  us  next  determine  the  conditions  of  the  propagation 
of  an  electromagnetic  disturbance  through  a  uniform  medium, 
which  we  shall  suppose  to  be  at  rest,  that  is,  to  have  no  motion 
except  that  which  may  be  involved  in  electromagnetic  disturb- 
ances. 

Let  C  be  the  specific  conductivity  of  the  medium,  K  its  specific 
capacity  for  electiostatic  induction,  and  /i  its  magnetic  *  perme- 
ability '. 

To  obtain  the  general  equations  of  electromagnetic  disturb- 
ance, we  shall  express  the  true  current  (S  in  terms  of  the  vector 
potential  9(  and  the  electric  potential  4^. 

The  true  current  6  is  made  up  of  the  conduction  current  St 
and  the  variation  of  the  electric  displacement  !D,  and  since  both 
of  these  depend  on  the  electromotive  intensity  @,  we  find,  as  in 
Art.  611,  .  Id. 

But  since  there  is  no  motion  of  the  medium,  we  may  express 
the  electromotive  intensity,  as  in  Art.  599, 

@=-5a[-V4'.  (2) 

Hence  6  =  _  (0+ lir|)(f +  V*).  (3) 

But  we  may  determine  a  relation  between  (S  and  31  in  a 
different  way,  as  is  shewn  in  Art.  616,  the  equations  (4)  of 
which  may  be  written 

47rfie  =  V7«a+vj;  (4) 

^     dF     dO     dH 

where  J  =  -r"  +  tt"  +  j— •  W 

dx      dy       dz  ^  ' 

Combining  equations  (3)  and  (4),  we  obtain 

M(4^C  +  Jr~)('^+V4')+V«a-hV/=0,  (6) 

which  we  may  express  in  the  form  of  three  equations  a«  follows — 

These  are  the  general  equations  of  electromagnetic  disturbances. 
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If  we  differentiate  these  equfttions  with  respect  to  z,  y.  ■« 

re§pectively,  and  add,  we  obtain 

If  the  medium  is  a  non-conductor,  (7=0,  and  T*^,  wfaieb 
proportional  to  the  volume-density  of  free  electricity,  la  inc 
pendent  of  t.  Hence  J  must  be  a  linear  function  of  t,  or 
constant,  or  zero,  and  we  may  therefore  leave  J  &nd  <■  oat 
acoouDt  in  considering  periodic  disturbanoes. 


Propagation  cf  Undulation*  in  a  Sun-conducititg  Medimm. 
784.]  In  this  case,  C  =  0,  and  the  equations  become 
AV^^f +  V''/'=0,  j 

at'  [ 

/f,''^'  +  V//=o.) 

The  equations  in  this  form  are  Himilar  to  those  of  the  moti< 
of  an  incompressible  elastic  aolid,  and  when  the  initial  conditra 
are  givon,  the  s<dution  can  be  expreiwed  in  a  form  givMi  I 
I'oisBon*,  and  applied  by  Stokes  to  the  Theor)-  of  Didmctiont 

Let  us  write  V=  —       ■  1 1 
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Then  the  value  of  F  at  the  point  0,  at  the  time  U  ib 

Similarly  (?  =  ^(G<)  + 1^  ,  }•  (11) 

785.]  It  appears,  therefore,  that  the  condition  of  things  at 
the  point  0  at  any  instant  depends  on  the  condition  of  things 
at  a  distance  Vt  and  at  an  interval  of  time  t  previously,  so 
that  any  disturbance  is  propagated  through  the  medium  with 
the  velocity  V. 

Let  us  suppose  that  when  t  is  zero  the  quantities  91  and  91  are 
zero  except  within  a  certain  space  S.  Then  their  values  at  0  at 
the  time  t  will  be  zero,  unless  the  spherical  surface  described 
about  0  as  centre  with  radius  Vt  lies  in  whole  or  in  part 
within  the  space  S.  If  0  is  outside  the  space  S  there  will  be  no 
disturbance  at  0  until  Vt  becomes  equal  to  the  shortest  distance 
from  0  to  the  space  S,  The  disturbance  at  0  will  then  begin, 
and  will  go  on  till  Vt  is  equal  to  the  greatest  distance  from  0  to 
any  part  of  S.     The  disturbance  at  0  will  then  cease  for  ever. 

786.]  The  quantity  K,  in  Art.  784,  which  expresses  the 
velocity  of  propagation   of  electromagnetic  disturbances  in  a 

non-conducting  medium  is,  by  equation  (10),  equal  to  ~~r-^=-  * 

If  the  medium  is  air,  and  if  we  adopt  the  electrostatic  system 

of  measurement,   iT  =  1   and   fx  =  -= ,    so  that    F  =  v,  or   the 

velocity  of  propagation  is  numerically  equal  to  the  number  of 
electrostatic  unita  of  electricity  in  one  electromagnetic  unit.     If 

we  adopt  the  electromagnetic  system,  K  =  -z  and  /i  =  I,  so  that 

the  equation  V  =  t;  is  still  true. 

On  the  theory  that  light  is  an  electromagnetic  disturbance, 
propagated  in  the  same  medium  through  which  other  electro- 
magnetic actions  are  transmitted,  V  must  be  the  velocity  of 
light,  a  quantity  the  value  of  which  has  been  estimated  by 
several  methods.  On  the  other  hand,  t;  is  the  number  of 
electrostatic  units  of  electricity  in  one  electromagnetic  unit,  and 

Ffa 
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788.]  In  other  media  Uian  air,  the  velocity  V  is  inversely 
proportional  to  the  square  root  of  the  product  of  the  dielectric 
and  the  magnetic  inductive  capacities.  According  to  the  undu- 
latory  theory,  the  velocity  of  light  in  different  media  is  inversely 
proportional  to  their  indices  of  refraction. 

There  are  no  transparent  media  for  which  the  magnetic 
capacity  differs  from  that  of  air  more  than  by  a  very  small 
fraction.  Hence  the  principal  part  of  the  difference  between 
these  media  must  depend  on  their  dielectric  capacity.  According 
to  our  theory,  therefore,  the  dielectric  capacity  of  a  transparent 
medium  should  be  equal  to  the  square  of  its  index  of  refraction. 

But  the  value  of  the  index  of  refraction  is  different  for  light 
of  different  kinds,  being  greater  for  light  of  more  rapid  vibra- 
tions. We  must  therefore  select  the  index  of  refraction  which 
corresponds  to  waves  of  the  longest  periods,  because  these  are 
the  only  waves  whose  motion  can  be  compared  with  the  slow 
processes  by  which  we  determine  the  capacity  of  the  dielectric. 

789.]  The  only  dielectric  of  which  the  capacity  has  been 
hitherto  determined  with  sufficient  accuracy  is  paraffin,  for 
which  in  the  solid  form  MM.  Gibson  and  Barclay  found  * 

K  =  1975.  (12) 

Dr.  Gladstone  has  found  the  following  values  of  the  index 
of  refraction  of  melted  paraffin,  sp.  g.  0*779,  for  the  lines  A,  D 
and  H: — 


Tempermture 

A 

D 

S 

64*C 

1-4306 

1-4367 

14499 

67°C 

1-4294 

1-4343 

1-4493 

from  which  I  find  that  the  index  of  refraction  for  waves  of  infinite 
length  would  be  about  1-422. 

The  square  root  of  K  is         1-405. 

The  difference  between  these  numbers  is  greater  than  can  be  ac- 
counted for  by  errors  of  observation,  and  shews  that  our  theories 
of  the  structure  of  bodies  must  be  much  improved  before  we 
can  deduce  their  optical  from  their  electrical  properties.  At  the 
same  time,  I  think  that  the  agreement  of  the  numbers  is  such 
that  if  no  greater  discrepancy  were  found  between  the  numbers 
derived  from  the  optical  and  the  electrical  properties  of  a  con- 
siderable number  of  substances,  we  should   be   warranted  in 

*  PhU.  Trant.  1871,  p.  578. 
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oonclnding  that  the  squftre  root  of  K,  though  it  may  not  U 
the  complete  expression  for  the  index  of  refnction,  ia  »t  Ima 
the  most  important  t«nn  in  it  *. 

Plane  Warai. 
790.]  Let  us  now  confine  our  attention  to  pluie  w«Tea,  Um 
fronU  of  which  we  shall  suppose  normal  to  the  axis  of  3.  AU 
the  quantities,  the  variation  of  which  constitatee  such  wavMi,  an 
functions  of  :  and  I  only,  and  are  independent  of  x  and  y.  HoMt 
the  equations  of  magnetic  induction,  (A),  Art.  591,  are  redoeed  to 

a  =  -    ,    ,         h=    ,-  •         c  =  0,  iI3 

or  the  magnotio  disturbance  is  in  the  plane  of  the  ware.  Ttui 
agrees  with  what  we  know  of  that  disturbaooe  which  eonstitalM 
light 

Putting  na.  }tP  and  fiy  for  a,  b  and  c  reapectively,  the  rqoa- 
tions  of  electric  currents,  Art.  607,  become 

ilh  iPF  \ 

^•'*"  =  -./,=  -7/--) 

dz    ./-*: 

4iHtc  =  0.  / 

Hence  the  electric  disturbance  is  also  in  the  plane  of  the  wan, 
and  if  the  magnetic  dinturbance  in  confined  to  one  tlirectioa,  mj 
that  of  X,  the  electric  disturbance  w  confined  to  the  perpendicular 
direction,  ur  that  of  y. 

But  we  may  calculate  the  electric  disturbance  in  another  wa;. 

r,.r  ■         ■        ■ 


4fffit'  = 


79I-] 
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439 


If  P,  Q,  R  are  the  components  of  the  electromotive  intensity, 


4  TT 


4  w 


and  since  there  is  no  motion  of  the  mediam,  equations 
Art.  598.  become 

dO 

dt  ' 


P  =  - 


dF 


dt 


Q=- 


R  =  - 


dU 


dt 


Hence 


K  d^F 


Kd'O 
^~      iv  dt'' 


Kd^H 

ty  =  — ' 

4itdi^ 


(16) 
(B). 

(17) 
(18) 


Comparing  these  values  with  those  given  in  equation  (14),  we  find 


d^F      -.   dJ'F  \ 


dz' 
d-G 
dz" 


=  ifM 


dt'' 
d^O 
dt" 


(19) 


(20) 


The  first  and  second  of  these  equations  are  the  equations  of 
propagation  of  a  plane  wave,  and  their  solution  is  of  the  well- 
known  form 

F  =  Mz-Vt)+Mz+Vt),l 
G=M:-Vt)+Mz+Vt)S 

The  solution  of  the  third  equation  is 

H^A  +  Bt,  (21) 

where  A  and  B  are  functions  of  z.  II  is 
therefore  either  constant  or  varies  directly 
with  the  time.  In  neither  case  can  it 
take  part  in  the  propagation  of  waves. 

791.]  It  appears  from  this  that  the 
directions,  both  of  the  magnetic  and  the 
electric  disturbances,  lie  in  the  plane  of 
the  wave.  The  mathematical  form  of  the 
disturbance  therefore  agrees  with  that  of 
the  disturbance  which  constitutes  light, 
being  transverse  to  the  direction  of  pro- 
pagation. 

If  we  suppose  G  =  0,  the  disturbance  will  correspond  to  a 
plane-polarized  ray  of  light. 

The  magnetic  force  is  in  this  case  parallel  to  the  axis  of  y  and 


Fig.  67. 
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equal  to  -  -t~  >  and  the  electromotive  mteosity  ia  pralM  to  ik 

ilF 
axis  of  X  and  equal  to .j-   The  magnetic  force  is  thenfen  ia  a 

plane  perpendicular  to  that  which  containa  the  electric  iatcmiiT 
The  valueH  of  the  maf^etic  force  and  of  the  electromotive  ilta 
sity  at  a  given  instant  at  different  points  of  the  ray  are  repraMBM 
in  Fig.  67,  for  the  caae  of  a  simple  harmonic  disturbatiee  ia  oat 
plane.  This  corresponds  to  a  ray  of  plaoe-poUrized  light,  )m 
whether  the  plane  of  polariiation  corresponds  to  the  plane  of  ikc 
magnetic  disturbanoe,  or  to  the  plane  of  the  eleetiie  disCaihaaer 
remains  to  be  seen.     See  Art.  797. 

Energy  ami  Street  of  Radiation. 
79:3.]  The  electrontaUo  energy  per  unit  of  volume  at  any  peat 
of  the  wave  in  a  non-conducting  medium  is 

'■'  8.  »tJt\ 

The  ijectrokiaetic  energy  at  the  same  point  is 
1    </>•,■ 

8.„ie|-  «»' 

Id  virtue  of  e(|U«tion  (20)  tht-se  two  expressions  are  equal  fcr  s 
single  wave,  so  that  at  every  point  of  the  wave  the  intnaac 
energy  of  the  mtilium  is  half  electrostatic  and  half  electrokinetk. 
l^t  /I  be  the  value  of  cithiT  of  theHC  quantities,  that  i».  either 
the  olectroHtatic  or  the  electrokinutic  energy  per  unit  of  volam*. 
then,  in  virtue  of  the  electrostatic  Htate  of  the  medium,  tbcf* 
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pressure  in  the  direction  norm&I  to  the  waves,  and  numerically 
equal  to  the  energy  in  unit  of  volume. 

793.]  Thus,  if  in  strong  sunlight  the  energy  of  the  light  which 
falls  on  one  square  foot  is  83-4  foot  pounds  per  second,  the  mean 
energy  in  one  cubic  foot  of  sunlight  is  about  0*0000000882  of  a 
foot  pound,  and  the  mean  pressure  on  a  square  foot  is  0*0000000882 
of  a  pound  weight.  A  flat  body  exposed  to  sunlight  would  ex- 
perience this  pressure  on  its  illuminated  side  only,  and  would 
therefore  be  repelled  from  the  side  on  which  the  light  falls.  It 
is  probable  that  a  much  greater  energy  of  radiation  might  be 
obtained  by  means  of  the  concentrated  rays  of  the  electric  lamp. 
Such  rays  falling  on  a  thin  metallic  disk,  delicately  suspended 
in  a  vacuum,  might  perhaps  produce  an  observable  mechanical 
effect.  When  a  disturbance  of  any  kind  consists  of  terms  in^- 
volving  sines  or  cosines  of  angles  which  vary  with  the  time,  the 
maximum  energy  is  double  of  the  mean  energy.  Hence^  if  P  is  the 
maximum  electromotive  intensity  and  /3  the  maximum  magnetic 
force  which  are  called  into  play  during  the  propagation  of  light, 

-—  P*  =  —  )3^  =  mean  energy  in  unit  of  volume.  (24) 

8  TT  8  TT 

With  Pouillet*s  data  for  the  energy  of  sunlight,  as  quoted  by 
Thomson,  Trans.  R.  S.  E,^  1854,  this  gives  in  electromagnetic 
measure 

P  =  60000000,  or  about  600  Daniell's  cells  per  mfetre  ;* 
p  =  0*193,  or  rather  more  than  a  tenth  of  the  horizontal  mag- 
netic force  in  Britain  f. 

*  { I  haye  not  been  able  to  verify  these  numbers,  if  we  assume  «  ■■  8  x  10^*,  the 
mean  energy  in  one  c.  c.  of  sunlight  is,  according  to  PouilleVs  data,  as  quoted  by 
Thomson,  8-92  x  10~*,  eigs,  the  corresponding  values  of  P  and  /3  as  given  by  (24)  are 
in  C.  6. 8.  units 

P  -  9*42  X 10'  or  9*42  volts  per  centimetre, 

/3  s:  .0314  or  rather  more  than  a  sixth  of  the  earth's  horisontal  magnetic  force. } 
f  {  We  may  regard  the  forces  exerted  by  the  incident  light  on  the  reflecting  surface 
from  a  different  point  of  view.  Let  us  suppose  that  the  reflecting  suHace  is  metallic, 
then  when  the  light  falls  on  the  surface  the  variation  of  the  magnetic  force  induces 
currents  in  the  metal,  and  these  currents  produce  opposite  inductive  effects  to  the 
incident  light  so  that  the  inductive  foroe  is  screened  off  from  the  interior  of  the  metal 
plate,  thus  the  currents  in  the  plate,  and  therefore  the  intensity  of  the  light,  rapidly 
diminiMb  as  we  recede  from  the  sur&ce  of  the  plate.  The  currents  in  the  plate  are 
accompanied  by  magnetic  forces  at  right  angles  to  them,  the  corresponding  mechanical 
force  is  at  right  angles  both  to  the  current  and  the  magnetic  foroe,  and  therefore  parallel 
to  the  direction  of  propagation  of  the  light.  If  the  bght  were  passing  through  a  non- 
absorbent  medium  this  mechanical  force  would  be  reversed  after  half  a  wave  length, 
and  when  integrated  over  a  finite  time  and  distance  would  have  no  resultant  effect. 
When  however  the  currents  rapidly  die  away  as  we  recede  from  the  surface,  the 
effects  due  to  the  currents  close  to  the  surfsce  are  not  counterbalanced  by  the  effects 
of  those  at  some  distance  away  frt>m  it,  so  that  the  resultant  effect  does  not  vanish. 
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Pro/mgation  of  a  Plane  Wave  in  a  VTyataUized  Medntwi. 

794.]  In  calculating,  from  data  furnished  hy  ordiiuTj  ckcti 

magnetic  experiments,  the  electrical   phenomena    whi^  tm 

result  from  periodic  disturbances,  millions  of  miUiona  of  «ki 

We  cut  caknUte  tb*  ni*|[nltade  of  thk  BBtsi  in  tlw  fiillnatJBK  «>J.  t^ 
coniider  thonMuniijfat  iDcidcnt  DiunikUr  on  a  DwUl  dUW  whirli  w*  ilujl  la^ 
the  pluia  of  zjr.  Lei  a  b«  the  ipecific  rMbUuHx  uf  iLe  uwUfml,  Ivt  U*  ■■ 
poMalud  of  the  ineidrBt  ny  be  gtTrn  l>7  th«  eqiutioo 


f  _  A-t<''—'>, 

of  tike  nfncted  ny  hy 

r'  -^"f'i^*« 

then  io  Um  >ir 

hen  l*  U  the  Telocity  of  l%bt 

inur.  bei>» 

.-f, 

ia  the  nMUl 

thue  a*  -  al-i,. 

The  rector  pcAentLU  >!  Ihe  lurfBce  ii  ouoiioaou^  hann 

The  nugsetic  foiua  |«i*IM  to  the  euTftoa  u  alto 


.,-/f 
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occur  in  a  second,  we  have  already  put  our  theory  to  a  very 
severe  test,  even  when  the  medium  is  supposed  to  be  air  ot 
vacuum.  But  if  we  attempt  to  extend  our  theory  to  the  case 
of  dense  media,  we  become  involved  not  only  in  all  the  ordinary 
difficulties  of  molecular  theories,  but  in  the  deeper  mystery  of 
the  relation  of  the  molecules  to  the  electromagnetic  medium. 

To  evade  these  difficulties,  we  shall  assume  that  in  certain 
media  the  specific  capacity  for  electrostatic  induction  is  different 
in  different  directions,  or  in  other  words,  the  electric  displace- 
ment, instead  of  being  in  the  same  direction  as  the  electromotive 
intensity,  and  proportional  to  it,  is  related  to  it  by  a  system  of 
linear  equations  similar  to  those  given  in  Art.  297.  It  may  be 
shewn,  as  in  Art.  436,  that  the  system  of  coefficients  must  be 

The  mechanical  force  per  unit  Yolome  paraUel  to  z  ib  the  prodaot  of  these  two 
quantities, 

-  ?^*^{^'«-«"'{iMn2(p/--«z  +  J)-i(l-coB2(i><--««  +  f))}. 

The  mean  value  of  tliis  is  ezpreesed  by  the  non-periodic  term  and  is  equal  to 

Integrating  this  expression  with  respect  to  z  from  z  ^  0  to  z  >=  ao,  we  find  that  the 
force  on  the  plate  per  unit  area 

A  similar  inyestigation  will  show  that  when  we  have  absorption  there  is  a  force  on 
the  absorbing  medium  from  the  places  where  the  light  is  strong  to  those  where  it  is 
faint.  In  the  case  of  sunlight  the  effect  seems  small,  if  the  absorption  however  were 
caused  by  a  very  rare  gas,  the  pressure*gradient  might  be  large  enough  to  produce  very 
Lxinsiderable  effects,  and  it  has  been  suggested  that  this  cause  is  one  of  the  agents  at 
work  in  causing  comets*  tails  to  be  repelled  by  the  sun.  When  the  electric  vibrations 
are  such  as  are  produced  in  Hertz's  experiments  the  magnetic  forora  are  very  much 
greater  than  those  in  sunlight,  and  the  effect  ought  to  be  capable  of  detection,  if  the 
vibrators  could  be  kept  at  work  anything  like  continuously. 

We  also  get  mechanical  forces  whose  mean  value  at  any  point  is  not  zero  when  we 
have  stationary  vibrations.  We  may  take  as  an  example  of  the  stationary  vibrations 
the  reflected  and  incident  waves  in  the  above  example. 

In  the  air  the  vector  potential  is,  remembering  that  a/c^  is  small, 

or,  taking  the  real  part,  since  A+A'^0  approximately, 

2  A  sinp^sinaz. 

The  current  is ■  -   —  - —  Binvtnnaz, 

4wfA  dz^       2wjA 

The  magnetic  induction  is  2Aa  Binpt  cos  az ; 

the  mechanical  force  is  therefore 

A*  a* 

— —  (1— cos2p<)Binazooe<M, 

and  the  mean  value  of  this  is  - —  sin  as  cos  as.  \ 

2v/i  * 
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symmetrie&I,  bo  that,  hj  &  proper  ehoiee  of  mxtm,  tike  aqaMMi 
become 

/=A*.'''    '^i^*'-*    *=/.*■"*•       " 

where  A*,.  K,,uid  A',  are  the  priooipal  inductive  OMfmeitim  at tk 
medium.  The  equatioiiB  of  propagationof  diBturbanees  are  tbtfcfw 

lip  '*"il^      (Lrdy      tUdx         »**^i/(«  "^Oj-JV*! 

di?  '*'  dx'      dydt      dxdy~     '"^Hi'  "*■  Wyrfi''  f      *' 

<ii''  ■*■  rfy"       tijJ«      rfyd*  ~     '^"^  dt'    *  <6Jr-* '  / 
795.]  If  /,  m,  n  are  the  dirvetioD-cooines  of  the  normal  to  lii 
wave-front,  and  V  the  velocity  of  the  wave,  aod  if 

/*  +  my  +  nz—  Vt  =  U-,  < ; 

and  if  we  write  F",  G",  H",  4^'  for  the  seoood  di^rentiftl  eocA 
cientB  of  F,  G,  H,  4'  respectively  with  respect  to  w,  and  put 

where  a,  b  c  are  the  three  principal  velocitiiM  of  propagatidi 
the  equations  become 

(vi*  +  n'~^)F'-lmG"~idH"+Vt>"-^==0.\ 
-lmF'  +  (n*  +  V~^)G'-mnir+  r*"^,=  oA  ,; 
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Since  the  medium  is  a  non-conductor,  the  electric  density  at 
any  given  point  is  constant,  and  therefore  the  disturbance  in- 
dicated by  these  equations  is  not  periodic,  and  cannot  constitute 
a  wave.  We  may  therefore  consider  ^'  =  0  in  the  investigation 
of  the  wave. 

797.]  The  velocity  of  the  propagation  of  the  wave  is  therefore 
completely  determined  from  the  equation  JT  =  0,  or 

There  are  therefore  two,  and  only  two,  values  of  F^  corresponding 
to  a  given  direction  of  wave-front. 

If  A,  fi,  i^  are  the  direction-cosines  of  the  electric  current  whose 
components  are  tt,  r,  u\ 

K.y.:v::^,F'.l,0"A,U",  (9) 

then  ^A  +  mpt  +  wv=0;  (lO) 

or  the  current  is  in  the  plane  of  the  wave-front,  and  its  direction 
in  the  wave-front  is  determined  by  the  equation 

iur'^c^)  +  ~(c2..a«)  +  -  (a2-62)  =  0.  (n) 

A  '        /m  V  ' 

These  equations  are  identical  with  those  given  by  Fresnel  if  we 
define  the  plane  of  polarization  as  a  plane  through  the  ray  per- 
pendicular to  the  plane  of  the  electric  disturbance. 

According  to  this  electromagnetic  theory  of  double  refraction 
the  wave  of  normal  disturbance,  which  constitutes  one  of  the 
chief  difficulties  of  the  ordinary  theory,  does  not  exist,  and  no 
new  assumption  is  required  in  order  to  account  for  the  fact  that 
a  ray  polarized  in  a  principal  plane  of  the  crystal  is  refracted 
in  the  ordinary  manner*. 

Relation  between  Electric  Conductivity  and  Opacity, 

798.]  If  the  medium,  instead  of  being  a  perfect  insulator,  is  a 
conductor  whose  conductivity  per  unit  of  volume  is  C,  the  dis- 
turbance will  consist  not  only  of  electric  displacements  but  of 
currents  of  conduction,  in  which  electric  energy  is  transformed 
into  heat,  so  that  the  undulation  is  absorbed  by  the  medium. 

If  the  disturbance  is  expressed  by  a  circular  function,  we  may 

^^^  F^e-"  COB  (nt-^qz),  (1) 

*  See  Stokes' '  Report  on  Doable  Refnciion,'  Brit.  Atsoe.  Sepori,  1862,  p.  2M. 
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for  this  will  satiufy  the  eqnation 

provided  ?*— i'*  =  **A'»*,  (* 

aod  2/15  =  4«(iC».  (I 

The  velocity  of  propagatioD  is 

? 

aod  the  coefficient  of  abeorptioo  is 

p=2-K^CV.  (•' 

Let  R  he  the  resistance  (to  a  cun-eDt  along  the  length  of  Ik  I 
plate),  in  electromagnetic  measure,  of  a  plate  whose  length  i* '  ' 
breadth  h,  and  thickness  ;, 

"'ere-  ' 

The  proportion  of  the  incident  light  which  will  be  truumittcd  b« 
this  plate  will  be  ,  ,. 

799.]  Most  transparent  solid  bodies  are  good  insulatora,  and  aji 
good  conductors  are  very  opaque.  There  are.  however,  manj  u- 
ceptions  to  the  law  that  the  opacity  of  a  body  is  the  gre«l«r.  tW 
greater  its  conductivity. 

Electrulytett  allow  an  electric  current  to  pass,  and  yet  many  «/ 
them  are  tranHpareot.  We  may  suppose,  however,  that  in  tht 
case  of  the  rapidly  alt<.'mating  font's  which  come  into  piv 
during  the  prupagation  of  light,  the  electromotive  intenaity  acti 
for  so  short  a  time  in  one  direction  that  it  is  unable  to  tfkn 
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greater  than  is  consistent  with  our  theory^  unless  we  suppose 
that  there  is  less  loss  of  energy  when  the  electromotive  forces 
are  reversed  for  every  semivibration  of  light  than  when  they  act 
for  sensible  times,  as  in  our  ordinary  experiments. 

801.]  Let  us  next  consider  the  case  of  a  medium  in  which  the 
conductivity  is  large  in  proportion  to  the  inductive  capacity. 

In  this  case  we  may  leave  out  the  term  involving  K  in  the 
equations  of  Art.  783,  and  they  then  become 

V2J^+47rMC-jT  =0, 


dt 

dt 

V'J7+4irfiC^=0. 

dt 


(') 


Each  of  these  equations  is  of  the  same  form  as  the  equation  of 
the  diffusion  of  heat  given  in  Fourier's  Traits  de  la  Chaleur. 

802.]  Taking  the  first  as  an  example,  the  component  F  of  the 
vector-potential  will  vary  according  to  time  and  position  in  the 
same  way  as  the  temperature  of  a  homogeneous  solid  varies 
according  to  time  and  position^  the  initial  and  the  surface 
conditions  being  made  to  correspond  in  the  two  cases,  and  the 
quantity  47r/uiC  being  numerically  equal  to  the  reciprocal  of  the 
thermometric  conductivity  of  the  substance,  that  is  to  say,  the 
number  of  units  of  volume  of  the  mbdance  which  would  be 
heated  one  degree  by  the  heat  which  passes  through  a  unit  cube 
of  the  substance,  two  opposite  faces  of  which  differ  by  one  degree 
of  tem/)erature,  while  the  other  fcvces  are  impermeable  to  heat*. 

The  different  problems  in  thermal  conduction,  of  which  Fourier 
has  given  the  solution,  may  be  transformed  into  problems  in  the 
diffusion  of  electromagnetic  quantities^  remembering  that  Fy  0,  H 
are  the  components  of  a  vector,  whereas  the  temperature,  in 
Fourier's  problem,  is  a  scalar  quantity. 

Let  us  take  one  of  the  cases  of  which  Fourier  has  given  a  com- 
plete solution  t,  that  of  an  infinite  medium,  the  initial  state  of 
which  is  given. 

*  See  Maxweirs  Theory  of  Bm(,  p.  235  first  editioD,  p.  255  fourth  edition. 

t  TraiU  de  la  Chaleur,  Art.  384.  The  equation  which  determines  the  temperature, 
V,  at  a  point  (x,  y,  z)  after  a  time  t,  in  terms  of/  (a,  /3,  7),  the  initial  temperature  at 
the  point  (a,  0,  7),  is 

where  k  is  the  thermometric  condaetiTitj. 
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The  state  of  any  point  of  the  medium  at  the  time  (  u  tbaal 
by  taking  tlio  average  of  the  atate  of  every  part  of  the  nedi^i. 
the  weight  awignet]  to  each  part  in  taking  the  avenge  baB| 


where  r  is  the  distance  of  that  part  from  the  point  < 

This  average,  in  the  case  uf  vector-quantities,  is  most  o 

taken  by  cunttidnring  each  component  of  the  vector  saperuciv 

803.]  We  have  to  remark  in  the  first  pUce,  that  in  this  probka 
the  thermal  conductivity  of  Fourier's  medium  is  to  be  taken  ia- 
versely  proportional  to  the  electric  conductivity  of  our  ine^BB. 
no  that  the  tim<:  required  id  order  to  reach  an  assigned  stag*  la 
the  process  uf  diffusion  jh  greater  the  higher  the  electric  ee^ 
ductivity.  Tliis  staU'ment  will  not  appear  paradoxicel  if  «* 
remember  the  result  of  Art.  6SS,  that  a  medium  of  infinite  cob- 
ductivity  forms  a  complete  barrier  to  the  proocas  of  diffnaioB  <i 
magnetic  force. 

In  the  next  place,  the  time  requisite  for  the  prodaetton  ef  aa 
assigned  stage  in  the  proceu  of  diffusion  is  proportional  to  tb* 
sqaare  of  the  linear  dimensions  of  the  system. 

There  is  no  determinate  velocity  which  can  be  defined  aa  tkt 
velocity  of  diffusion.  If  we  attempt  to  measure  this  veloeilT  bv 
ascertaining  the  time  requisite  fur  the  production  of  a  give* 
amount  of  disturbance  at  a  given  distance  from  tb«  origin  of 
ilisturbonce,  wo  Hnd  that  the  smaller  the  selected  value  of  th* 
disturliancc  the  greater  the  velocity  will  appear  to  be.  for  how- 
•■ver  ^reat  the  <listance,  and  however  itmall  the  time,  the  rale* 
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and  in  the  first  instant  its  total  quantity  is  equal  to  that  of  the 
original  current,  so  that  the  electromagnetic  efiect  on  more 
distant  parts  of  the  medium  is  initially  zero,  and  only  rises  to 
its  final  value  as  the  induction-current  dies  away  on  account 
of  the  electric  resistance  of  the  medium. 

But  as  the  induction-current  close  to  the  wire  dies  away,  a  new 
induction-current  is  generated  in  the  medium  beyond,  so  that  the 
space  occupied  by  the  induction-current  is  continually  becoming 
wider,  while  its  intensity  is  continually  diminishing. 

This  diffusion  and  decay  of  the  induction-current  is  a  pheno- 
menon precisely  analogous  to  the  difiusion  of  heat  from  a  part  of 
the  medium  initially  hotter  or  colder  than  the  rest.  We  must 
remember,  however,  that  since  the  current  is  a  vector  quantity, 
and  since  in  a  circuit  the  current- is  in  opposite  directions  at 
opposite  points  of  the  circuit,  we  must,  in  calculating  any  given 
component  of  the  induction-current,  compare  the  problem  with 
one  in  which  equal  quantities  of  heat  and  of  cold  are  diffused 
from  neighbouring  places,  in  which  case  the  efiect  on  distant 
points  will  be  of  a  smaller  order  of  magnitude. 

805.]  If  the  current  in  the  linear  circuit  is  maintained  con- 
stant, the  induction-currents,  which  depend  on  the  initial  change 
of  state,  will  gradually  be  difiused  and  die  away,  leaving  the 
medium  in  its  permanent  state,  which  is  analogous  to  the 
permanent  state  of  the  fiow  of  heat.     In  this  state  we  have 

V^F=:V^O  =  \;^H=0  (2) 

throughout  the  medium,  except  at  the  part  occupied  by  the 
circuit,  in  which  {when  /m  =  1 } 

V^O  =  47ri;,    I  (3) 

These  equations  are  sufficient  to  determine  the  values  of  F,  0,  H 
throughout  the  medium.  They  indicate  that  there  are  no 
currents  except  in  the  circuit,  and  that  the  magnetic  forces 
are  simply  those  due  to  the  current  in  the  circuit  according 
to  the  ordinary  theory.  The  rapidity  with  which  this  per- 
manent state  is  established  is  so  great  that  it  could  not  be 
measured  by  our  experimental  methods,  except  perhaps  in  the 
case  of  a  very  large  mass  of  a  highly  conducting  medium  such 
as  copper. 

Note. — In*  a  paper  published  in  Poggendorff's  Annalen,  July 

VOL.  II.  0  g 
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18C7,  pp.  343-263,  M.  Lorcnz  hut  do(lu(»<l  fron  ITiiilitrf'i 
«i|uat!otw  uf  filoctric  cunvnU  (Po|^.  Ann.  c'li.  1flS7|.  by  tkm  ai&- 
tion  of  eortAin  terms  which  do  not  htSrxl  may  ttxp«ntn«i)tk]  nmt^ 
a  new  act  of  eqiiutions,  inJicathig  thttt  the  tlixtributioD  of  !■■ 
ID  tliu  oloctroinii^^tivtic  fioM  m&y  Ixi  cnnmveil  aa  »rutt^  fra 
tho  mutual  aotinn  uf  conliguouH  flleroenU,  aiu)  that  wave^  ■»- 
sistjiig  of  tranovonit'  eloclric  curreut«,  may  be  |in>pagat«(l.  with  ■ 
velocity  comparable  to  that  of  light,  in  non -con ducting  ^t^ 
He  therefore  r<^ards  the-  diBlurbanre  which  conaiitat^  1%^  * 
identical  with  those  electric  curn>Dta,  and  be  ab«wa  that  tm- 
ductio)^'  meilia  must  he  opaque  to  surb  radiatimuL, 

These  concliutiona  are  similar  to  tbone  of  thia  ohapt(>r.  %hc^ 
pbtuned  by  an  entirely  different  method.  The  tltrorr  girtm  m 
(Ilia  chapter  wai>  fimt  published  in  thv  I'hU.  Tratut  for  iMi 
pp.  469-S12. 


CHAPTER  XXI. 

MAGNETIC  ACTION  ON  LIGHT. 

806.]  The  roost  important  step  in  establishing  a  relation 
between  electric  and  magnetic  phenomena  and  those  of  light 
must  be  the  discovery  of  some  instance  in  which  the  one  set 
of  phenomena  is  affected  by  the  other.  In  the  search  for  such 
phenomena  we  must  be  guided  by  any  knowledge  we  may  have 
already  obtained  with  respect  to  the  mathematical  or  geometrical 
form  of  the  quantities  which  we  wish  to  compare.  Thus,  if  we 
endeavour,  as  Mrs.  Somerville  did,  to  magnetize  a  needle  by 
means  of  light,  we  must  remember  that  the  distinction  between 
magnetic  north  and  south  is  a  mere  matter  of  direction,  and 
would  be  at  once  reversed  if  we  reversed  certain  conventions 
about  the  use  of  mathematical  signs.  There  is  nothing  in  mag- 
netism analogous  to  those  phenomena  of  electrolysis  which 
enable  us  to  distinguish  positive  from  negative  electricity,  by 
observing  that  oxygen  appears  at  one  pole  of  a  cell  and  hy- 
drogen at  the  other. 

Hence  we  must  not  expect  that  if  we  make  light  fall  on  one 
end  of  a  needle,  that  end  will  become  a  pole  of  a  certain  name, 
for  the  two  poles  do  not  differ  as  light  does  from  darkness. 

We  might  expect  a  better  result  if  we  caused  circularly- 
polarized  light  to  fall  on  the  needle,  right-handed  light  falling 
on  one  end  and  leiVhanded  on  the  other,  for  in  some  respects 
these  kinds  of  light  may  be  said  to  be  related  to  each  other  in 
the  same  way  as  the  poles  of  a  magnet.  The  analogy,  however, 
is  faulty  even  here,  for  the  two  rays  when  combined  do  not 
neutralize  each  other,  but  produce  a  plane  polarized  ray. 

Faraday,  who  was  acquainted  with  the  method  of  studying 
the  strains  produced  in  transparent  solids  by  means  of  polarized 
light,  made  many  experiments  in  hopes  of  detecting  some  action 
on  polarized  light  while  passing  through  a  medium  in  which 

Qg% 
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deotrolytic  oonduction  or  dioloctrio  ioduction  pxisU*.  B*  ■> 
not,  bowover,  abl»  to  Ji^tect  any  action  uf  this  kiml,  Ihrm^fc  tk 
«xperunant8  were  arranged  in  tlio  way  hvet  ailapt**]  to  diaev«« 
effeeU  of  taiuion,  tku  oU-utric  force  or  curtvnt  beio^  aX  n(k 
angloa  to  the  directioa  of  the  ray,  and  at  an  utglo  of  tartj-im 
di^roM  (a  tho  piano  of  poIariKalJon.  Fanulay  Tkrivd  tk^ 
exp«ritneDt«  in  many  ways  without  dii>itf4>veriaf{  any  •etiua  «a 
light  dno  to  uloolrulytie  currvott  or  to  itotie  viectrin  bulactiia. 

Ho  auoc«odo«l,  faowvvcr,  in  ortabluihing  a  rvlatioci  bat^^ 
light  and  magnolism.  and  th«  experimeiiU  by  which  b*  A 
ao  are  dcocnbed  in  the  nineteenth  sMiea  of  bia  Krptriwt^^ 
Jterfirrht*.  Wu  Hhall  laku  Kantilay'M  di«C(»vpry  na 
point  for  further  )iiveiiti{;ati«n  into  tlie  natun  of 
we  aball  thvT«forc  iliMrrilNi  the  phenomenon  which  h«  ohmn wi ij 

807.]  A  ray  of  plano-polarixed  li^ht  ia  tnuumitlml  Uiroo^  * 
transparent  diamagnelic  medium,  and  itiv  phuie  of  iU  pi>lahi»^ 
tiiin,  when  it  emerges  from  the  imMlium,  ia  asoertaJovJ  by  a^ 
florvin^  tbo  poeition  of  an  analyser  whi.^  it  cuta  vtt  Uie  wf- 
A  mai^nutio  force  in  then  made  to  act  90  that  the  clirvctiaa  «f 
the  fonio  witliia  the  trand]>arent  me<liura  eoincijea  wit^  ik 
(linetiou  of  the  ray.  The  tight  at  onoe  reappears,  but  if  tb 
analyaar  in  tnnifd  niund  through  a  certain  angle,  ih«  Ugte  a 
again  cut  off.  I'hia  she  wn  that  the  effect  of  th^  magticiic  fare*  ■ 
to  turn  the  plane  of  polariTaUon,  round  thv  direction  of  the  ray  •• 
an  axin,  through  a  oitrtain  augte.  iD>eaaur«d  liy  th«  angle  thnu^ 
which  tht>  attalviMir  uiunt  be  tum«d  in  order  to  cut  off  tb«  light. 

H>M.]  Th«-  angle  through  which  the  plane  of  puIartBtiaa  m 
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These  three  statements  axe  included  in  the  more  general  one, 
that  the  angular  rotation  is  numerically  equal  to  the  amount  by 
which  the  magnetic  potential  increases,  from  the  point  at  which 
the  ray  enters  the  medium  to  that  at  which  it  leaves  it,  multi- 
plied by  a  coefficient,  which,  for  diamagnetic  media,  is  generally 
positive. 

809.]  In  diamagnetic  substances,  the  direction  in  which  the 
plane  of  polarization  is  made  to  rotate  is  {generally}  the  same 
as  the  direction  in  which  a  positive  current  must  circulate  round 
the  ray  in  order  to  produce  a  magnetic  force  in  the  same  direc- 
tion as  that  which  actually  exists  in  the  medium. 

Verdet,  however,  discovered  that  in  certain  ferromagnetic 
media,  as,  for  instance,  a  strong  solution  of  perchloride  of  iron 
in  wood-spirit  or  ether,  the  rotation  is  in  the  opposite  direction 
to  the  current  which  would  produce  the  magnetic  force. 

This  shews  that  the  difference  between  ferromagnetic  and  dia- 
magnetic substances  does  not  arise  merely  from  the  *  magnetic 
permeability '  being  in  the  first  case  greater,  and  in  the  second 
less,  than  that  of  air,  but  that  the  properties  of  the  two  classes 
of  bodies  are  really  opposite. 

The  power  acquired  by  a  substance  under  the  action  of  mag- 
netic force  of  rotating  the  plane  of  polarization  of  light  is  not 
exactly  proportional  to  its  diamagnetic  or  ferromagnetic  mag- 
netizability.  Indeed  there  ai*e  exceptions  to  the  rule  that  the 
rotation  is  positive  for  diamagnetic  and  negative  for  ferro^ 
magnetic  substances,  for  neutral  chromate  of  potash  is  diamag- 
netic, but  produces  a  negative  rotation. 

810.]  There  are  other  substances,  which,  independently  of  the 
application  of  magnetic  force,  cause  the  plane  of  polarization  to 
turn  to  the  right  or  to  the  left,  as  the  ray  travels  through  the 
substance.  In  some  of  these  the  property  is  related  to  an  axis, 
as  in  the  case  of  quartz.  In  others,  the  property  is  independent 
of  the  direction  of  the  ray  within  the  medium,  as  in  turpentine, 
solution  of  sugar,  &c.  In  all  these  substances,  however,  if  the 
plane  of  polarization  of  any  ray  is  twisted  within  the  medium  like 
a  right-handed  screw,  it  will  still  be  twisted  like  a  right-handed 
screw  if  the  ray  is  transmitted  through  the  medium  in  the 
opposite  direction.  The  direction  in  which  the  observer  has  to 
turn  his  analyser  in  order  to  extinguish  the  ray  after  intro- 
ducing the  medium  into  its  path,  is  the  same  with  reference  tg 
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the  obscirer  whether  the  ray  comes  to  him  from  the  nortb  « 
from  the  sooth.  The  direction  of  the  rotatioD  in  span  >■  of 
course  reversed  wbea  the  direction  of  the  ray  is  reTened.  E« 
when  the  rotation  is  produced  by  magnetio  action,  iu  dinccia 
in  spaco  is  the  itame  whether  the  ray  be  travelling  oartk  or 
Houth.  The  rotation  is  always  in  the  same  direction  as  tbat  til 
the  electric  current  which  produces,  or  would  produce,  tlie  acusl 
magnetic  state  of  tbe  field,  tf  the  medium  belongs  to  the  poaiiin 
class,  or  in  the  opposite  direction  if  the  mediam  belongs  to  tki 
negative  olass. 

It  follows  from  this,  that  if  the  ray  of  lif^ht,  aftar  r*"'** 
through  the  medium  from  Dortb  to  south,  is  reflected  by  s 
mirror,  so  as  to  return  through  tbe  uedinm  from  sonth  to  noitk. 
the  rotation  will  be  doubled  when  it  results  from  magnetic 
action.  Wfaen  the  rotation  depends  on  the  nature  of  tbe  m«diia 
alone,  as  in  turpentine,  &c.,  the  ray,  when  reflected  back  thro^i 
the  medium,  emerges  polarized  in  the  same  plane  aa  wbt* 
it  enteral,  the  rotation  fiurinp  the  tin<t  passer  thmn;^  -.b- 
tDu-iiiiiii  having  bi>on  L'Xactly  iGVcrsi-il  iliiriu;;  Uio  mhn.uX 

mi.J  Tbf>  phj'sical  oxplanatioD  of  th«  pbuoomouon  [w t—X i 
ouuiderable  difficultios,  which  can  hanlly  be  laid  to  liav«  bsa 
hitherto  overoome,  either  for  tJie  magnetio  rotation,  or  for  tkat 
wbicb  certain  media  axhilal  of  tbcmMlvns.  Wo  may,  howwK 
prepare  the  way  for  tueh  an  explanation  by  an  analysis  of  tke 
(ibMTved  fact*. 

It  is  a  well-known  theorem  in  kini-iiiatios  that  two 
circular   vibrations,  of  the  aamu  amplituili:,   having   iJ 
L"iic  tiiinj.  and  in  tli 
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the  same  intensity,  become,  when  united,  a  plane-polarized  ray^ 
and  that  if  by  any  means  the  phase  of  one  of  the  ciroularly- 
polarized  rays  is  accelerated,  the  plane  of  polarization  of  the 
resultant  ray  is  turned  round  half  the  angle  of  acceleration  of 
the  phase. 

812.]  We  may  therefore  express  the  phenomenon  of  the  rota- 
tion of  the  plane  of  polarization  in  the  following  manner: — 
A  plane-polarized  ray  falls  on  the  medium.  This  is  equivalent 
to  two  circularly-polarized  rays,  one  right-handed,  the  other 
left-handed  (as  regards  the  observer).  After  passing  through 
the  medium  the  ray  is  still  plane-polarized,  but  the  plane  of 
polarization  is  turned,  say,  to  the  right  (as  regards  the  observer). 
Hence,  of  the  two  circularly-polarized  rays,  that  which  is  right- 
handed  must  have  had  its  phase  accelerated  with  respect  to  the 
other  during  its  passage  through  the  medium. 

In  other  words,  the  right-handed  ray  has  performed  a  greater 
number  of  vibrations,  and  therefore  has  a  smaller  wave-length, 
within  the  medium,  than  the  left-handed  ray  which  has  the  same 
periodic  time. 

This  mode  of  stating  what  takes  place  is  quite  independent  of 
any  theory  of  light,  for  though  we  use  such  terms  as  wave- 
length, circular-polarization,  &o.,  which  may  be  associated  in  our 
minds  with  a  particular  form  of  the  undulatory  theory,  the 
reasoning  is  independent  of  this  association,  and  depends  only 
on  facts  proved  by  experiment. 

813.]  Let  us  next  consider  the  configuration  of  one  of  these 
rays  at  a  given  instant.  Any  undulation,  the  motion  of  which 
at  each  point  is  circular,  may  be  represented  by  a  helix  or  screw. 
If  the  screw  is  made  to  revolve  about  its  axis  without  any 
longitudinal  motion,  each  particle  will  describe  a  circle,  and  at 
the  same  time  the  propagation  of  the  undulation  will  be  re- 
presented by  the  apparent  longitudinal  motion  of  the  similarly 
situated  parts  of  the  thread  of  the  screw.  It  is  easy  to  see  that 
if  the  screw  is  right-handed,  and  the  observer  is  placed  at  that 
end  towards  which  the  undulation  travels,  the  motion  of  the 
screw  will  appear  to  him  left-handed,  that  is  to  say,  in  the 
opposite  direction  to  that  of  the  hands  of  a  watch.  Hence  such 
a  ray  has  been  called,  originally  by  French  writers,  but  now  by 
the  whole  scientific  world,  a  left-handed  circularly-polarized  ray. 

A  right-handed  circularly -polarized  ray  is  represented  in  like 
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mmnner  by  a  loft-h&nded  helix.  In  Fig.  68  the  righl-lwn*! 
helix  A,  oD  the  right-hand  of  the  figure,  repreiMit*  •  left^^aM 
ray,  an«l  the  Ivft-haoded  bchx 
on  tho  left-hand, 
right-handed  my. 

814-3  Letuanowe 
Knoh  raya  which  have  the  m 
ware-lengtb  within  tb«  m«<iia 
They  are  geomatricttlly  ftlikc 
all  rvHpecta,  except  th&t  one 
the  iiertfrgiou  of  the  other,  ii 
itsimageinalooking-glaaa.  d 
of  them,  boweTer,  wmj  A,  \ 
a  shorter  period  of  rotation  th 
the  other.  If  the  motion  i*  < 
tirely  due  to  the  force*  eal^ 
into  play  by  the  diapIaeeoM! 
tfaia  shews  that  greater  font*  i 
oalled  into  play  by  the  same  d 
^-  ^-  plaoementwhentbeoonfiigniBti' 

is  like  A  than  when  it  in  like  B.  Henoe  in  this  ease  the  le 
handeil  ray  will  be  acoelcrateil  with  reepeet  to  the  rigfat-haml 
my,  and  this  will  be  the  cane  whether  the  mya  are  tnvellii 
from  .V  to  S  or  from  .S  to  A'. 

This  therefore  is  the  explanation  of  the  phenotnentHi  as  it 
produop<l  by  turpentine,  &c.  In  thene  media  the  dispUw««>» 
cause<l  by   a   circularly -polarized    ray   calls   into    play 
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ray  travels  faster,  and  therefore  the  helix  rotates  more  rapidly. 
Hence  greater  forces  are  called  into  play  when  the  helix  is  going 
round  one  way  than  when  it  is  going  round  the  other  way. 
The  forces,  therefore,  do  not  depend  solely  on  the  configuration 
of  the  ray,  but  also  on  the  direction  of  the  motion  of  its  indi- 
vidual parts. 

816.]  The  disturbance  which  constitutes  light,  whatever  its 
physical  nature  may  be,  is  of  the  nature  of  a  vector,  perpen- 
dicular to  the  direction  of  the  ray.  This  is  proved  from  the 
fact  of  the  interference  of  two  rays  of  light,  which  under  certain 
conditions  produces  darkness,  combined  with  the  fact  of  the 
non-interference  of  two  rays  polarized  in  planes  perpendicular 
to  each  other.  For  since  the  interference  depends  on  the  angular 
position  of  the  planes  of  polarization,  the  disturbance  must  be 
a  directed  quantity  or  vector,  and  since  the  interference  ceases 
when  the  planes  of  polarization  are  at  right  angles,  the  vector 
representing  the  disturbance  must  be  perpendicular  to  the  line 
of  intersection  of  these  planes,  that  is,  to  the  direction  of 
the  ray. 

817.]  The  disturbance,  being  a  vector,  can  be  resolved  into 
components  parallel  to  x  and  2/,  the  axis  of  z  being  parallel  to 
the  direction  of  the  ray.  Let  f  and  17  be  these  components,  then, 
in  the  case  of  a  ray  of  homogeneous  circularly-polarized  light, 

f  =  r  cos  ^,         7j  =  r  sin  ^,  (1) 

where  B  =^  Td—qz^-a.  (2) 

In  these  expressions,  r  denotes  the  magnitude  of  the  vector, 
and  0  the  angle  which  it  makes  with  the  direction  of  the  axis 
of  X. 

The  periodic  time,  r,  of  the  disturbance  is  such  that 

nT=2Tr.  (3) 

The  wave-length.  A,  of  the  disturbance  is  such  that 

q\  =  2Tr.  (4) 

The  velocity  of  propagation  is  -  • 

The  phase  of  the  disturbance  when  t  and  z  are  both  zero  is  a. 
The  circularly-polarized  light  is  right-handed  or  left-handed 
according  as  9  is  negative  or  positive. 

Its  vibrations  are  in  the  positive  or  the  negative  direction  of 
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rutatioD  in  the  plane  of  (x,  y),  according  as  »  is  positiTe  or 
negative. 

The  light  is  propsgato<l  in  the  positive  or  the  oegaiiTr  din«- 
tion  of  the  axui  of  :,  according  as  ?i  and  </  am  of  the  name  or  uf 
opposite  signs. 

'  '^/  ' 
same  sign  with  -  ■ 

Hence,  if  for  a  given  numerical  value  of  n  the  value  of      t* 

greater  when  n  is  positive  than  when  11  itt  negative,  it  foUovi 
that  for  a  value  of  7,  given  both  in  magnitude  ami  sign,  tlw 
positive  value  of  n  will  he  greattT  than  the  negative  value. 

Now  this  is  what  is  (generally;  observed  in  a  diamagnKie 
medium,  act<'d  on  by  a  magnetic  force,  y,  in  the  direction  of  :. 
Of  the  two  circularly -polarized  rays  of  a  given  period,  that  » 
accelerated  of  which  the  direction  of  rotation  in  the  plane  ot 
r,  y  is  positive.  Hence,  of  two  circuUu-ly-polarized  raya,  both 
lefl-hsnded,  whose  wave-length  within  the  iiie<Iium  is  the  aanw. 
that  has  the  shortesit  period  whose  direction  of  rotation  in  tbr 
plane  of  7^  in  positive,  that  is,  the  ray  which  is  propagated  in 
the  pcflitive  direction  of  •  from  tiouth  to  north.  We  have  tbere- 
fore  to  account  fur  the  fact,  that  when  in  the  eajuations  <^  the 
syxtom  q  and  r  are  given,  two  values  of  n  will  satixfy  tb« 
equations,  one  pusitivt-  and  the  other  negative,  the  poutivr 
value  being  nuuierically  greater  than  the  n^^^tive. 

81R.]  We  may  obtain  the  efjuationn  of  motion   from  a  eaa- 
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819.]  Let  us  consider  the  dynamical  condition  that  the  ray 
may  be  of  constant  intensity!  that  is,  that  r  may  be  constant. 
Lagrange's  equation  for  the  force  in  r  becomes 

ddT^dT      dr_^ 
dt  dr       dr       dr  "    '  ^  ^ 

Since  r  is  constant,  the  first  term  vanishes.  We  have  therefore 
the  equation  dT      dV     ^  ,^, 

in  which  q  is  supposed  to  be  given,  and  we  are  to  determine  the 
value  of  the  angular  velocity  6,  which  we  may  denote  by  its 
actual  value,  n. 

The  kinetic  energy,  T,  contains  one  term  involving  n^ ;  other 
terms  may  contain  products  of  n  with  other  velocities,  and  the 
rest  of  the  terms  are  independent  of  n.  The  potential  energy, 
K,  is  entirely  independent  of  n.  The  equation  (6)  is  therefore  of 
the  foim  ^-y^a  +  £n  +  C  =  0.  (7) 

This  being  a  quadratic  equation,  gives  two  values  of  n.  It 
appears  from  experiment  that  both  values  are  real,  that  one  is 
positive  and  the  other  negative,  and  that  the  positive  value  is 
numerically  the  greater.  Hence,  if  A  is  positive,  both  B  and  0 
are  negative,  for,  if  74  and  n^  are  the  roots  of  the  equation, 

-4(ni  +  n2)  +  5  =  0.  (8) 

The  coefficient,  B,  therefore,  is  not  zero,  at  least  when  magnetic 
force  acts  on  the  medium.  We  have  therefore  to  consider  the 
expression  Bn,  which  is  the  part  of  the  kinetic  energy  involving 
the  first  power  of  ti,  the  angular  velocity  of  the  disturbance. 

820.]  Every  term  of  T  is  of  two  dimensions  as  regards 
velocity.  Hence  the  terms  involving  n  must  involve  some 
other  velocity.  This  velocity  cannot  be  f  or  j,  because,  in  the 
case  we  consider,  r  and  q  are  constant.  Hence  it  is  a  velocity 
which  exists  in  the  medium  independently  of  that  motion  which 
constitutes  light.  It  must  also  be  a  velocity  related  to  u  in 
such  a  way  that  when  it  is  multiplied  by  n  the  result  is  a  scalar 
quantity,  for  only  scalar  quantities  can  occur  as  terms  in  the 
value  of  r,  which  is  itself  scalar.  Hence  this  velocity  must  be 
in  the  same  direction  as  71,  or  in  the  opposite  direction,  that  is, 
it  must  be  an  angtUar  velocity  about  the  axis  of  z. 

Again,  this  velocity  cannot  be  independent  of  the  magnetic 
force,  for  if  it  were  related  to  a  direction  fixed  in  the  medium, 
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the  pbenomenon  would  be  different  if  we  tamed  tha  i 
end  for  end,  which  is  not  the  ease. 

\^'e  arc  therefore  led  to  the  conclusion  that  this  veloettj  '»  •■ 
invarial'le  accompaniment  of  the  magnetic  foroe  in  thoM  mmiia 
which  exhibit  the  magnetic  rotation  of  the  plane  of  poUtuUiea 

821.]  We  bare  been  hitherto  obliged  to  use  language  which  ■ 
perhaps  too  sugj^estiTC  of  the  ordinary  hypothesis  of  motius  ■■ 
tiic  undulatory  theory.  It  is  easy,  however,  to  state  our  i«ah 
in  a  form  free  from  this  hypothesis. 

Whate%-('r  light  is,  at  each  point  of  space  there  is  sometluDf; 
going  on,  whether  displacement,  or  rotation,  or  something  art 
yet  imagined,  hut  which  is  certainly  of  the.  nature  of  a  Tcctar 
or  directed  <iuantity,  the  direction  of  which  is  normal  to  th» 
direction  of  the  ray.  This  is  completely  proved  by  tlie  i^moo- 
mena  of  interference. 

In  the  case  of  circularly -polarized  light,  the  magnitade  of  thi* 
vector  remains  always  the  same,  but  itA  direction  rotatea  nnad 
the  direction  of  the  ray  so  as  to  complete  a  revolution  in  the 
periodic  time  of  the  wave.  The  uncertainty  which  exiata  as  to 
whether  this  vector  is  in  the  plane  of  polarization  or  perpea- 
dicular  to  it,  docx  not  extend  to  our  knowledge  of  the  directka 
in  which  it  rotates  in  right~bancled  and  in  left-handed  eir«ular)y< 
polarized  light  reapectivety.  The  direction  and  the  angular 
velocity  of  this  vector  are  perfectly  known,  thoagh  the  phyucal 
nature  of  the  vector  and  its  absolute  direction  at  a  given  instaM 
are  uncertain. 

When  a  ray  of  circularly-polarized  tight  falls  mi  a  medivM 
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medium  through  which  lines  of  magnetic  force  pass,  is  that  in 
both  there  is  a  motion  of  rotation  about  an  axis.  But  here  the 
resemblance  stops,  for  the  rotation  in  the  optical  phenomenon  is 
that  of  the  vector  which  represents  the  disturbance.  This  vector 
is  always  perpendicular  to  the  dii*ection  of  the  ray,  and  rotates 
about  it  a  known  number  of  times  in  a  second.  In  the  magnetic 
phenomenon,  that  which  rotates  has  no  properties  by  which  its 
sides  can  be  distinguished,  so  that  we  cannot  determine  how 
many  times  it  rotates  in  a  second. 

There  is  nothing,  therefoi'e,  in  the  magnetic  phenomenon 
which  corresponds  to  the  wave-length  and  the  wave-propagation 
in  the  optical  phenomenon.  A  medium  in  which  a  constant 
magnetic  force  is  acting  is  not,  in  consequence  of  that  force, 
filled  with  waves  travelling  in  one  direction,  as  when  light  is 
propagated  through  it.  The  only  resemblance  between  the 
optical  and  the  magnetic  phenomenon  is,  that  at  each  point  of 
the  medium  something  exists  of  the  nature  of  an  angular  velocity 
about  an  axis  in  the  direction  of  the  magnetic  force. 

On  the  Hypothesis  of  Molecular  Vortices. 

822.]  The  consideration  of  the  action  of  magnetism  on  polar- 
ized light  leads,  as  we  have  seen,  to  the  conclusion  that  in  a 
medium  under  the  action  of  magnetic  force  something  belonging 
to  the  same  mathematical  class  as  an  angular  velocity,  whose 
axis  is  in  the  direction  of  the  magnetic  force,  forms  a  part  of  the 
phenomenon. 

This  angular  velocity  cannot  be  that  of  any  portion  of  the 
medium  of  sensible  dimensions  rotating  as  a  whole.  We  must 
therefore  conceive  the  rotation  to  be  that  of  very  small  portions 
of  the  medium,  each  rotating  on  its  own  axis.  This  is  the 
hypothesis  of  molecular  vortices. 

The  motion  of  these  vortices,  though,  as  we  have  shewn 
(Art.  575),  it  does  not  sensibly  affect  the  visible  motions  of 
large  bodies,  may  be  such  as  to  affect  that  vibratory  motion  on 
which  the  propagation  of  light,  according  to  the  undulatory 
theory,  depends.  The  displacements  of  the  medium,  during 
the  propagation  of  light,  will  produce  a  disturbance  of  the 
vortices,  and  the  vortices  when  so  disturbed  may  react  on  the 
medium  so  as  to  affect  the  mode  of  propagation  of  the  ray. 
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823.]  It  is  impoBsible,  in  our  preMDt  aUto  of  ignonata  m  U 
the  n&ture  of  the  vortices,  to  usign  th«  form  of  the  kw  «Utk 
cotmeoU  the  dispUmmeDt  of  the  medium  with  the  1 
the  vortices.  We  afaall  therefore  ssaume  that  the  * 
the  vortioee  caused  by  the  displacement  of  the  mediam  ia  aobfffi 
to  the  same  oonditions  which  Helroholtx,  in  his  gmA  mtimna 
on  Vortex-motion  *,  has  shewn  to  rej^late  the  variation  of  tb 
vortic«8  of  a  perfect  liquid. 

Belmholtz's  law  may  be  stated  «a  follows : — Let  P  and  Q  b* 
two  neighbouring  particles  in  the  axis  of  a  vortex,  then,  if  a 
consequence  of  the  motion  of  the  fluid  these  particles  arrive  si 
the  points  P",  Q',  the  line  P'Q'  will  represent  the  new  directioa  of 
the  axis  of  the  vortex,  and  its  stieogtb  will  be  altered  in  thr 
ratio  of /'Q' to  PQ. 

Hence  if  a,  /),  y  denote  the  components  of  the  strength  of  t 
vortex,  and  if  {,  i),  (  denote  the  displacements  of  the  median, 
the  values  of  a,  fi,  y  will  become 

t/f        d^        di   \ 

We  now  SMume  that  the  same  condition  in  satisSed  dniiaf 
thu  Muall  liispUccmonts  of  n  medium  in  which  a.  /J,  y  reprtecol. 
not  the  components  of  the  strength  of  nn  ordinary  vortex.  b«t 
the  com]K)uente  of  magnetic  force. 
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This  is  equivalent  to  supposing  that  the  angular  velocity  acquired 
by  the  element  of  the  medium  during  the  propagation  of  light  is 
a  quantity  which  may  enter  into  combination  with  that  motion 
by  which  magnetic  phenomena  are  explained. 

In  order  to  form  the  equations  of  motion  of  the  medium,  we 
must  express  its  kinetic  energy  in  terms  of  the  velocity  of  its 
parts,  the  components  of  which  are  ^,  17,  (.  We  therefore 
integrate  by  parts,  and  find 

2  (7  /  /  /  (ao)|  +  fi(o^  +  y(o^)  dxdydz 

=  cJJ{yn-'fiOdydz-^cJf{aC-yi)dzdX'^cfJ{0(^ari)^^^ 

The  double  integitJs  refer  to  the  bounding  surface,  which  may 
be  supposed  at  an  infinite  distance.  We  may  therefore,  while 
investigating  what  takes  place  in  the  interior  of  the  medium, 
confine  our  attention  to  the  triple  integral 

825.]  The  part  of  the  kinetic  energy  in  unit  of  volume,  ex- 
pressed by  this  triple  integral,  may  be  written 

where  u,  t;,  w  are  the  components  of  the  electric  current  as  given 
in  equations  (E),  Art.  607. 

It  appears  from  this  that  our  hypothesis  is  equivalent  to  the 
assumption  that  the  velocity  of  a  particle  of  the  medium  whose 
components  are  ^,  17,  C,  ^s  &  quantity  which  may  enter  into 
combination  with  the  electric  current  whose   components   are 

u,  r,  w. 

826.]  Returning  to  the  expression  under  the  sign  of  triple 
integration  in  (4),  substituting  for  the  values  of  a,  /3,  y,  those 
of  a',  p\  /,  as  given  by  equations  (1),  and  writing 

d    ^         d       ^  d  d  /-, 

the  expression  under  the  sign  of  integration  becomes 

^C;c£.dC     dt)^         d  fd^      dC\      i.d.dri      rfM  .. 

^\^'dh%  ~  cTz)  ^^md^  "■  dec)  ^^dh  ^di  ~  dy)y         ^'^ 

In  the  case  of  waves  in  planes  normal  to  the  axis  of  z  the 
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tlispUooments  are  funetioos  of  z  and  t  only,  bo  that  ^g  k  y  - - 
and  this  expnssion  ia  reduced  to 

The  kioetio  energy  per  anit  of  volume,  so  far  as  it  depend*  o 
the  velocities  of  dispkoement,  may  now  l>e  written 

where  ii  is  the  density  of  the  medium. 

827.]  The  components,  .V  and  Y,  of  the  imprcswd  forc«.  r> 
ferred  to  unit  of  volume,  may  be  deduced  from  thb  by  Lagran^ 
equations,  Art.  564.  We  observe  that  by  two  su<;cesAive  into 
grations  by  parts  in  regard  to  :,  and  the  omitiaion  of  the  doaU 
integrals  at  the  bounding  surface,  it  may  be  shewn  tliat 

The  expressions  for  the  forces  are  therefore  given  by 

'lliefle  forces  arise  from  the  action  of  the  remainder  of  iL 
medium  on  the  clement  under  cunt* i deration,  and  must  in  the  cm 
of  an  isotropic  medium  be  of  the  furin  indicated  by  (.'audiv. 
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The  condition  of  free  propagation  of  the  ray  given  in  Art  819, 
equation  (6),  is  dT _dV 

dr  ^  dr  *  ^     ' 

which  gives  pn^^2Cyq^n  =  Q,  (18) 

whence  the  value  of  n  may  be  found  in  terms  of  q. 

But  in  the  case  of  a  ray  of  given  wave-period,  acted  on  by 

magnetic  force,  what  we  want  to  determine  is  the  value  of  3^ » 

da  '^ 

when  n  is  constant,  in  terms  of  ^  f  when  y  is  constant  Differ- 
entiating (18) 

(2pn-.2Cyg«)dn-(^+4(7yg7i)(igr-2C5%dy  =  0.     (19) 

We  thus  find  ^^^-9^^^.  (20) 

dy  pn^Cyq^  dn  ^     ' 

829,J  If  A  is  the  wave-length  in  air,  t;  the  velocity  in  air,  and 

1  the  corresponding  index  of  refraction  in  the  medium, 

jA  =r  2ir/,         'JiA=:2Tri;.  (21) 

The  change  in  the  value  of  g,  due  to  magnetic  action,  is  in 
every  case  an  exceedingly  small  fraction  of  its  own  value,  so 
that  we  may  write  da  .. 

^  ?  =  9o+3^y.  (22) 

where  go  is  the  value  of  9  when  the  magnetic  force  is  zero.  The  angle, 
$,  through  which  the  plane  of  polarization  is  turned  in  passing 
through  a  thickness  c  of  the  medium,  is  half  the  sum  of  the  posi- 
tive and  negative  values  of  g  c,  the  sign  of  the  result  being  changed, 
because  the  sign  of  g  is  negative  in  equations  (14).  We  thus  obtain 

^  =  -cy^,  (23) 

'^  l-2ir(7y — r 

vp\ 

The  second  term  of  the  denominator  of  this  fraction  is  approx- 
imately equal  to  the  angle  of  rotation  of  the  plane  of  polarization 
during  the  passage  of  the  light  through  a  thickness  of  the  medium 

equal  to  j- times  >  half  a  wave-length  {in  the  medium}.    It  is 

therefore  in  all  actual  cases  a  quantity  which  we  may  neglect  in 
comparison  with  unity. 

TOL.  II.  H  h 
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Writing  — ^ —  =  m,  (»■ 

we  may  eall  m  the  coefficient  of  magnetic  rotfttiaa  for  tk 
medium,  a  quantity  whose  value  roast  be  determined  by  oWr- 
vation.  It  is  found  to  be  positive  for  most  diunagnetic  tai 
negative  fur  some  paramagnetic  m«dia.  We  have  tberefofr  m 
the  final  result  of  our  theory 

where  ff  is  the  angular  rotation  of  the  plane  of  polarinlA 
m  a  constant  determined  by  observation  of  the  mediam,  7  tbt 
intensity  of  the  magnetic  force  resolved  in  the  direction  ol  tk 
ray,  c  the  length  of  the  ny  within  the  medium,  A  the  wmve-1^^ 
of  the  light  in  air,  and  i  its  index  of  refraction  in  the  mcdiiiB* 

830.]  The  only  test  to  which  this  theory  has  hitherto  bta 
subjected  is  that  of  comparing  the  values  of  $  for  different  kia^ 
of  light  passing  through  the  same  medium  and  acted  on  by  lb 
same  magnetic  force. 

This  has  been  done  for  a  considerable  number  of  media  by  IL 
V'erdet  t.  who  has  arrived  at  the  following  reaolts : —  I 

(1)  The  magnetic  rotations  of  the  planes  of  poUrinlioa  ^ 
the  rays  of  different  colours  follow  approziniatAly  the  law  of  tW  I 
inverse  square  of  the  wave-length. 

(2)  The  exact  law  of  the  phenomena  is  always  such  that  tht 
product  of  the  rotation  by  the  Miuare  of  the  wave-length  ■>- 
creaseH  from  the  least  refrangible  to  the  most  refrangible  mi 
of  the  spectrum. 
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law  of  the  inverse  square  of  the  wave-length  was  very  apparent. 
He  has  also  compared  these  results  with  the  numbers  given  by 
three  different  foimulse, 

(I)       0  =  mcy^(i-X^); 
(U)     0=wcy^,(i-X^); 

an)e  =  mcy    (i-A|^). 

The  first  of  these  formulse,  (I),  is  that  which  we  have  already 
obtained  in  Art.  829,  equation  (26).  The  second,  (U),  is  that 
which   results   from   substituting  in  the  equations  of  motion, 

Art.  827,  equations  (10),  (11),  terms  of  the  form  -1-3  and  —  -—* 

instead  of  ,  ^  ,  and  —  ^^7^  •    I  ^^^  ^^^  aware  that  this  form  of 

the  equation  has  been  suggested  by  any  physical  theory.  The 
third  formula,  (lU),  results  from  the  physical  theory  of  M.  C. 
Neumann  *,  in  which  the  equations  of  motion  contain  terms  of 

the  form  -rf  and =7 1. 

at  dt 

It  is  evident  that  the  values  of  0  given  by  the  formula  (III)  are 

not  even  approximately  proportional  to  the  inverse  square  of 

the  wave-length.     Those  given   by   the   formulae  (I)  and  (11) 

satisfy  this  condition,  and  give  values  of  0  which  agree  tolerably 

well  with  the  observed  values  for  media  of  moderate  dispersive 

power.     For  bisulphide  of  carbon  and  creosote,  however,  the 

values  given  by  (II)  differ  very  much   from  those  observed. 

Those  given  by  (I)  agree  better  with  observation,  but,  though 

the  agreement  is  somewhat  close  for  bisulphide  of  carbon,  the 

numbers  for  creosote  still  differ  by  quantities  much  greater  than 

can  be  accounted  for  by  any  errors  of  observation. 

*  '  ExpHcare  tenUtor  quomodo  6at  ut  locii  pUDum  poUrisationii  per  Tiret  elec- 
tricas  vel  magneticM  declinetar.*     Halit  Stuconum,  1858. 

t  These  three  formi  of  the  equatioiis  of  motion  were  first  snggested  by  Sir  G.  B.  Airy 
(Phil.  Maff,,  June  1846,  p.  477)  m  a  means  of  analysing  the  phenomenon  then  recently 
discoTered  by  Faraday.    Mao  Collagh  had  previoi^y  suggested  equations  containing 

terms  of  the  form  —  in  order  to  represent  mathematically  the  phenomena  of  quarts. 

These  equations  were  offered  by  Mac  Cullagh  and  Airy, '  not  as  giving  a  mechanical 
explanation  of  the  phaenomena,  but  as  showing  that  the  phaenomena  may  be  explained 
by  equations,  which  equations  appear  to  be  such  as  might  possibly  be  deduced  from 
tome  plausible  mechanical  assumption,  although  no  snoh  assumption  has  yet  beenmade.' 

Hh  a 
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Magndic  Rotation  of  the  Plane  of  PolarivUion  (/nm  Frrrfrfi 
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We  are  so  little  sequainted  with  the  details  of  the  mol 
constitution  of  bodies,  that  it  is  not  probable  that  anr 
theory  can  be  formed  relating  to  a  particalar  phenomenoa.  awk 
as  that  of  the  magnetic  actioD  on  light,  until,  by  an  indsetM 
founded  od  a  number  of  different  csaee  in  which  TisiUe  pbcas- 
mena  are  found  to  depend  upon  actions  in  which  the  molccBta 
are  ooncemcd,  we  learn  somcthiog  more  definite  aboat  tU 
properties  which  must  he  attributed  to  a  molecule  in  ofder  w 
satisfy  the  conditions  of  observed  facts. 

The  theory  proposed  in  the  preceding  pages  is  eTidently  of  s 
provisional  kind,  rcAting  as  it  does  on  unproved  bypotbasM 
relating  to  the  nature  of  molecular  vortices,  and  the  mode  ii 
which  they  are  afft-ctcd  by  ttie  JiHplacement  of  the  medism 
We  must  thi-reforo  n-gard  any  coincidence  with  observed  belt 
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to  describe  circles,  will  have  different  velocities  according  as 
their  motions  are  round  in  one  direction  (the  same  as  the 
nominal  direction  of  the  galvanic  current  in  the  magnetizing 
coil),  or  in  the  contrary  direction.  But  the  elastic  reaction  of 
the  medium  must  be  the  same  for  the  same  displacements, 
whatever  be  the  velocities  and  dii*ections  of  the  particles ;  that 
is  to  say,  the  forces  which  are  balanced  by  centrifugal  force  of 
the  circular  motions  are  equal,  while  the  luminiferous  motions 
are  unequal.  The  absolute  circular  motions  being  therefore 
either  equal  or  such  as  to  transmit  equal  centrifugal  forces  to 
the  particles  initially  considered,  it  follows  that  the  luminiferous 
motions  are  only  components  of  the  whole  motion ;  and  that  a 
less  luminiferous  component  in  one  direction,  compounded  with 
a  motion  existing  in  the  medium  when  transmitting  no  light, 
gives  an  equal  resultant  to  that  of  a  greater  luminiferous  motion 
in  the  contrary  direction  compounded  with  the  same  non- 
luminous  motion.  I  think  it  is  not  only  impossible  to  conceive 
any  other  than  this  dynamical  explanation  of  the  fact  that 
circularly-polarized  light  transmitted  through  magnetized  glass 
parallel  to  the  lines  of  magnetizing  force,  with  the  same  quality, 
right-handed  always,  or  left-handed  always,  is  propagated  at 
different  rates  according  as  its  course  is  in  the  direction  or  is 
contrary  to  the  direction  in  which  a  north  magnetic  pole  is 
drawn;  but  I  believe  it  can  be  demonstrated  that  no  other 
explanation  of  that  fact  is  possible.  Hence  it  appears  that 
Faraday's  optical  discovery  affords  a  demonstration  of  the 
reality  of  Ampere's  explanation  of  the  ultimate  nature  of  mag- 
netism ;  and  gives  a  definition  of  magnetization  in  the  dynamical 
theory  of  heat.  The  introduction  of  the  principle  of  moments 
of  momenta  ('* the  conservation  of  areas'')  into  the  mechanical 
treatment  of  Mr.  Rankine's  hypothesis  of  "  molecular  vortices," 
appears  to  indicate  a  line  perpendicular  to  the  plane  of  resultant 
rotatory  momentum  (''the  invariable  plane")  of  the  thermal 
motions  as  the  magnetic  axis  of  a  magnetized  body,  and 
suggests  the  resultant  moment  of  momenta  of  these  motions 
as  the  definite  measure  of  the  ''magnetic  moment."  The  ex- 
planation of  all  phenomena  of  electro-magnetic  attraction  or 
repulsion,  and  of  electro-magnetic  induction,  is  to  be  looked 
for  simply  in  the  inertia  and  pressure  of  the  matter  of  which 
the  motions  constitute  heat.     Whether  this  matter  is  or  is  not 
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electricity,  whether  it  is  a  oonttnaoos  fluid  interpenn«wlinf  tkr 
HpaccB  betwecD  molecular  audei,  or  ia  itself  molecularlj  groapvi . 
or  whether  all  nutter  is  contioaous,  and  molecalar  brUf^ 
geaeounness  cooBuitii  id  finite  vortical  or  other  relative  ntotkiw 
of  contiguous  parts  of  a  body ;  it  is  impoMihle  to  decide,  anl 
perhaps  in  vain  to  speculate,  in  the  present  state  of  aoit^noe.' 

A  theory  of  molecular  vortices,  which  I  worked  oot  at  eca- 
Hiderab]e  length,  was  published  in  the  Phil.  Hag.  fur  Maren. 
April  and  May,  1861,  Jan.  and  Feb.  18C2. 

I  think  we  have  good  evidence  for  the  opinion  that  ittnt 
pheoomenuD  of  rotation  is  going  on  in  the  magnetic  fleld,  Om 
this  rotation  is  perfonned  by  a  great  number  of  very  siaall 
portions  of  matter,  each  rotating  on  its  own  axis,  this  «x« 
being  parallel  to  the  direction  of  the  magnetic  force,  and  tksi 
the  rotations  of  these  different  vortioea  are  made  to  dep*fti 
on  one  another  by  means  of  some  kind  of  mechanism  cx»ii>e«tia( 
them. 

The  attempt  which  I  then  made  to  imagine  a  working  nodil 
of  this  mechanism  must  be  taken  for  no  more  than  it  really  k 
a  demonstration  that  meohanism  may  be  iiaagiaed  capable  J 
producing  a  connexioD  mechanically  et^uivalent  to  the  aelaal 
connexion  of  the  parts  of  the  electromagnetic  field.  The  problMi 
of  determining  the  mechanism  rpquireil  to  establish  a  fins 
Hpecies  of  connexion  between  the  motions  of  the  parts  ef  a 
system  always  ailmits  of  an  infinite  number  of  solaUoos,  Of 
these,  some  may  be  more  olumny  or  more  oomplex  than  otbcn 
but  all  must  satisfy  the  conditions  of  nK-chanism  in  generaL 
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FEBBOMAGNETISM   AND   DIAMAGNETISM    EXPLAINED   BY 

MOLECDLAB   CUBBENTS. 

On  Electromagnetic  Theories  of  Magnetism,. 

832.]  We  have  seen  (Art.  380)  that  the  action  of  magnets  on 
one  another  can  be  accurately  represented  by  the  attractions  and 
repulsions  of  an  imaginary  substance  called  *  magnetic  matter.' 
We  have  shewn  the  reasons  why  we  must  not  suppose  this 
magnetic  matter  to  move  from  one  part  of  a  magnet  to  another 
through  a  sensible  distance,  as  at  first  sight  it  appears  to  do 
when  we  magnetize  a  bar,  and  we  were  led  to  Poisson's  hypo- 
thesis that  the  magnetic  matter  is  strictly  confined  to  single 
molecules  of  the  magnetic  substance,  so  that  a  magnetized 
molecule  is  one  in  which  the  opposite  kinds  of  magnetic  matter 
are  more  or  less  separated  towards  opposite  poles  of  the  molecule, 
but  so  that  no  part  of  either  can  ever  be  actually  separated  from 
the  molecule  (Art.  430). 

These  arguments  completely  establish  the  fact,  that  mag- 
netization is  a  phenomenon,  not  of  large  masses  of  iron,  but 
of  molecules,  that  is  to  say,  of  portions  of  the  substance  so 
small  that  we  cannot  by  .any  mechanical  method  cut  one  of 
them  in  two,  so  as  to  obtain  a  north  pole  separate  from  a 
south  pole.  But  the  nature  of  a  magnetic  molecule  is  by  no 
means  determined  without  further  investigation.  We  have  seen 
(Art.  442)  that  there  are  strong  reasons  for  believing  that  the 
act  of  magnetizing  iron  or  steel  does  not  consist  in  imparting 
magnetization  to  the  molecules  of  which  it  is  composed,  but 
that  these  molecules  are  already  magnetic,  even  in  unmagnetized 
iron,  but  with  their  axes  placed  indifferently  in  all  directions, 
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and  that  the  act  .of  magnetization  conaists  in  tnmiag  tW 
molecules  so  that  their  axes  are  either  rendered  all  panUel  i* 
one  direction,  or  at  least  are  deflected  towards  that  direetMB. 

833.]  Still,  however,  we  have  arrived  at  no  explanatioa  of  th« 
nature  of  a  iita^etic  molccale,  that  is,  we  have  not  recogaiari 
itH  likeneHs  to  any  other  thing  of  which  we  know  moraL  V* 
have  therefore  to  consider  the  h^'pothesis  of  Ampere,  that  ifac 
Diagnotium  of  the  molecule  is  due  to  an  electric  eoirent  c\«- 
Btantly  circulating  in  some  dosed  path  within  it. 

It  is  potksible  to  produce  an  exact  imitation  of  tbe  action  tt 
any  magnet  on  points  external  to  it,  by  meana  of  a  ahn*  d 
electric  currents  properly  distributed  on  ita  oater  sorfaee.     Boi    | 
the  action   of  the  magnet  on  points  in  the   interior  is   quit* 
different  from  the  action  of  the  electric  curreaU  on  eorrespoodiaf    i 
points,     ilfuce  Ampere  concluded  that  if  ntagnetiam  is  lo  bt 
explained  by   meana  of  electric  currents,  these  euirenu  ma*    . 
circulate  within  the  molecules  of  the  magnet,  and  must  doc  Am 
from  one  molecule  to  another.     As  we  cannot  experiUMitalit 
measure  the  magnetic  action  at  a  point  in  the  interior  of  s 
molecule,  this  hypothesis  cannot  be  disproved  in  the  same  w«« 
that   we  can   disprove   the  hypothesis  of  currcDts  of  aensiUt 
extent  within  the  magnet. 

Kesides  this,  we  know  that  an  electric  current,  in  I'uning  tnm 
one  part  of  a  conductor  to  another,  meets  with  irnintanw  and 
genoraU^'B  heat ;  so  that  if  there  were  currents  of  tbe  ordinanr 
kind  round  purtionn  of  the  magnet  of  sensible  size.  tber«'  woaU 
be  a  cunxtant  expt.>nditure  of  energy  required  to  maintain  them. 

nd  a  mngiii't  wuul<l  W  a  perpt'tiial  source  of  heat.    By  i-*Tifinitf 
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hollowed  out  of  the  substance  of  the  magnet,  Art.  395.  We 
were  thus  led  to  consider  two  different  quantities,  the  magnetic 
force  and  the  magnetic  induction,  both  of  which  are  supposed 
to  be  observed  in  a  space  from  which  the  magnetic  matter  is 
removed.  We  were  not  supposed  to  be  able  to  penetrate  into 
the  interior  of  a  magnetic  molecule  and  to  observe  the  force 
within  it. 

If  we  adopt  Amp^'s  theory,  we  consider  a  magnet,  not  as  a 
continuous  substance,  the  magnetization  of  which  varies  from 
point  to  point  according  to  some  easily  conceived  law,  but  as  a 
multitude  of  molecules,  within  each  of  which  circulates  a  system 
of  electric  currents,  giving  rise  to  a  distribution  of  magnetic  force 
of  extreme  complexity,  the  direction  of  the  force  in  the  interior 
of  a  molecule  being  generally  the  reverse  of  that  of  the  average 
force  in  its  neighbourhood,  and  the  magnetic  potential,  where  it 
exists  at  all,  being  a  function  of  as  many  degrees  of  multiplicity 
as  there  are  molecules  in  the  magnet. 

835.]  But  we  shall  find,  that,  in  spite  of  this  apparent  com- 
plexity, which,  however,  arises  merely  from  the  coexistence  of  a 
multitude  of  simpler  parts,  the  mathematical  theory  of  magnetism 
is  greatly  simplified  by  the  adoption  of  Ampere's  theory,  and 
by  extending  our  mathematical  vision  into  the  interior  of  the 
molecules. 

In  the  first  place,  the  two  definitions  of  magnetic  force  are 
reduced  to  one,  both  becoming  the  same  as  that  for  the  space 
outside  the  magnet.  In  the  next  place,  the  components  of  the 
magnetic  force  everywhere  satisfy  the  condition  to  which  those 
of  induction  are  subject,  namely, 

'^?  +  ^  +  ^.y  =  o.  (1) 

dx       dy      dz  ^  ' 

In  other  words,  the  distribution  of  magnetic  force  is  of  the 

same  nature  as  that  of  the  velocity  of  an  incompressible  fluid, 

or,  as  we  have  expressed  it  in  Art.  25,  the  magnetic  force  has  no 

convergence. 

Finally,  the  three  vector  functions — the  electromagnetic  mo- 
mentum, the  magnetic  force,  and  the  electric  current — become 
more  simply  related  to  each  other.  They  are  all  vector  functions 
of  no  convergence,  and  they  are  derived  one  from  the  other  in 
order,  by  the  same  process  of  taking  the  space- variation  which 
is  denoted  by  Hamilton  by  the  symbol  V. 


474  BLBCTBtO  TBEOBT  OF  HAONITISM.  [Sj;. 

836.]  But  we  «re  now  conudcriBg  magiifltisin  from  a  pbjtieil 
point  of  view,  and  we  tooat  eoquire  iato  the  physical  p««patMi 
of  the  inolecuUr  curreotii.  We  assume  thst  s  curreDt  is  dm- 
laUng  in  a  molecule,  anil  that  it  meets  with  no  reaistaiw  If  I 
is  the  coefficient  of  self-induction  of  the  moleeul&r  eirrait,  sad  M 
the  coefficient  of  mutual  induction  between  this  eircoik  and  mm* 
other  circuit,  then  if  y  is  the  current  in  the  molecule,  and  y'  tW 
in  the  other  circuit,  the  equation  of  the  current  y  is 

^^{Ly  +  My')  =  -Ryi  .1 

and  since  by  the  hypothesis  there  is  no  resiatanoe,  A  =  0,  $ai 
we  get  by  integration 

/-y  + Jf/=  constant,  =  iy„  say.  O' 

Let  us  suppose  that  the  ares  of  the  projection  of  the  molrcafar 
circuit  on  a  plane  perpendicular  to  the  axis  of  the  molecule  b  A. 
this  axis  being  defined  as  the  normal  to  the  plane  on  which  tkr 
projection  is  greatest.  If  the  action  of  other  currenta  prodncesa 
magnetic  force,  .V,  in  a  direction  whose  inclination  to  the  axisof 
the  molecule  iti  $,  the  quantity  My'  becomes  XA  earn  8,  aod  v( 
have  as  the  equation  of  the  current 

Ly  +  XA  costf  =  Ly^,  Hi 

whore  y^  is  the  value  of  y  when  A'  =  0. 

It  appears,  therefore.  Uiat  the  Htrengtb  of  the  molecalar  c 
depends  entirely  on  its  primitive  value  y,,  and  on  the  i 
of  the  magnetic  force  due  to  other  currents. 

837.]  If  we  suppose  that  there  is  no  primitive  eaitmt,  b«t 
that  the  current  is  entirely  due  to  induction,  then 
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substances  an  action  of  this  kind  is  observed,  and  in  fact  this 
is  the  explanation  of  diamagnetic  polarity  which  was  first  given 
by  Weber. 

Wd)er'8  Theory  of  Diamagnetisfm, 

838.]  According  to  Weber's  theory,  there  exist  in  the  molecules 
of  diamagnetic  substances  certain  channels  round  which  an 
electric  current  can  circulate  without  resistance.  It  is  manifest 
that  if  we  suppose  these  channels  to  traverse  the  molecule  in 
every  direction,  this  amounts  to  making  the  molecule  a  perfect 
conductor. 

Beginning  with  the  assumption  of  a  linear  circuit  within  the 
molecule,  we  have  the  strength  of  the  current  given  by  equa- 
tion (5). 

The  magnetic  moment  of  the  current  is  the  product  of  its 
strength  by  the  area  of  the  circuity  or  yA^  and  the  resolved  part 
of  this  in  the  direction  of  the  magnetizing  force  is  y  ^  cos  0,  or, 

— j-co8^e.  (6) 

If  there  are  n  such  molecules  in  unit  of  volume,  and  if  their 
axes  are  distributed  indifierently  in  all  directions,  then  the 
average  value  of  cos^O  will  be  i,  and  the  intensity  of  magnet- 
ization of  the  substance  will  be 

,  nXA^  ,  , 

Neumann's  coefficient  of  magnetization  is  therefore 

«  =  -i-X--  (8) 

The  magnetization  of  the  substance  is  therefore  in  the  opposite 
direction  to  the  magnetizing  force,  or,  in  other  words,  the 
substance  is  diamagnetia  It  is  also  exactly  proportional  to 
the  magnetizing  force,  and  does  not  tend  to  a  finite  limit,  as 
in  the  case  of  ordinary  magnetic  induction.     See  Arts.  442,  &c. 

889.]  If  the  directions  of  the  axes  of  the  molecular  channels 
are  arranged,  not  indifferently  in  all  directions,  but  with  a  pre- 
ponderating number  in  certain  directions,  then  the  sum 

extended  to  all  the  molecules  will  have  different  values  according 
to  the  direction  of  the  line  from  which  6  is  measured,  and  the 
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iluitrihutioD  of  thesu  values  io  difTereDt  direetioiia  will  be  nwu^at 
to  the  (tiatributjon  of  the  vkIuoh  of  momenta  of  incitui  »him 
szes  in  difivrvnt  directions  through  the  ume  potnL 

Such  a  distribution  will  explain  the  magnetie  pbeDaiB'*ca 
related  to  axen  in  the  body,  described  by  Pliieker,  which  >'an>u,i 
has  called  Magnc-crj'st&llic  phenomena.     Se«  Art.  435. 

840.]  Lot  UR  now  consider  what  would  b«  the  etiect.  if,  loMtemd  ^i 
the  electric  current  being  contined  to  a  certain  ehmoticl  within  lb* 
molecule,  the  whole  molecule  were  suppoAod  a  perfect  eondaetar 

L«t  us  begin  with  the  case  of  a  iKMiy  the  form  of  which  a 
acyclic,  that  is  to  say,  which  is  not  in  the  form  of  a  rin^  tf 
perforated  l>ody,  an<]  let  us  suppose  that  this  bo<ly  la  evef^'wbm 
surrounded  by  a  thin  sbell  of  perfectly  conducting  matter. 

\\\-  have  proved  in  Art.  (i54,  that  a  closed  sheet  of  peri<«t!i 
conducting  matti-r  of  any  form,  originally  free  firom  cum«u. 
K'oomes,  when  ex|)oeoil  Ui  external  magnetic  force,  a  curmi- 
sheet,  tbo  aetion  of  which  on  everj*  point  of  the  interior  tA  rati 
as  to  make  the  magnetic  force  zero. 

It  may  asnist  us  in  undorbtanding  tbia  case  if  we  ol>a«rve  Utai 
the  distribution  of  magnetic  force  in  the  neighbourhood  uf  waA 
a  l>ody  is  similar  to  the  distribution  of  velocity  in  an  ineoa 
pmtsible  fluid  in  the  neighbourhood  of  an  inipervioiu  body  of 
the  same  form. 

It  iit  obvious  that  if  other  conducting  Hhells  are  pkc^  wilha 
the  lirKt,  since  they  are  not  exjiosed  to  magnetic  foree.  bu 
('um-iit.-<  will  bo  excit«.il  in  them.  Uence.  in  a  solid  of  prKeelli 
culicluptiiig  luatcrinl,  tlie  i-tfect  of  magnetic  force  is  to  genefsu  s 
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whence  we  obtain  for  Poisson's  magnetic  coefficient 

ifc  =  -ifc',  (10) 

and  for  Neumann's  coefficient  of  magnetization  by  induction 

3      l<f 

Since  the  mathematical  conception  of  perfectly  conducting 
bodies  leads  to  results  exceedingly  different  from  any  phenomena 
which  we  can  observe  in  ordinary  conductors,  let  us  pursue  the 
subject  somewhat  further. 

842.]  Returning  to  the  case  of  the  conducting  channel  in  the 
form  of  a  closed  curve  of  area  ^,  as  in  Art.  836,  we  have,  for 
the  moment  of  the  electromagnetic  force  tending  to  increase  the 

angled,  dM  xr.  .    ^  v,ox 

yy'-^  =  -yZilsm(?  (12) 

=  — ^sindcosd.  (13) 

This  force  is  positive  or  negative  according  as  ^  is  less  or 
greater  than  a  right  angle.  Hence  the  effect  of  magnetic  force 
on  a  perfectly  conducting  channel  tends  to  turn  it  with  its  axis 
at  right  angles  to  the  line  of  magnetic  force,  that  is,  so  that  the 
plane  of  the  channel  becomes  parallel  to  the  lines  of  force. 

An  effect  of  a  similar  kind  may  be  observed  by  placing  a 
penny  or  a  copper  ring  between  the  poles  of  an  electromagnet. 
At  the  instant  that  the  magnet  is  excited  the  ring  turns  its 
plane  towards  the  axial  direction,  but  this  force  vanishes  as 
soon  as  the  currents  are  deadened  by  the  resistance  of  the 
copper  *. 

843.]  We  have  hitherto  considered  only  the  case  in  which  the 
molecular  currents  are  entirely  excited  by  the  external  magnetic 
force.  Let  us  next  examine  the  bearing  of  Weber's  theory  of 
the  magneto-electric  induction  of  molecular  currents  on  Ampere's 
theory  of  ordinary  magnetism.  According  to  Ampere  and  Weber, 
the  molecular  currents  in  magnetic  substances  are  not  excited  by 
the  external  magnetic  force,  but  are  already  there,  and  the 
molecule  itself  is  acted  on  and  deflected  by  the  electromagnetic 
action  of  the  magnetic  force  on  the  conducting  circuit  in  which 
the  current  flows.  When  Amp^  devised  this  hypothesis,  the 
induction  of  electric  currents  was  not  known,  and  he  made  no 

*  See  FanuUj,  Exp,  R€$,,  2310,  &c 
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hypothesis  to  account  for  the  eziatenoe,  or  to 
Btrengtb,  of  the  molecular  currents. 

W'e  are  now,  however,  bound  to  apply  to  th«se 
same  laws  that  Weber  applied  to  his  currents  in 
molecules.  We  have  unly  to  sappone  that  the  primitiTc  «mh> 
of  the  current  y,  when  no  magnetic  force  acts,  is  not  wen  W 
y^.  The  Htrengtii  of  the  current  when  a  magnetic  font,  I. 
acts  uD  a  molecular  current  of  area  A,  whoM  ftxia  ia  inrliarf 
at  an  angle  0  to  the  line  of  magnetic  force,  is 

XA 

Y^^Yn-  -j^caee,  (II- 

and  the  moment  of  the  couple  tending  to  turn  the  moleeale  m» 

to  increase  tf  is  X'A* 

-Y^XA6itt6+  -    j-sinag.  {lit 

Hence,  putting  j 

in  the  invest ij^ation  in  Art.  443,  the  equation  of  eqaUibrias 
becomes        X  sin  tf-B,Y' sin  flcos  ff  =  iJ  sin  («-(»).  (!:■ 

The  resolved  part  of  the  magnetic  moment  of  the  eanm 
in  the  direction  of  X  is 

yil  coad  =  yo^  cosd—     J- coa'O,  (tft 

=  mco«fl(l  -^A'coett),  (i»i 

844.]  These  conditions  differ  from  those  in  Weber's  tbeoiy  <f 
ma^iietio  induction  by  the  terms  involving  the  coefficient  B.  U 
JiX  in  umall  compared  with  unity,  the  results  will  approxiaslf 
to  thoM>  of  Wcher's  theory'  of  magnetism.     If  BX  is  large  eo^ 
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magnetizing  force,  increases,  the  temporary  magnetic  moment 
will  not  only  reach  a  maximum,  but  will  afterwards  diminish  as 
X  increases. 

If  it  should  ever  be  experimentally  proved  that  the  temporary 
magnetization  of  any  substance  firat  increases,  and  then  diminishes 
as  the  magnetizing  force  is  continually  increased,  the  evidence  of 
the  existence  of  these  molecular  currents  would^  I  think,  be 
raised  almost  to  the  rank  of  a  demonstration  *. 

845.]  If  the  molecular  currents  in  diamagnetic  substances  are 
confined  to  definite  channels,  and  if  the  molecules  are  capable  of 
being  deflected  like  those  of  magnetic  substances,  then,  as  the 
magnetizing  force  increases,  the  diamagnetic  polarity  will  always 
increase,  but,  when  the  force  is  great,  not  quite  so  fast  as  the 
magnetizing  force.  The  small  absolute  value  of  the  diamagnetic 
coefficient  shews,  however,  that  the  deflecting  force  on  each 
molecule  must  be  small  compared  with  that  exerted  on  a  mag- 
netic molecule,  so  that  any  result  due  to  this  deflexion  is  not 
likely  to  be  perceptible. 

If,  on  the  other  hand,  the  molecular  currents  in  diamagnetic 
bodies  are  free  to  flow  through  the  whole  substance  of  the  mole- 
cules, the  diamagnetic  polarity  will  be  strictly  proportional  to 
the  magnetizing  force,  and  its  amount  will  lead  to  a  deter- 
mination of  the  whole  space  occupied  by  the  perfectly  conducting 
masses,  and,  if  we  know  the  number  of  the  molecules,  to  the 
determination  of  the  size  of  each. 

*  {No  indicaiioo  of  this  effect  hfts  as  yet  been  found,  thoagh  Prof.  Ewing  has 
soaght  for  it  in  very  intense  magnetio  fieldii.  See  Ewing  and  Low  *  On  the  Magneti- 
sation of  Iron  and  other  Magnetic  Metals  in  very  Strong  Fields,'  Phil.  Trans.  1889, 
A.  p.  22U} 
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On  the  Explanation  of  Amp^re'e  Formula  given  fry  GttmM 

and  Weber, 
846.]  The  attractioD  between  the  elements  Jo  sod  Js'  of  tm 
circoits,  oarrying  eleetric  currents  of  mtensity  t  mad  t,  u.  irj 
Ampere's  formula, 

ii'dud/  /„  _  rfr  rfr. 

u'lUilm'  /„     d-r       drdr^, 

the  currents   being  estimated  in  «lectromagneii«    anita.    Sm 

Art.  526. 

Tlic  quantities,  whose  meaning  as  they  ^pMr  to  llMa*  «• 

pretuionH  we  have  now  to  interpret,  are 

drdr  ,     ,/-V 

cos  e,  -J-  };t   and   -.   ,-, ; 


848.]  pechnee's  hypothesis.  481 

}i^T        ^d'r      ^     ,  d^r  ,ocZV  ,  , 

-=^-^^2vv'^^,+^^^,,  (6) 

where  the  symbol  <)  indicates  that,  in  the  quantity  differentiated, 
the  coordinates  of  the  particles  are  to  be  expressed  in  terms  of 
the  time. 

It  appears,  therefore,  that  the  terms  involving  the  product  w' 
in  the  equations  (3),  (5),  and  (6)  contain  the  quantities  occur- 
ring in  (1)  and  (2)  which  we  have  to  interpret.     We  therefore 


endeavour  to  express  (l)  and  (2)  in  terms  of  u^ 


^2  ^2^ 


,  and 


U 


I 


It 

But  in  order  to  do  so  we  must  get  rid  of  the  first  and  third 
terms  of  each  of  these  expressions,  for  they  involve  quantities 
which  do  not  appear  in  the  formula  of  Ampfere.  Hence  we 
cannot  explain  the  electric  current  as  a  transfer  of  electricity  in 
one  direction  only,  but  we  must  combine  two  opposite  streams 
in  each  current,  so  that  the  combined  effect  of  the  terms  in- 
volving v^  and  v'^  may  be  zero. 

848.]  Let  us  therefore  suppose  that  in  the  fii-st  element,  cfo, 
we  have  one  electric  particle,  e,  moving  with  velocity  v,  and 
another,  ^j,  moving  with  velocity  Vj,  and  in  the  same  way  two 
particles,  e'  and  t\,  in  c?«',  moving  with  velocities  v'  and  i/j 
respectively. 

The  term  involving  v^  for  the  combined  action  of  these 
particles  is  2  (i/^ee')  =  (v^e   +  v^e^[e     +      c'j).  (7) 

Similarly  2  {v'^ee')  =  (t/ V  +  v'^e\)  (e  +  e^)\  '  (8) 
and  2{vvW)  =  {ve     +    v^e^)  {t/e^+t/^e\).  (9) 

In  order  that  2  (t/^ee^)  may  be  zero,  we  must  have  either 

e'  +  e'i  =  0,     or     v^e  +  v^e^^  0.  (10) 

According  to  Fechner's  hypothesis,  the  electric  current  con- 
sists of  a  current  of  positive  electricity  in  the  positive  direc- 
tion, combined  with  a  current  of  negative  electricity  in  the 
negative  direction,  the  two  currents  being  exactly  equal  in 
numerical  magnitude,  both  as  respects  the  quantity  of  electricity 
in  motion  and  the  velocity  with  which  it  is  moving.  Hence 
both  the  conditions  of  (10)  are  satisfied  by  Fechner's  hypo- 
thesis. 
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But  it  is  sufficient  for  our  puqxwe  to  kuume,  either  ~ 

That  the  quantity  of  positive  electricity  in  each  elnocot 
numerically  equal  to  the  quantity  of  ne;j«tive  electricity ;  or- 

Thst  the  quHntities  of  the  two  kinds  of  el«ctrieity  an 
venwly  aa  the  iquares  of  their  velocities. 

Now  wc  know  that  by  cbarf^ing  the  seoond  ooodaettng  « 
SB  a  whole,  we  can  make  e'-f-«',  either  poaiUve  or  netiati 
Such  a  charged  wire,  even  without  a  current,  acoordio^  to  t 
formula,  would  act  on  the  first  wire  carrj-ing  a  current  in  ah. 
t'*e  +  t-,V,  has  a  value  differing  from  zero.  Such  an  actiwo  I 
never  been  observed. 

Therefore,  since  the  quantity  e'-¥f\  may  be  shewn  ex;« 
mentally  not  tu  be  always  Kero,  and  since  the  quantity  i^  +  '^ 
is  not  capable  of  being  experimentally  tested,  it  ia  Urtler  ! 
these  HpL-eulations  to  assume  that  it  ia  the  latter  quantity  whi 
iovariably  vaniahea 

849.]  Whatever  bypotbesia  we  adopt,  there  can  be  no  di-« 
that  the  total  transfer  of  eluctricity,  reckoned  algebraical 
along  the  first  circuit,  is  represented  by 
fe  +  r/i  =  cidf, 
where  r  Ik  the  numlwr  of  units  of  statical  electricity  which  i 
transmitted  by  the  unit  electric  current  in  the  unit  of  time ; 
that  we  may  write  equation  (9) 

2((tV)  =  i-*ii'\l»iU'.  (I 

Hence  the  aums  of  the  four  valuLti  of  (3),  (5),  and  (6)  become 
—  {feu')  =  —2i*ii'tli>ilf'(M6t,  ■; 


1^ 


or 


852.]  POEMULAE   OF   GAUSS   AND   WEBEB.  483 

which  gives  the  electrostatic  repulsion  between  the  two  elements 
if  they  are  charged  as  wholes. 

Hence,  if  we  assume  for  the  repulsion  of  the  two  particles 
either  of  the  modified  expressions 

^[■n.(»'-K|F))].  (■«) 

we  may  deduce  from  them  both  the  ordinary  electrostatic 
forces,  and  the  forces  acting  between  currents  as  determined  by 
Amp^. 

851.]  The  first  of  these  expressions,  (18),  was  discovered  by 
Gauss  t  in  July  1836,  and  interpreted  by  him  as  a  fundamental 
law  of  electrical  action,  that  '  Two  elements  of  electricity  in  a 
state  of  relative  motion  attract  or  repel  one  another,  but  not  in 
the  same  way  as  if  they  are  in  a  state  of  relative  rest.'  This 
discovery  was  not,  so  far  as  I  know,  published  in  the  lifetime 
of  Gauss,  so  that  the  second  expression,  which  was  discovered 
independently  by  W.  Weber,  and  published  in  the  first  part  of 
his  celebrated  Elektrodynamische  Maasbeetimmungen  J,  was  the 
first  result  of  the  kind  made  known  to  the  scientific  world* 

852.]  The  two  expressions  lead  to  precisely  the  same  result 
when  they  are  applied  to  the  determination  of  the  mechanical 
force  between  two  electric  currents,  and  this  result  is  identical 
with  that  of  Ampere.  But  when  they,  are  considered  as  ex- 
pressions of  the  physical  law  of  the  action  between  two  elec- 
trical particles,  we  are  led  to  enquire  whether  they  are  consistent 
with  other  known  facts  of  nature. 

Both  of  these  expressions  involve  the  relative  velocity  of  the 
particles.  Now,  in  establishing  by  mathematical  reasoning 
the  well-known  principle  of  the  conservation  of  energy,  it  is 
generally  assumed  that  the  force  acting  between  two  particles 
is  a  function  of  the  distance  only,  and  it  is  commonly  stated 

*  {  For  an  acooant  of  other  theories  of  this  kind  tee  Report  om  Eieetneal  TheorieM^ 
by  J.  J.  Thom«on,  B,  A.  Report,  1886,  pp.  97-165.} 
t   Wtrkt  (Gottingen  edition,  1867),  toL  t.  p.  616. 
X  Abh,  Leibnizens  Oes,,  Leipzig  (1846),  p.  316. 
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that  if  it  is  &  function  of  anything  else,  such  as  the  tintr.  or  i 
velocity  of  the  p&rticIcB,  U»e  proof  would  not  hold. 

Ueno^'  a  law  of  electrical  action,  involving  the  velocity  of  i 
particles,  hast  soinetime)!  been  eupposed  to  be  iocoDsiatMit  w 
the  principle  of  the  ooneervation  of  energy. 

853]  The  formula  of  Gausa  in  inconsiiitent  with  this  prii>ci| 
and  muiit  Uicreforo  bo  abandoned,  as  it  leads  to  tho  cocicibh 
that  energy  might  be  indefinitely  gunented  in  a  finite  »r«trB 
physical  means.  This  objection  does  not  apply  to  the  f-^iv 
of  Weber,  for  ho  has  shewn  *  that  if  we  assume  an  th«  puCcsi 
energy  of  a  system  consisting  of  two  eh-ctric  particI'-H, 


*  =  7['-^U^)"j 


the  repulsion  between  them,  which  is  found  by  flifTereotiat. 
this  ijuantity  with  respect  to  >*,  and  changing  the  sign,  i»  li 
given  by  the  formula  (19). 

Hence  the  work  done  on  a  moving  particle  by  the  rvpclv 
of  a  Bxed  particle  is  >^o~^f  ^^^^e  >('„  and  ^,  are  the  valaa 
<^  at  the  beginning  and  at  the  end  of  its  path.  Now  ^  tirpra 
only  on  the  distance,  r,  and  on  the  velocity  resolvoal  in  i 
direction  of  r.  If,  tbcreforc,  the  particle  describes  any  cka 
[tath,  HO  that  its  position,  velocity,  and  dircHioD  of  niotioo  i 
the  same  at  the  end  as  at  the  beginning,  ^,  nill  he  eqaal  to  ^ 
and  no  work  will  be  done  on  the  whole  during  the  ryck 
operations. 

Heiiee  an  indefinite  amount  of  work  cannot  be  generated  I 
a  particle  moving  in  a  periodic  manner  under  the  aetiuo  oft 
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To  this  Weber*  replies,  that  the  initial  relative  velocity  of 
the  particles  in  Helmholtz's  example,  though  finite,  is  greater 
than  the  velocity  of  light ;  and  that  the  distance  at  which  the 
kinetic  energy  becomes  infinite,  though  finite,  is  smaller  than 
any  magnitude  which  we  can  perceive,  so  that  it  may  be 
physically  impossible  to  bring  two  molecules  so  near  together. 
The  example,  therefore,  cannot  be  tested  by  any  experimental 
method. 

Helmholtz  f  has  therefore  stated  a  case  in  which  the  distances 
are  not  too  small,  nor  the  velocities  too  gi*eat,  for  experimental 
verification.  A  fixed  non-conducting  spherical  surface,  of  i*adius 
a,  is  uniformly  charged  with  electricity  to  the  surface-density  a, 
A  particle,  of  mass  r)i  and  carrying  a  charge  e  of  electricity, 
moves  within  the  sphere  with  velocity  v.  The  electrodynamic 
potential  calculated  fix)m  the  formula  (20)  is 

4^0^6(1-^"^,).  (21) 

and  is  independent  of  the  position  of  the  particle  within  the 
sphere.  Adding  to  this  F,  the  remainder  of  the  potential  energy 
arising  from  the  action  of  other  forces,  and  Jmv'^  the  kinetic 
energy  of  the  particle,  we  find  as  the  equation  of  energy 

i(m  — I  — ^^2—)^^+  4wao-e  +  F=  const.  (22) 

• 
Since  the  second  term  of  the  coefficient  of  v^  may  be  increased 

indefinitely  By  increasing  a,  the  radius  of  the  sphere,  while  the 

surface-density  a  remains  constant,  the  coefticient  of  v^  may  be 

made   negative.      Acceleration   of  the   motion  of  the   particle 

would  then  correspond  to  diminution  of  its  r/^  viva,  and  a  body 

moving  in  a  closed  path  and  acted  on  by  a  force  like  friction, 

always  opposite  in  direction  to  its  motion,  would  continually 

increase  in  velocity,  and  that  without  limit.     This  impossible 

result  is  a  necessary  consequence  of  assuming  any  formula  for  the 

potential  which  introduces  negative  terms  into  the  coefficient  of  i^-. 

855.]  But  we  have  now  to  consider  the  application  of  Webers 

theory  to  phenomena  which  can  be  realised.    We  have  seen  how 

it  gives  Ampere's  expression  for  the  force  of  attraction  between 

♦  Elektr.  Maeuh,  imbeiomdere  aher  das  Princip  der  Erhaitung  der  Energie. 
t  Berlin  MonaUbtriehl,  April  1872,  pp.  247-256  ;  Phil.  Mag,,  Dec  1072,  Smpp,^ 
pp.  680->537. 
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two  elemeotB  of  electric  currents.  The  potential  of  ooe  of  tka 
elements  on  the  other  U  foond  by  taking  the  aum  of  tbe  nim 
of  the  poteotial  ■^  for  the  fonr  oombinAtions  of  Uio  po«idT«  « 
negaUve  currents   in   the   two    element*.      Tb«    ivsDit    ii.  I 

equation  (20),  taking  tbe  sum  of  tbe  foor  values  of  , 

..,,    ,,lilr(lr  , 

r  ((«  (la 
and  the  potential  of  one  closeil  current  on  another  ia 
ri  ilr  ilr  , 


«=fj^ 


[/«(/«',   as  in  Arts.  433,  S24. 


In  the  case  of  clomd  currents,  this  expression  agrees  with  th 
which  we  have  already  (Art.  624)  obtained  *. 

Weber's  Theory  of  the  Irulwtion  of  Electric  CumnU 
856.]  After  deducing  from  Ampere's  formula  for  thi>  actit 
between  the  elements  of  currents,  his  own  formula  for  the  acCv 
between  moving  electric  particles,  Weber  proceeded  to  apply  h 
formula  to  the  explanation  of  the  production  of  electric  eama 
by  ni&gncto-eli-ctric  induction.  In  this  he  was  eroioeDtlT  •■ 
ceMful,  and  we  shall  indicate  the  method  by  which  tbe  Uw«* 
induceil  currents  may  be  deductnl  from  Wt-ber's  furmula.  B 
we  must  ohticrvi.-,  that  the  circumiitanci.'  th&t  a  law  d^uc»i  &o 
the  plu-nomenii  di-tcoverwl  by  Am[>iTO  ia  able  alno  to  aceunnt  i 
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Weber's  law  is  also  consistent  with  the  principle  of  the  con- 
servation of  energy  in  so  far  that  a  potential  exists,  and  this 
is  all  that  is  required  for  the  application  of  the  principle 
by  Helmholtz  and  Thomson.  Hence  we  may  assert,  even 
before  making  any  calculations  on  the  subject,  that  Weber's 
law  will  explain  the  induction  of  electric  currents.  The  fact, 
therefore,  that  it  is  found  by  calculation  to  explain  the  induction 
of  currents,  leaves  the  evidence  for  the  physical  truth  of  the  law 
exactly  where  it  was. 

On  the  other  hand,  the  formula  of  Qauss,  though  it  explains 
the  phenomena  of  the  attraction  of  currents,  is  inconsistent  with 
the  principle  of  the  conservation  of  energy,  and  therefore  we 
cannot  assert  that  it  will  explain  all  the  phenomena  of  induction. 
In  fact,  it  fails  to  do  so,  as  we  shall  see  in  Art.  859. 

857.]  We  must  now  consider  the  electromotive  force  tending 
to  produce  a  current  in  the  element  de^^  due  to  the  current  in  ds, 
when  dB  is  in  motion,  and  when  the  current  in  it  is  variable. 

According  to  Weber,  the  action  on  the  material  of  the  con- 
ductor of  which  db  is  an  element,  is  the  isura  of  all  the  actions 
on  the  electricity  which  it  carries.  The  electromotive  force,  on 
the  other  hand,  on  the  electricity  in  ds\  is  the  differ erue  of  the 
electric  forces  acting  on  the  positive  and  the  negative  electricity 
within  it.  Since  all  these  forces  act  in  the  line  joining  the 
elements,  the  electromotive  force  on  ds  is  also  in  this  line,  and 
in  order  to  obtain  the  electromotive  force  in  the  direction  of  da' 
we  must  resolve  the  force  in  that  direction.  To  apply  Weber's 
formula,  we  must  calculate  the  various  terms  which  occur  in  it, 
on  the  supposition  that  the  element  c28  is  in  motion  relatively  to 
ds\  and  that  the  currents  in  both  elements  vary  with  the  time. 
The  expressions  thus  found  will  contain  terms  involving  t/^,  vv\ 
v^y  V,  v\  and  terms  not  involving  v  or  t/,  all  of  which  are  multiplied 
by  ee.  Examining,  as  we  did  before,  the  four  values  of  each 
term,  and  considering  first  the  mechanical  force  which  arises 
from  the  sum  of  the  four  values,  we  find  that  the  only  term 
which  we  must  take  into  account  is  that  involving  the  product 
vvee\ 

If  we  then  consider  the  force  tending  to  produce  a  current  in 
the  second  element,  arising  from  the  difference  of  the  action  of 
the  first  element  on  the  positive  and  the  negative  electricity  of 
the  second  element,  we  find  that  the  only  term  which  we  have 
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to  examine  is  that  which  iovolvea  vte'.    We  may  write  the  (bs 

terms  included  in  £('V),  thus 

<'(ce  +  i,e,)     and     e\{re■¥x\f^^. 
Since  e'  +  e\  =  0,  the  niccbuiicai  furce  arising  frum  tbcNc  lam 
is  zero,  but  the  electromotive  force  acting  on  the  pautive  rlM 
tricity  f'  iH  {ve  +  ('if,),  and  that  acting  on  the  negative  eleetnoi 
«'i  is  eiiual  and  op[>o8itc'  tu  this. 

85H.]  Let  us  now  suppose  that  the  tint  elenu-ot  </«  ia  laonB 
relatively  U*  tis'  with  velocity  I'  in  a  certain  direction,  and  Wt  i 
denote  by  ViU  and  ViW,  the  anglcH  Iwtween  the  direction  of  i 
and  those  uf  da  and  of  tin'  respcctivi'ly,  tht-n  the  iHjuan  of  :a 
relative  vt-locity,  «,  of  two  elBClric  particles  ia 

ti*  =  f*+  v**  +  V'*  — Stv'eoBt  +  al'tcoal'/a  — 2l'r'coh  ('■/*'.    ;: 
TIk'  term  in  vt^  is  the  same  as  in  equation  (3).     That  in  '.  -.i 
which  the  electromotive  force  dcpendn,  is 
2Vfoo8J'(/^ 
We  have  also  for  the  value  of  the  time-variation  of  r  ia  ikj 
cane  3r  dr         ,dr       dr 

57  =  '- 5;  + "*■  +  ,(!■  ;" 

where  ^  refers  to  tlie  motion  of  the  electric  particles,  and  i> 
that  of  the  material  conductor.  If  we  form  the  acjuatv  of  tin 
({Uantily.  tlio  term  involving  v'.  on  which  the  mvchanical  ft4v 
depends,  is  the  ttaiue  iw  before,  in  eiiuation  (5).  and  lliat  iovoin^ 
t-,  on  which  the  electromotive  force  dvpt-nds.  ii> 

>/"'■-. 
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859.]  If  we  now  calculate  by  the  formula  of  Gauss  (equation 

(18)),  the  resultant  electrical  force  in  the  direction  of  the  second 

element  d8\  arising  from  the  action  of  the  first  element  ds^  we 

obtain      j  a  a         a  a 

-^dsdsH  V(2  cos  Yds— 3  cos  Vr  coBvds)  cos  rds.  (28) 

As  in  this  expression  there  is  no  term  involving  the  rate  of 
variation  of  the  current  i,  and  since  we  know  that  the  variation 
of  the  primary  current  produces  an  inductive  action  on  the 
secondary  circuit,  we  cannot  accept  the  formula  of  Gauss  as  a 
true  expression  of  the  action  between  electric  particles. 

860.]  If,  however,  we  employ  the  formula  of  Weber,  (19),  we 

obtain         i        ^,.   cfrcZi      ^ .  d  dr      .drdr^dr  ,     , 

r2        ^  \   da  at  ds  dt        d^  dt  ^  ds  ^     ^ 

^^  rf  Adrdr^  ,    .,     i,  dh*  dr       dh*  dr\  ,    ,,      .^ 

If  we  integi'ate  this  expression  with  respect  to  8  and  «',  we 
obtain  for  the  electromotive  force  on  the  second  circuit 

d  .  ffl  drdr  _    _ ,      .  rr\  ,  cZV  dr       dH  dr\  .   ,  ,    .. 
dt']irdsd.''^^'^'JJr^d^td.'-d.lUdJ'^'^'^^'^ 
Now,  when  the  first  circuit  is  closed, 

,d8  =  0. 


/; 


iUid^ 
-J  r I  drdr  r.  I  drdr        rfV  x  ,  Tcosc  ,     ,^^, 

But  J  J (/«(/«'=  M,    by  Arts.  423,  524.  (33) 

Since  the  second  term  in  equation  (31)  vanishes  if  both 
circuits  are  closed,  we  may  write  the  electromotive  force  on  the 
second  circuit  // 

-ii^^h  (34) 

which  agrees  with  what  we  have  already  established  by  experi- 
ment ;  Art.  539. 

On  Weber  8  Formula,  com^idered  as  resulting  from  an  Action 
transmitted  from  one  Electtnc  Particle  to  the  other  with  a 
Constaid  Velocity. 

861.]  In  a  very  interesting  letter  of  Gauss  to  W.  Weber*  he 

^  liMoh  19,  1845,  Werlu,  bd.  v.  629. 
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refera  to  the  etectrodynamio  specuUtions  with  which  be  had  bwa 
oecupied  long  before,  and  which  he  would  have  published  if  W 
could  then  have  etitAbliahed  that  which  he  conaidercd  tbe  nal 
keystone  of  electrodynamics,  namely,  (h«  deduction  of  the  font 
acting  between  electric  particles  in  motion  front  the  e»n»idrfmti<« 
of  ao  action  between  them,  not  instaotaneous,  but  propagmUd  a 
timt!,  in  a  similar  manner  to  that  of  light  He  had  nut  sucee««ird 
in  making  thlfl  deduction  when  he  gave  up  his  electrodyiuuiue 
researches,  and  he  had  a  subjective  conviction  that  it  would  bt 
necessary  in  the  first  pUce  to  form  a  consiateot  reprcMentatioo  t4 
the  manner  in  which  the  propagation  takes  place. 

Tlirec  eminent  inathematiciacs  have  endcavouretl  to  sQpptJ 
this  keystone  of  electrodynamics. 

B62.]  In  a  memoir  presented  to  the  Royal  Society  of  Gdttin^rt 
in  1858,  but  aftcTwanls  withdrawn,  and  only  pal>lii>be<i  ta 
Pt^gendortTs  Annalen,  M.  cxxxi.  pp.  237-263,  in  1867,  aft*^  At 
dea^  of  the  author,  Bemhanl  Kiemann  deduces  the  phenuoMaa 
of  the  induction  of  electric  currents  from  a  modified  fom  of 
PoisBon's  equation 

,fV     ,f-V     iPV  I  ,pr 

where  V  is  the  electrostatic  potential,  and  a  a  velocity. 

This  eijuation  is  of  the  same  form  as  those  which  expme  tbr 
propagntinn  uf  waves  and  other  di.sturliances  in  elastic  media 
Thf  author,  however,  seems  to  avoid  making  explicit  mi-ntion  of 
any  mi-<liiim  through  which  the  propapition  takoa  plaoo. 

The  mathfiiialicftl  in  ventilation  given  hy  Kiemann  has  i^m 
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possible  difference  between  the  transmission  of  potential,  accord- 
ing to  Neumann,  and  the  propagation  of  light. 

A  luminous  body  sends  forth  light  in  all  directions,  the  in- 
tensity of  which  depends  on  the  luminous  body  alone,  and  not 
on  the  presence  of  the  body  which  is  enlightened  by  it. 

An  electric  particle,  on  the  other  hand,  sends  forth  a  potential, 

the  value  of  which,  — >  depends  not  only  on  c,  the  emitting 

particle,  but  on  e\  the  receiving  particle,  and  on  the  distance  r 
between  the  particles  at  the  inatant  of  emission. 

In  the  case  of  light  the  intensity  diminishes  as  the  light  is 
propagated  further  from  the  luminous  body  ;  the  emitted  potential 
flows  to  the  body  on  which  it  acts  without  the  slightest  alteration 
of  its  original  value. 

The  light  received  by  the  illuminated  body  is  in  general  only 
a  fraction  of  that  which  falls  on  it ;  the  potential  as  received  by 
the  attracted  body  is  identical  with,  or  equal  to,  the  potential 
which  arrives  at  it. 

Besides  this,  the  velocity  of  transmission  of  the  potential  is 
not,  like  that  of  light,  constant  relative  to  the  aether  or  to  space, 
but  rather  like  that  of  a  projectile,  constant  relative  to  the 
velocity  of  the  emitting  particle  at  the  instant  of  emission. 

It  appears,  therefore,  that  in  order  to  understand  the  theory  of 
Neumann,  we  must  form  a  very  different  representation  of  the 
process  of  the  transmission  of  potential  from  that  to  which  we 
have  been  accustomed  in  considering  the  propagation  of  light. 
Whether  it  can  ever  be  accepted  as  the  '  construirbar  Vorstellung' 
of  the  process  of  transmission,  which  appeared  necessary  to 
Gauss.  I  cannot  say,  but  I  have  not  myself  been  able  to 
construct  a  consistent  mental  representation  of  Neumann's 
theory. 

864.]  Professor  Betti  *,  of  Pisa,  has  treated  the  subject  in  a 
different  way.  He  supposes  the  closed  circuits  in  which  the 
electric  currents  flow  to  consist  of  elements  each  of  which  is 
polarized  periodically,  that  is,  at  equidistant  intervals  of  time. 
These  polarized  elements  act  on  one  another  as  if  they  were 
little  magnets  whose  axes  are  in  the  direction  of  the  tangent  to 
the  circuits.  The  periodic  time  of  this  polarization  ia  the  same 
in  all  electric  circuits.   Betti  supposes  the  action  of  one  polarized 

^  Nmovo  CifMHio,  zxTii  (1868). 
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elemonb  on  iwother  at  a  distAOce  to  Uke  place,  not  iaMi»- 
baiieouHly,  hut  after  a  time  proportion*]  to  the  diatance  brtwwa 
the  elcnienta.  In  thin  way  he  obtains  expreseiooa  for  tb«  aetua 
of  one  electric  circuit  oa  another,  which  coincide  vith  tbov 
which  art;  known  to  be  true,  ('lausius,  however,  haa.  in  tfc> 
case  aisu,  criticized  Bunic  partu  of  the  mathematical  calculauow 
into  which*  we  (thall  not  here  enter. 

865.]  There  appears  to  be,  in  the  minds  of  these  eminent  torn 
Home  prejudice,  or  li  priori  objection,  against  the  bypotfaeai*  of  a 
niediuDi  in  which  tlie  phenomena  of  radiation  of  light  attd  btai 
and  the  electric  actions  at  a  dist&nct.-  take  place.  It  is  true  tka: 
at  one  time  thotte  who  Hpeculateil  at*  to  the  causes  of  phyidca. 
phenomena  were  in  the  habit  of  accouutin);  for  each  kind  t' 
action  at  a  duitancc  by  means  of  a  special  a-thereal  Huiil,  wbo* 
function  and  property  it  waa  to  pruduee  these  actions.  Thr? 
filletl  all  space  three  and  four  times  over  with  H-them  of  diAfrvai 
kinds,  the  properties  of  which  were  invented  merely  to  'saw 
app<.-arancet«,'  so  that  more  rational  entjuirers  were  wiUing  rather 
to  accept  not  only  Newton's  definite  law  of  attractiuD  al  a 
distance,  but  even  the  dogma  of  ('ot<-)i*  that  action  at  a 
distance  is  one  of  the  primary  properties  of  matter,  aad  thai 
no  explanation  can  be  more  intelligible  than  this  Cact.  Hence 
the  undulatory  theory  of  light  has  met  with  much  oppuaitioa 
tlirected  not  against  its  failure  to  explain  the  pbenomena.  I«t 
against  if  asHUiiiptiou  of  the  existence  of  a  medium  in  whicL 
light  is  proitagatMl. 

866.]  \V<-  tia\'i>  seen  that  the  matheuialieal   expresnion*  i-z 
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of  light.  In  the  theories  of  Riemann  and  Betti  it  would  appear 
that  the  action  is  supposed  to  be  propagated  in  a  manner  some- 
what more  similar  to  that  of  light. 

But  in  all  of  these  theories  the  question  naturally  occurs : — 
If  something  is  transmitted  from  one  particle  to  another  at  a 
distance,  what  is  its  condition  after  it  has  left  the  one  particle 
and  before  it  has -reached  the  other?  If  this  something  is  the 
potential  energy  of  the  two  particles,  as  in  Neumann's  theory, 
how  are  we  to  conceive  this  energy  as  existing  in  a  point  of 
space,  coinciding  neither  with  the  one  particle  nor  with  the 
other  ?  In  fact,  whenever  energy  is  transmitted  from  one  body 
to  another  in  time,  there  must  be  a  medium  or  substance  in 
which  the  energy  exists  after  it  leaves  one  body  and  before 
it  reaches  the  other,  for  energy,  as  Torricelli  *  remai-ked,  *  is  a 
quintessence  of  so  subtile  a  nature  that  it  cannot  be  contained 
in  any  vessel  except  the  inmost  substance  of  material  things.' 
Hence  all  these  theories  lead  to  the  conception  of  a  medium  in 
which  the  propagation  takes  place,  and  if  we  admit  this  medium 
as  an  hypothesis,  I  think  it  ought  to  occupy  a  prominent  place 
in  our  investigations,  and  that  we  ought  to  endeavour  to  con- 
struct a  mental  representation  of  all  the  details  of  its  action,  and 
this  has  been  my  constant  aim  in  this  treatise. 

*  Lezu/ni  AcccKJlemichs  (Firenze,  1715),  p.  25. 
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